
STEENROD OPERATIONS, DEGREE FORMULAS AND
ALGEBRAIC COBORDISM

MARC LEVINE

1. Introduction

Relying on Brosnan’s theory of Steenrod operations [1], Merkurjev
[4] has given a wide-ranging construction of characteristic classes with
values in the Chow ring which satisfy “degree formulas”. In this brief
note, we give what we view as a somewhat more conceptual treat-
ment of both Brosnan’s Steenrod operations and Merkurjev’s degree
formulas, relying on our theory of algebraic cobordism. As algebraic
cobordism requires resolution of singularities, our approach is limited
to characteristic zero.

2. Oriented theories

We recall the setting of an oriented Borel-Moore theory from [3]; we
fix a field k and let pt = Spec k. For a full subcategory V of Schk,
we let V ′ denote the category with the same objects as V , but with
morphisms the projective morphisms.

Given a rank n locally free sheaf E on X, let q : P(E) → X denote the
projective bundle of rank one quotients of E , with tautological quotient
invertible sheaf q∗E → O(1)E . We let O(1)E denote the line bundle on
P(E) with sheaf of sections O(1)E .

We call a functor F : Sch′
k → Ab∗ additive if F (∅) = 0 and the

canonical map F (X) ⊕ F (Y ) → F (X
∐
Y ) is an isomorphism for all

X, Y in V .

Definition 1. An oriented Borel-Moore homology theory A on Schk is
given by

(D1). An additive functor

A∗ : Sch′
k → Ab∗ , X 7→ A∗(X).

(D2). For each l.c.i. morphism f : Y → X in Schk of relative dimen-
sion d, a homomorphism of graded groups

f ∗ : A∗(X) → A∗+d(Y ).
1
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(D3). An element 1 ∈ A0(pt) and, for each pair (X, Y ) in Schk, a
bilinear graded pairing:

A∗(X)⊗ A∗(Y ) → A∗(X ×k Y )

u⊗ v 7→ u× v,

called the external product, which is associative, commutative
and admits 1 as unit element.

These satisfy

(BM1). One has Id∗X = IdA∗(X) for any X ∈ Schk. Moreover, given
composable l.c.i. morphisms f : Y → X and g : Z → Y in
Schk of pure relative dimension, one has (f ◦ g)∗ = g∗ ◦ f ∗.

(BM2). Let f : X → Z and g : Y → Z be morphisms in Schk. Suppose
that f and g are Tor-independent, that f is projective and that
g is an l.c.i. morphism, giving the cartesian square

W
g′

//

f ′

��

X

f
��

Y g
// Z.

Note that f ′ is projective and g′ is an l.c.i. morphism. Then
g∗f∗ = f ′∗g

′∗.
(BM3). Let f : X ′ → X in Schk and g : Y ′ → Y be morphisms in Schk.

If f and g are projective, then for u′ ∈ A∗(X
′) and v′ ∈ A∗(Y

′)
one has

(f × g)∗(u
′ × v′) = f∗(u

′)× g∗(v
′).

If f and g are l.c.i. morphisms, then for u ∈ A∗(X) and v ∈
A∗(Y ) one has

(f × g)∗(u× v) = f ∗(u)× g∗(u′)

(PB). For L → Y a line bundle on Y ∈ Schk with zero-section s :
Y → L, define the operator

c̃1(L) : A∗(Y ) → A∗−1(Y )

by c̃1(L)(η) = s∗(s∗(η)). Let E be a rank n + 1 locally free
coherent sheaf on X ∈ Schk, with projective bundle q : P(E) →
X. For i = 0, . . . , n, let

ξ(i) : A∗+i−n(X) → A∗(P(E))

be the composition of q∗ : A∗+i−n(X) → A∗+i(P(E)) followed by
c̃1(O(1)E)

i : A∗+i(P(E)) → A∗(P(E)). Then the homomorphism

Σn−1
i=0 ξ

(i) : ⊕n
i=0A∗+i−n(X) → A∗(P(E))
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is an isomorphism.
(H). Let E → X be a vector bundle of rank r over X ∈ Schk, and

let p : V → X be an E-torsor. Then p∗ : A∗(X) → A∗+r(V ) is
an isomorphism.

(CD). For integers r,N > 0, let W = PN ×S . . . ×S PN (r factors),
and let pi : W → PN be the ith projection. Let X0, . . . , XN be
the standard homogeneous coordinations on PN , let n1, . . . , nr

be non-negative integers, and let i : E → W be the subscheme
defined by

∏r
i=1 p

∗
i (XN)ni = 0. Then i∗ : A∗(E) → A∗(W ) is

injective.

Remarks 2. (1) The notion of an oriented weak Borel-Moore homology
theory on an (admissible) subcategory V ⊂ Schk is defined in [2]. We
won’t recall the definition here, except to note that an oriented Borel-
Moore homology theory on Schk is an oriented weak Borel-Moore ho-
mology theory on Schk, and that, roughly speaking, an oriented Borel-
Moore homology theory is an oriented weak Borel-Moore homology
theory with pull-back maps for l.c.i. morphisms.

(2) An oriented cohomology theory A∗ on Smk in the sense of [2] is
just an oriented Borel-Moore homology theory A∗, only with Schk re-
placed everywhere by Smk, the fiber product W in (BM2) is required
to be in Smk and the axiom (CD) omitted (cf. [3, Prop. 1.4]). The
grading is reindexed:

A∗(X) := Adim X−∗(X).

(3) The Chow group functor X 7→ CH∗(X) is an oriented Borel-Moore
homology theory on Schk.

(4) In case we need to emphasize the particular theory, we will write
c̃A1 (L) for the first Chern class operator c̃1(L) : A∗(X) → A∗−1(X).

Suppose k has characteristic zero. In [2], we construct the theory Ω∗
as an oriented Borel-Moore weak homology theory on Schk, and show
in [3, Theorem 1.13] that Ω∗ extends uniquely to to an an oriented
Borel-Moore homology theory on Schk,

A main result of [2], [3] (cf. [3, Theorem 1.15]) is

Theorem 3. Assume k admits resolution of singularities.

(1) Algebraic cobordism, X 7→ Ω∗(X), is the universal oriented
Borel-Moore homology theory on Schk.
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(2) Algebraic cobordism, considered as an oriented cohomology the-
ory on Smk, is the universal oriented cohomology theory on
Smk.

3. Formal group laws

As mentioned in [2], each oriented Borel-Moore homology theory A
has a formal group law FA(u, v) ∈ A∗(k)[[u, v]], which gives the identity
of operators

FA(c̃A1 (L), c̃A1 (M)) = c̃A1 (L⊗M)

for each pair of line bundles L,M on X ∈ Schk.
The universal formal group law FL has coefficient ring the Lazard ring

L∗, so for each theory A there is a canonical graded ring homomorphism

φA : L∗ → A∗(k)

with φA(FL) = FA. One main result of [2] is the identification of FΩ

with FL:

Theorem 4 ([2, Theorem 4]). For a field k of characteristic zero, the
homomorphism φΩ : L∗ → Ω∗(k) is an isomorphism.

The well-known additivity of the first Chern class in the Chow ring
means that FCH is the additive group

FCH(u, v) = u+ v.

Let φ+ : L → Z be the homomorphism classifying the additive group
law and let Ω+

∗ = Ω∗ ⊗L Z. By the universal property of Ω∗, we have
the canonical morphism of oriented Borel-Morel theories

ψCH : Ω+ → CH.

Theorem 5 ([2, Theorem 1, Theorem 14.1]). ψCH : Ω+ → CH is an
isomorphism.

4. Twisting a theory

We recall the construction of Chern classes and twisted Chern classes.
Let A∗ be an oriented Borel-Moore homology theory on Schk. Using

the axiom (PB), the Grothendieck construction allows us to define, for
each vector bundle E → X, the total Chern class operator

c̃∗(E) =
rnk E∑
i=0

c̃i(E),

with c̃i(E) : An(X) → An−i(X) satisfying
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(0) Given vector bundles E → X and F → X on X ∈ V one has

c̃i(E) ◦ c̃j(F ) = c̃j(F ) ◦ c̃i(E)

for any (i, j).
(1) For any line bundle L, c̃1(L) agrees with the one given in axiom

(PB) of definition 1, applied to A∗.
(2) For any l.c.i. morphism Y → X ∈ Schk, and any vector bundle

E → X over X one has

c̃i(f
∗E) ◦ f ∗ = f ∗ ◦ c̃i(E).

(3) If 0 → E ′ → E → E ′′ → 0 is an exact sequence of vector bun-
dles over X, then for each integer n ≥ 0 one has the following
equation in End(A∗(X)):

c̃n(E) =
n∑

i=0

c̃i(E
′) c̃n−i(E

′′).

(4) For any projective morphism Y → X in Schk and any vector
bundle E → X over X, one has

f∗ ◦ c̃i(f ∗E) = c̃i(E) ◦ f∗.

Moreover, the Chern class operators are characterized by the properties
(0)-(3).

This construction can be generalized as follows:

Lemma 6. Let A∗ be an oriented Borel-Moore homology theory on
Schk and let τ = (τi) ∈ Π∞

i=0Ai(k), with τ0 = 1. Then one can define
in a unique way, for each X ∈ Schk and each vector bundle E on X,
an endomorphism (of degree zero)

c̃τ (E) : A∗(X) → A∗(X)

such that the following holds:

(0) Given vector bundles E → X and F → X one has

c̃τ (E) ◦ c̃τ (F ) = c̃τ (F ) ◦ c̃τ (E).

(1) For a line bundle L one has:

c̃τ (L) =
∞∑
i=0

c̃1(L)i τi.

(2) For any l.c.i. morphism Y → X in Schk, and any vector bundle
E → X over X one has

c̃τ (f
∗E) ◦ f ∗ = f ∗ ◦ c̃τ (E).
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(3) If 0 → E ′ → E → E ′′ → 0 is an exact sequence of vector
bundles over X, then one has:

c̃τ (E) = c̃τ (E
′) ◦ c̃τ (E ′′).

(4) For any projective morphism Y → X in Schk and any vector
bundle E → X over X, one has

f∗ ◦ c̃τ (f ∗E) = c̃τ (E) ◦ f∗.

Notation 7. If X is in Smk, we have the fundamental class 1X ∈
Adim X(X), defined by 1X := p∗(1), where p : X → pt is the struc-
ture morphism and 1 ∈ A0(k) is the unit. For a vector bundle E → X,
we write ci(E) for c̃i(E)(1X) and cτ (E) for c̃τ (E)(1X).

Now let A∗ be an oriented Borel-Moore homology theory on Schk

and choose elements τ = (τi) ∈ Π∞
i=0Ai(k), with τ0 = 1. We form the

twisted theory A
(τ)
∗ with A

(τ)
∗ (X) = A∗(X) for each X, with the same

push-forward maps f∗ and external product ×, but with the pull-back
f ∗(τ) (for f : Y → X an l.c.i. morphism) defined by

f ∗(τ)(x) := c̃τ (Nf )(f
∗(x)).

Here Nf ∈ K0(Y ) is the formal normal bundle of f : if we factor f :
Y → X as a regular embedding i : Y → P followed by a smooth
morphism q : P → X, then

Nf := Ni − i∗Tq,

where Tq is the dual of the sheaf of relative Kähler differentials ΩP/X .
A direct calculation verifies:

Lemma 8. A
(τ)
∗ is an oriented Borel-Moore homology theory on Schk.

The first Chern class operator for this theory, c̃A
(τ)

1 , is given by

c̃A
(τ)

1 (L) = c̃Aτ (L) ◦ c̃A1 (L).

5. Steenrod operations

We construct the Steenrod operations by applying the twisting op-
eration to a polynomial extension of CH∗ ⊗ Fp.

Fix a prime p and let b
(p)
1 , b

(p)
2 , . . . be indeterminates, with b

(p)
n having

degree pn − 1; we set b
(p)
0 := 1. Let Fp[b

(p)] be the polynomial ring on

the b
(p)
1 , b

(p)
2 , . . . and set

C̄H∗ := CH∗ ⊗Z Fp

C̄H[b(p)]∗ := CH∗ ⊗Z Fp[b
(p)].
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Form the twisted theory C̄H[b(p)]
(b(p))
∗ , i.e., we take τpn−1 = b

(p)
n and

τi = 0 if i is not of the form pn− 1. The universal property of Ω∗ gives
us the morphism of oriented Borel-Moore homology theories

S̃(p) : Ω∗ → C̄H[b(p)](b
(p))

∗ .

Proposition 9. The map S̃(p) descends to a morphism of oriented
Borel-Moore homology theories

S̄(p) : C̄H∗ → C̄H[b(p)](b
(p))

∗ .

Proof. Since CH∗ is the universal additive theory, we need only check

that the formal group law for C̄H[b(p)]
(b(p))
∗ is additive. But by Lemma 8,

the twisted first Chern class c̃
(b(p))
1 is given by

c̃
(b(p))
1 (L) =

∞∑
n=0

c̃CH
1 (L)pn

b(p)
n mod p.

Since c̃CH
1 (L⊗M) = c̃CH

1 (L) + c̃CH
1 (M), we have

c̃
(b(p))
1 (L⊗M) = c̃

(b(p))
1 (L) + c̃

(b(p))
1 (M)

yielding the additive group law for C̄H[b(p)]
(b(p))
∗ . �

We omit the p from the notation for the rest of this section. Let R :=
(r1, r2, . . . rn) be a sequence of non-negative integers. Let bR :=

∏
bri
i ,

|R| :=
∑

i ri(p
i − 1) = deg(bR). We can thus write S̄ : CH∗ → C̄H[b]

(b)
∗

as
S̄ =

∑
R

S̄R · bR : CH∗ → C̄H[b](b)∗ .

Similarly, for a vector bundle E → X, we write the twisted total Chern
class endomorphism as

c̃(b)(E) :=
∑

R

c̃R(E)bR;

c̃R(E) : CH∗ → CH∗−|R|.

We record the principal properties of the map S̄ and the maps S̄R;
these properties all follow immediately from the fact that S̄ is a mor-
phism of oriented Borel-Moore homology theories.

(5.1)

(1) For each R, S̄R : C̄H∗ → C̄H∗−R is an natural transformation
of functors Sch′

k → Ab, i.e., for each X ∈ Schk, S̄R(X) :
C̄H∗(X) → C̄H∗−R(X) is additive, and the maps S̄R(X) com-
mute with the pushforward maps f∗ for f : X → Y projective.
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(2) Let f : Y → X be a l.c.i. morphism. Then

S̄ ◦ f ∗ = c̃(b)(Nf ) ◦ f ∗ ◦ S̄
(3) For classes x ∈ C̄H∗(X), y ∈ C̄H∗(Y ),

S̄(x× y) = S̄(x)× S̄(y) ∈ C̄H[b](b)∗ (X × Y ).

These properties yield the following formula for S̄R:

Proposition 10. Let Z ⊂ X be a subvariety of some X ∈ Schk, let
Z̃ → Z be a resolution of singularities and let f : Z̃ → X be the evident
morphism. Then

S̄R(1 · Z) = f∗(cR(−TZ̃)).

Proof. Let p : Z̃ → pt be the structure morphism. 1·Z is clearly f∗(1Z̃).
Also, S̄R(pt) = 0 for all R 6= ∅ by reasons of degree, i.e., S̄(pt) = id.
Thus

S̄(1 · Z) = S̄(f∗(p
∗(1)))

= f∗(S̄(p∗(1)))

= f∗(c̃
(b)(Np)(p

∗(S̄(1))))

= f∗(c̃
(b)(Np)(1Z̃))

= f∗(c
(b)(−TZ̃)).

Taking the coefficient of bR finishes the proof. �

This last proposition completely describes the operations S̄R; by ba-
sic properties of Brosnan’s Steenrod operations outlined in [1, Section
8], this also shows that they coincide with the Steenrod operations de-
fined by Brosnan. Of course, Brosnan’s operations have the advantage
that they are defined in arbitrary characteristic.

6. Mod p characteristic classes

An integral lifting of the construction of the last section gives rise to
interesting mod p characteristic classes in cobordism.

For p : X → pt smooth and projective of dimension d, we set [X] :=
p∗(1X) ∈ Ωd(k). By [2, Lemma 4.15], Ωd(k) is generated by the classes
[X].

Fix a prime p, let bn = b
(p)
n , etc. Form the twisted theory CH∗[b]

(b),
giving us the morphism of oriented Borel-Moore theories on Schk,

S : Ω∗ → CH[b](b)∗ ,

which we may write as S =
∑

R SR · bR.
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Since we are using integral coefficients rather than mod p coefficients,
the map S will not descend to CH∗, however, the fact that it does
modulo p has as consequence:

Lemma 11. Let Ω>0(k) be the ideal of Ω∗(k) generated by elements of

degree > 0. For all R 6= ∅, SR(Ω>0(k)) is contained in pCH[b]
(b)
∗ (k).

Proof. Since Ω∗(k) = L and CH∗(k) = Ω∗(k)⊗L Z, Ω>0(k) is the kernel
of the canonical map Ω∗(k) → CH∗(k) = Z. Since S mod p factors
through CH∗, the result follows. �

Using 1 ∈ CH0(k) as a generator, we have the canonical identifica-

tion of CH[b]
(b)
∗ (k) with the polynomial ring Z[b1, b2, . . .]. Thus, setting

sR := (SR/p) mod p, we have for each R 6= ∅ the well-defined homor-
phism

sR : Ω|R|(k) → Fp.

Explicitly, Lemma 11 shows that, for each R 6= ∅, and each smooth
projective X of dimension |R| over k, p| deg(cR(−TX)), and sR is the
unique homomorphism with

sR([X]) =
1

p
· deg(cR(−TX)) mod p.

The proof of these statements follows by a computation similar to that
used in the proof of Proposition 10, and the fact that Ω∗(k) is generated
by the classes [X]. We write sR(X) for sR([X]).

The mod p characteristic numbers sR have a nice primitivity prop-
erty:

Lemma 12. Let X = Y ×Z be a product of smooth projective varieties
Y and Z over k, with dimY > 0 and dimZ > 0. Then for all R 6= ∅,
sR(X) = 0.

Proof. Since S is a morphism of oriented Borel-Moore homology theo-
ries, S has the same formal properties (5.1) as S̄, in particular

S([X]) = S([Y × Z])

= S([Y ]× [Z])

= S([Y ])× S([Z])
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Thus

sR(X) =
1

p
SR([X]) mod p

=
∑

R′+R′′=R
|R′|=dim Y, |R′′|=dim Z

1

p
SR′([Y ]) · SR′′([Z]) mod p

=
∑

R′+R′′=R
|R′|=dim Y, |R′′|=dim Z

sR′(Y ) · psR′′(Z) mod p

= 0

�

7. Degree formulas

Using the generalized degree formula of [2], it is easy to show that
the mod p characteristic numbers sR satisfy a “degree formula”. We
fix a characteristic zero base field k and a prime number p.

For a k-scheme X of finite type over k, we let I(X) denote the ideal
in Z generated by the field extension degrees [k(x) : k], as x runs over
the closed points of X. Let i(X) be the ideal (p, I(X)).

Theorem 13. Let f : Y → X be a k-morphism of smooth projective
varieties over k. Let R = (r1, . . . , rn) be a sequence of non-negative
integers with |R| = dimX = dimY . Then

sR(Y ) ≡ deg f · sR(X) mod i(X).

Proof. It follows from the generalized degree formula [2, Theorem 8]
that there are smooth projective k-schemes Z̃i, morphisms fi : Z̃i → X
and elements αi ∈ Ω∗(k), i = 1, . . . ,m, such that

(1) Z̃i → fi(Z̃i) is birational.
(2) dim Z̃i < dimX
(3) f∗(1Y ) = deg f · 1X +

∑m
i=1 αi · fi∗(1Z̃i

).

Pushing forward the last identity to Ω∗(k) gives

[Y ] = deg f · [X] +
∑

i

αi · [Z̃i].

Since dim Z̃i < dimX, it follows that αi is in the ideal Ω∗>0(k) for
each i. As Ωd(k) is generated by the classes [W ], with W smooth and
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projective over k and dimW = d, it follows that each αi is a sum

αi =
∑

j

nij[Wij]

with Wij smooth and projective over k, dimWij > 0, and the nij are
integers.

If dim Z̃i > 0, then it follows from Lemma 12 that sR(αi · [Z̃i]) = 0.
Thus

sR(Y ) = deg f · sR(X) +
∑

i

′
sR(αi · [Z̃i]),

where
∑′

i means the sum over all i such that dim Z̃i = 0.

In case dim Z̃i = 0, it follows from (1) that fi : Z̃i → fi(Z̃i) is an
isomorphism, and fi thus identifies Z̃i with a closed point zi of X. It
thus follows that [Z̃i] = [zi] = [k(zi) : k] ·1 ∈ Ω0(k) = Z (cf. [2, Lemma
4.7] ).

Thus

sR(αi · [Z̃i]) = [k(zi) : k] · sR(αi) ≡ 0 mod i(X),

and we have
sR(Y ) ≡ deg f · sR(X) mod i(X)

as desired. �
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