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Introduction

The rational K-groups of a scheme X break up into a direct sum of the weight ¢ eigenspaces K,(X )(Q)
for the Adams operations 1*. The mod n K-groups K,(X,Z/n) also break up in this way, after inverting
sufficiently many primes (depending only on p and dim(X)). In particular, if we consider the K-groups of a
field F, we can split the gamma filtration on K,(F) and K,(F,Z/n) by eigenspaces for the 1)* after inverting
(p — 1)!. Additionally, for n prime to the characteristic of F, there are Chern class maps

qup:W'qu?q*p(Fa Z/n) — Hé)t(F,pf?q);

one version of the Quillen-Lichtenbaum conjectures is that the map ¢, , should be an isomorphism after
inverting “small” primes.

In this paper, we consider the case ¢ = 2. We show that the maps ¢, , are all isomorphisms, after invert-
ing (3—p)!, for p=2,1,0,—1,..., and for n prime to the characteristic of F. In particular, griKp(F)/l =0
for all primes [ > p, as long as p > 4 and [ is prime to the characteristic. If F' is a number field, this implies
that gr2 K,(F)[1/(p—1)!] = 0 for p > 4. This fits into the conjecture of Soulé and Beilinson on the vanishing

of the rational spaces Kp(F)(‘I) for arbitrary F, when p > 2q, and suggests the refined version:
Conjecture. Let F' be a field. Then griK,(F)[1/(p—1)!] =0 for p > 2q.

The main point of our argument is to prove the analogue of Hilbert’s Theorem 90 for the relative Ks
of regular semi-local rings containing a field. This was first shown for fields by Merkurjev and Suslin in
[MS], reproved and moved to a central position in the theory by Suslin in [S], and was extended to the case
of a semi-local PID containing a field in [MS2] and [L]. The proof here is essentially a modification of the
arguments of [MS2], with some techniques borrowed from [L]. Aside from any intrinsic interest of the result,
the argument points out the commonality among the various weight two components of the K-groups K, (F)
for varying p. This suggests that a bi-graded motivic cohomology theory, in the sense of Lichtenbaum [Li]
and Beilinson [B], is lurking in the background. In a different direction, this paper makes clear that the
Galois symbol

0, K2 (F) — HY(F,p).

plays a central réle in our understanding of the Chern class maps ¢ p,.

There are questions raised by this result regarding the inversion of small primes: is this an artifact of
the proof, is it a reflection of the lack of degeneration of the Atiyah-Hirzebruch spectral sequence comparing
étale cohomology and étale K-theory, or does it arise from an honest difference between the algebraic mod-n
K-theory and étale K-theory of F'? From the point of view of the conjectural motivic cohomology theory,
our result may be an indication that K-theory should be computable in terms of motivic cohomology, not
only rationally, but after inverting small primes. It would be interesting to see if the results of this paper
could be carried over to the setting of Bloch’s higher Chow groups [B12], where one would hopefully be able
to avoid the inverting of small primes, and prove a purely integral result.

The paper is organized as follows: In §1, we give a description of the relative K5 of a semi-local ring
containing an infinite field in terms of Matsumoto-type symbols. As a preliminary result, we present an
alternate proof of some results of Ellis [E], which describe the relative K5 of a semi-local ring via "relative
Dennis-Stein symbols”; our results require somewhat different hypotheses than those of Ellis. In §2 we define
norms for relative K-theory in the necessary generality. In §3 and §4 we collect some of the main results on
the Quillen spectral sequence for relative K-theory, and show how the computations of this spectral sequence
for projective spaces and affine spaces extend to the relative setting. In §5 we prove the main technical result
of the paper, Hilbert’s Theorem 90 for relative K5, and in §6 we give applications of Hilbert’s Theorem 90
to results of primary interest.

We would like to thank the referee for pointing out portions of the manuscript which were unclear and
imprecise.



§1. Relative K revisited

We recall that the s-cube <s> is the category associated to the partially ordered set of subsets of
{1,2,...,s}, ordered by inclusion; we let

prcy: I —J

denote the unique morphism for I C J. An s-cube in a category C is a functors X: <s> — C. This gives us,
for example, the notion of an s-cube of sets, of topological spaces, of rings, etc. If R is a ring, (I3,...,1;)
ideals, and S € <s>, we let Ig = ZjeS I;, and define the s-cube of rings (R;I1,. .., Is)« by

(R; I, ..., 1,)(S) = R/Is.

The split s-cube is the category <s>°P with the same objects as <s>, containing <s> as a subcategory,
with additional morphisms

O’]CJ:J—>I

for each I € J C {1,...,s}. The morphisms o  satisfy the relations
i) prcjoorcy =idy,

ii) OIcJO0JcK = OICK, for I C JCK,

iii) prascr©ornscs = 0rcrug © prciug;

in words, the category <s>°P is the category <s>, together with a system of compatible splittings of the
morphisms prc-y. A split s-cube in a category C is a functor F:<s>*P — (; a splitting of an s-cube
F: <s> — C is an extension of I to a functor F*P: <s>*P — (.

Each s-cube I — X7 in C can be viewed as a map of (s — 1)-cubes in C: f: XT — X~ by setting

Xf=Xfor I C{l,...,s—1}
X, =Xy for I {1,...,5 -1},

and defining fr: X;7 — X; to be the map X(I C TU {s}): X; — Xiugsy- This defines a functor resg/,_;
from C<s> to Maps(C<s — 1>).

Let Top* denote the category of pointed topological spaces. Given a map f.: X, — Y, of t-cubes of
pointed spaces, we can form the t-cube of homotopy fibers F(f)., F(f); = fiber(f;: X; — Y7). If X, is an
s-cube of spaces, forming the homotopy fiber of res,/,_1(X.) defines the functor

fibs/s—1: Top*<s> — Top™<s — 1>.
Iterating these functors defines the functor
fib®: Top*<s> — Top™; fib® = fibyyo...ofiby/, ;.

We call fib"(X,) the iterated homotopy fiber over the s-cube X,.
Fix a functorial model K(R) for QBQPg, and define the s-cube of pointed topological spaces

K(R;I4,..., 1),
by
K(R;I1,...,1,)(S) = K(R/Ig).
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Taking the iterated homotopy fiber over this s-cube defines the topological space K(R;I1,...,I;); the ho-
motopy groups of K(R;Iy,...,I,) are by definition the relative K-groups K,(R;I1,...,I).

Let R be a semi-local ring with ideals Iy, ..., Is. Welet D(g.1, ... 1) denote the s-fold double of R with
respect to Iy, ..., I; this is the subring of [[g._ . R consisting of 2°-tuples {rs|S € <s>} with

rs —Trs\k € Ig; forallke S e <s>.
We have the ideals Dy and D’ of D gy, ... 1) defined by

Dy={rs|rs=0ifke S} k=1,...,s
and
D' ={rg|rs =0if S =0}.

We map (Dg;1,,....1,), D1, -, Ds) to (R; I, ..., I) with kernel D" by projection on the factor S = 0.

We have given in [L2] a definition of the relative Milnor K-groups of R, K;,W (R; I,...,1I), in terms of
the usual Milnor K-groups of D(g;1,....,1,)- In this section, we will show how to describe KM(R I,...,1,) =
Ks(R; I4,...,1,) in terms of R and the ideals I4,..., I without the aid of the s-fold double. This will use
the presentation in terms of Dennis-Stein symbols, and will give a partial generalization of the work of Keune
[Ke], Loday [Lo], and Guin-Loday [G-L] on relative and doubly relative Ks.

Following Ellis [E], we proceed to define the relative Dennis-Stein groups D(R; I, ..., I;).

Let R be aring, I1,..., I ideals. Fix S,5" € <s> with {1,...,s} = SUS’. This gives rise to the subset
(R%:{I,...,I,},5,5") of R?:

(Rz;{jlv"'vls}vsvsl): ﬂIJ X m Ij

JjES JjES’

(the empty intersection is R). Let (R?;{Iy,..., I}, S,S")* be the subset of (R?; {Iy,...,I},S,S") consisting
of pairs (a,b) with 1 — ab invertible in R. Taking the union over all pairs (5, S’) gives us the subsets

(R27 {Ila R aIS}) = U(S,S’)(RQ; {Il7 .. 'aIS}7S7 S/)
(R27 {Ila s 713})>< = U(S,S’)(R2; {Ila o '?Is}a Sa S/)X

of R?. We make a similar definition of (R?;{I1,...,I},S,5,5") and (R% {I1,...,Is}); let

(R*{L,...,1,},S,5,8") = {(a,b,c) € (R*{IL,...,1,},S,5,8")| 1 — abc € R*},
and
(R*{L,....,I,})* ={(a,b,c) € (R*{I,...,I,}) |1 — abc € R*}.

Definition 1.1. Let R be a ring, I, ..., I, ideals of R. Define D(R; I4,...,1Is) to be the abelian group with
generators <a,b>, for (a,b) in (R%;11,...,1I,)*, and relations

a) <a,b>+ <b,a>=0,
b) <a,c>+ <b,c> = <a+b— abe,c>,
c) <ab,c>+ <ac,b> = <a,bc>, for (a,b,c) € (R3; 1, ..., 1)%.



A ring homomorphism R — T which sends I} to Ji; k= 1,...,s induces a homomorphism
D(R;Ih,...,Is) = D(T; J1,...,Js).

We will show (Theorem 1.4) that there is a natural isomrphism
D(R;I1,...,Is) = Ko(R; I, ..., 1)

under certain circumstances. It is useful as well to have a slightly different description of Ks(R; I4,. .., L),
via so-called generic symbols. This approach in various settings has been considered by van der Kallen
([vdK], [vdK2]). Here we give a slight modification of the presentation he describes for Dge,(R; J) and show
that, under some conditions on the ideals Ii,..., I, this generalizes to give a group Dgen(R;11,..., 1),
isomorphic to Ko(R; I1,. .., Is).

Definition 1.2. Let R be a ring, I,...,Is ideals. We consider the following conditions on the ideals
Il, ey IS.'

i) each ideal I; is principal: I; = (t;).
ii) for each subset S of {1,...,s}, the ideal ﬂjes I; is principal, and

NL=]]t

JjES JjES

iii) R contains an infinite field.

An element x of Njegl; is called generic if x = u HjGS t; for some unit v in R. In particular, a generic element

of R is simply a unit of R. If, in addition to (i)-(iii), for each S C {1....,s} the ring Rg := R/} ;g I; is

regular, we say I, ..., I; define a normal crossing divisor. O
Let (R% 14, ..., I) e, denote the subset of (R%1,...,1,)* consisting of pairs (a,b) of generic elements.

Definition 1.3. Let R be a semi-local ring, Iy, ..., I, ideals. Suppose (R; 14, ..., 1) satisfies the conditions
(1)-(iii) of Definition 1.2. Let Dgyen(R;I1,. .., Is) be the abelian group with generators

<a,b>,with(a,b) € (R* 1, ...,1,)%, U(R* x {0})U ({0} x RX),

gen

and relations

a) <a,b>+ <b,a> =0,
b) <a,c>+ <b,c> = <a+ b — abe, >,
c) <ab,c>+ <ac,b> = <a,bc>,

when all symbols are defined. O

There is a natural homomorphism
Dyen(R; I, ..., Is) = D(R; I1,. .., 1)

sending <a, b> to <a,b> (and <a,0>, <0,a> to 0).
If I is an ideal in a ring R, and if there is a finite set of maximal ideals my, ..., m, such that I Nm; N
...Nmy, is a radical ideal, we say that I is an almost radical ideal.

4



Lemma 1.1. Let R be aring, I1,...,I; ideals, = I,N...N1I;, T = R/I, J; the image of I; in T. Suppose
Nj_,1; is an almost radical ideal. Then the sequence

D(R;1,I;4q,...,1s) —» D(R; I1,...,Is) > D(T; J1,...,Js) = 0
is exact. If (R;I4,...,I,) satisty the condtions (i)-(iii) of Definition 1.2, then the sequence
Dyen(R; I, 1141, ..., Is) = Dyen(R; In, ..., Is) = Dgen(T5 J1,...,Js) — 0

is exact.

Proof. For the first assertion, our assumption that Nj_,I; is an almost radical ideal yields the surjectivity
of the maps

(R%:{L,...,I,},S,8) — (T*{Jy,...,Js},S,8)*
and
(R*{L,...,I,},S,8 8"y — (T*{J,...,Js},S,8, 8")*

Thus, the map
D(R;Ih,...,1s) = D(T; J1,...,Js).

is surjective.
Since the symbols <0,b> and <b, 0> are zero (by Def. 1.1(b)), the composition

D(R;I1,1is1,..., 1) — D(R; Ih,..., 1) — D(T3 Jy,..., J,)

is zero. Since each relation defining the group D(T'; J1,...,Js) can be lifted to a relation defining the group
D(R; I,..., 1), the kernel of the map

D(R;IL1,...,I,) — D(T3 Jy,.... J,)

is generated by symbols <a,b> — <a’,b'>, with a — a’ and b — V' in I. Given the elements <a,b> and
<a',b'>, we get two pairs of subsets of the set {1,...,s}:

{1,...,s}=SusS =vuv’
aec (I be () I
j€eES jes’

de(V1;ve )L

JjeEV JjeV’

with

Since a’ — a and b’ — b are in I, we can find o and b” in R with

12 . 1 .
e () Ipv'e () I
jevus JEVIUS’

and
a' —a,a" —a, ' =0 b -V el
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Replacing <a, b> — <a’/,b'> with <a,b> — <a”,b"> + <a”,b"> — <d’,b'>, and changing notation, we see
that the kernel of D(R; I4,...,I;) — D(T; J1,...,Js) is generated by symbols <a, b> — <a’,b'> with a’ — a,
b — b in I; we can also assume that (a,b’) is in (R?;Iy,...,1)*. But
<a,b> — <a,b'> = <a, (b—b')(1 —ab')"'>
<a,b'>—<ad' V> =<(a—d)(1—d¥) >
As both <a, (b—)(1 —ab') — 1> and <(a — a’)(1 — a’d’) — 1,b’> are in the image of D(R; I, I141,...,Is),
this completes the proof of the exactness of the first sequence.

For the second, the surjectivity follows by arguing as above. For the exactness at Dyen(R; 11, ..., 1),
we first note that by choosing a”’ and b” generically, the kernel of the map

Dyen(R; I, ..., Is) = Dgen(T5 1, ..., Js)
is generated by differences <a,b> — <a’,b'> with <a,b'> in Dye,(R; 11, ..., Is) . In addition, we have

<a,b>—<a,b'>=<a,(b-0b)(1—ab)—1>
and
<a,b'>—<d V'>=<(a—d)(1—-db)—1,b>,

which shows these elements are in the image of Dyepn (R; J, It41,. .., Is). The proof is then exactly as above.
O

Lemma 1.2. Let R be aring, I,11,...,I, ideals, T = R/I, J; the image of I; in T. Suppose Ni_11; is an
almost radical ideal. Then

i) the sequence
D(R;I1,I,...,1I5) -» D(R; Ih,...,1s) = D(T; J1,...,Js) — 0

is exact. If (R; I1,...,I,) satisfies the conditions (i)-(iii) of Definition 1.2, then the sequence
Dyen(R; I, 11, ..., 1s) = Dgen(R; I, ..., Is) = Dgen(T; J1, ..., Js) — 0

is exact.
ii) if the map of s-cubes of rings (R; I, ..., Is)« — (T;J1,...,Js)« is split, then the map

D(R;I1,I,...,15) > D(R; I, ..., 1)
is injective. If in addition (R; Iy, ..., Is) satisfies the conditions (i)-(iii) of Definition 1.2, then the map
Dyen(R;I,1h,...,15) = Dgen(R; In, ..., 1)
is injective.
Proof. The proof of (i) is essentially the same as the proof of Lemma 1.1, and is left to the reader.

To prove (ii), let s: (T J1, ..., Js)« — (R; I1, ..., Is). be a splitting of the natural map p: (R; I1, ..., Is)«
— (T J1,...,Js)«. For r € R, let v’ denote s(p(r)). As in the proof of Lemma 1.1 we have the identity

<a,b>— <ad' V> =<a,(b—0)1—ab) >+ < (a—ad)1—-adb) 10>
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in D(R; I, ...,1I5). Set
d(a,b) = <a,(b—b)1—ab) >+ < (a—d)(1-dt) 0>,

considered as an element of D(R;I,1I;,...,1I;). One checks directly, using the relations (a)-(c) of Definition
1.1, that sending <a, b> to ¢(a,b) gives a well-defined homomorphism

¢o:D(R; I1,...,1Is) —» D(R; I, 14,...,1).

If <a,b> is in the image of D(R; I, I,...,I;), then either a’ or ¥’ is zero, in which case one easily checks that
o(<a,b>) = <a,b> € D(R;I,14,...,1I), giving us the desired splitting to the map D(R; I, I,...,I5) —
D(R;I1,...,1Is). This proves the first assertion of (ii).

For the generic case, start with an element <a, b> of Dgey, (R; I1, . .., I5). Choosing a” and b” generically,
with @ —a” and b— V" generic elements of I, and with <a,b”> and <a”,b"”"> in Dgen(R; 11, ..., I;), we may
assume that the identity

<a,b>—<a" V"> = <a,(b—=b") (1 —abt’) 1>+ < (a—a")(1 —a"b")" 1, 0" >

holds in Dyen(R; I, ..., Is), and that the symbols <a, (b—b")(1 —ab”)™'> and < (a —a”)(1 —a”b")" 1, 0">
are elements of Dyen(R; 1, 11, ..., I;). Similarly, we may assume that the identity

<d’ b'>—<d b>=<d", () —b)(1-ad"V) >+ < (" —d)1—-adV) 0>

holds in Dyen (R; 11, . . ., I5), and that the symbols <a”, (0 —b')(1—a”t')"'> and < (a” —a’)(1—a'V') "1, 0/>
are elements of Dyen(R; I, 11,...,1;). Let ¢(qr py(a,b) be the element

<a, (b=b")(1—ab") >+ < (a—a")(1—a"b") "1 V' >+<a”, (V=) (1—a"V) ' >+ < (" —a')(1—ad'V') ", b/ >

of Dgen(R;I,1Ih,...,15). One checks that, if (a*,b*) is another such choice, chosen sufficiently generic
with respect to a, b, o', V', a” and V”, we have ¢ p)(a,b) = @« p+)(a,b). This then implies that
b1y (a,b) is independent of the choice of (a”,b"), subject to the above conditions; we denote this el-
ement of Dgen(R; [, I1,...,1Is) by dgen(a,b). One checks as above that sending <a,b> to ¢gen(a,b) gives a
well-defined homomorphism

(bgen: Dgen(R; Ila .. ~7Is) i Dgen(R; Ia Ila .. ~aIS)7

splitting the map Dgen(R; 1, I1, ..., Is) = Dgen(R; 11, . .., Is). This completes the proof of (ii). ]

Let R be a ring, a and b elements of R with 1 — ab a unit in R. Following [Ke], we let <a,b>* be the
element of of the Steinberg group St(R),

<a,b>* = mll’(zlfab)_ xﬁ‘gx;lbx;2(17ab)_ hia((1 —ab)™h).
Sending <a, b> to <a, b>* defines a natural homomorphism Dsym: D(R) — K3(R), which is an isomorphism
in case R is semi-local (see [Ke]). Now suppose we have a ring R and ideals I, ..., Is. Suppose further that

the s-cube of rings (R; I, ..., I)« is split. Then, as the reader will easily verify, K,(R; I1,...,Is) is just the
intersection of the kernels of the maps

Ky(R) — Kp(R/I); k=1,...,s.
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By Lemma 1.2(ii), D(R;I1,...,I;) is the intersection of the kernels of the maps
D(R) — D(R/I); k=1,....s;
Thus the natural map D(R) — K3(R) induces a natural map
Dsym: D(R; I,...,I) — Ko(R; I, ..., 1),

which is an isomorphism if R is semi-local.
Lemma 1.3. Let R be a ring with ideals I, ..., I such that Nj_,I} is an almost radical ideal. Then there
is a natural homomorphism

Dsym: D(R; I,...,I) —» Ko(R; I, ..., L)

agreeing with the previously defined homomorphism Dsym in the split case. If R is semi-local, then Dsym
is injective.

Proof. Let T be the s-fold double D(g.y, . .. 1.); in particular, the s-cube (T; Dy, ...,Dg), is split. By Lemma
1.2, we have the exact sequence

(1.1) D(T;Dy,...,Ds,D") — D(T; D1,...,Ds) — D(R; In,...,I) — 0.
We also have the commutative ladder of exact relativization sequences

KQ(T;D17...7DS,D/) — KQ(T;Dl,...7Ds) — KQ(R;Il,...,Is)

i ! !
0 — Ko(T; D) — Ky(T) — K>(R) — 0;

the splitting s: R — T to the projection p:T — R gives the exactness of the bottom line. Addition-
ally, the map Ks(T;D1,...,Ds) — Ks(T) is injective. Thus, the image H of Ky(T;D1,...,Ds,D’) in
K5(T; Dy, ..., Ds) is the subgroup of Ko(T; D1,...,D;) generated elements of the form n — s.(p«(n)), with
ne KQ(T, D17 . ,Ds).

For z in T, let ' = s(p(x)). Using Lemma 1.2, and arguing as above, the image of D(T; Dy, ..., Dy, D)
in D(T; Dy, ..., Ds) is the subgroup of D(T; Dy,..., D) generated elements of the form <a,b> — <a’,b'>,
with <a,b> in D(T;D;,...,Ds). This shows that Dsym sends the image of D(T;Dy,...,Ds,D’) in
D(T;Dy,...,Dy) into H. This suffices to descend the map

Dsym: D(T; Dy,...,Ds) — Ko(T;Dy,...,Dy)

to the desired map
Dsym: D(R; I,...,Is) = Ko(R; I1, ..., I).

If R is semi-local, then so is T', hence the map
Dsym:D(T; Dy,...,Ds) — Ko(T; D1, ..., Dy)

is an isomorphism. From this, it follows that the image of Ko(T; D1,..., Ds, D) in Ko(T; Dy, ..., Ds) is gen-
erated by elements of the form Dsym(<a,b> — <a',b'>), with <a,b> in D(T; Dy, ..., D). Thus the image
of D(T; Dy,...,Ds,D")in D(T; D, ..., Ds) is mapped by Dsym onto the image of K5(T; Dy,...,Ds, D) in
K5(T; Dy, ..., D). The injectivity of Dsym: D(R; I,...,I) — Ko(R;I1, ..., I) follows directly from this.
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Theorem 1.4. Let R be a semi-local ring, I, ..., I ideals defining a normal crossing divisor. Then
Dsym: D(R; I,...,I;) —» Ko(R; I, ..., L)

is an isomorphism.

Proof. By Lemma 1.3, we need only show that Dsym is surjective. We have the commutative diagram

D(T;Dy,...,D;) — D(R;I,...,1)
Dsym | | Dsym
KQ(T;Dl,...,DS) — KQ(R;Il,...,Is),

with Dsym: D(T; Dy, ...,Ds) — Ko(T; Dy, ..., D) an isomorphism. Thus, it suffices to show that the map
Ko(T;Dq,...,Dy) — Ko(R; I, . .., L) is surjective.
From ([L2], Theorem 4.5), there is a natural isomorphism

KXY(RI,..., 1) — Ky(R; I, ... ., I);
we have as well the natural map 0

KM(T;Dy,...,D,) — Ky(T; D1,...,D,),

and a commutative diagram

KM(T) - Ks(T)
! !
KM(T;Dy,...,D,) — Ky(T;Du,...,Dy)
! !

KM(R:I,,...,1,) — Ky(R:Iy,...,I,).

Since the map
KM(T) — KM(R; I,...,1,)

is surjective by the definition of K} (R; I1,...,I,), it follows that the natural map
KQ(T, D17 ce 7DS) — KQ(R, Il, e 713)

is surjective, as desired. This completes the proof. DO
We now consider the groups Dgen(R; I, ..., 1s). Suppose Iy N...N I, is an almost radical ideal, and
(R; Ih,. .., 1) satisfies (i)-(iil) of Def. 1.2. We have the natural map Dge,(R; I1,...,Is) = D(R; I1,...,I;);
following this by the map Dsym: D(R; I1,...,I) — Ko(R;I1,...,I;) gives a commutative triangle
Dyen(R; I, ..., 1) — D(R;I4,...,1)

Dsymgen \, /" Dsym
Ko(R; Iy, ..., 1)



In case s = 0 or 1, van der Kallen ([vdK] and [vdK2]) has shown that the map
Dsymgen: Dgen(R; In, ..., Is) = Ko(R; In, ..., L)

is an isomorphism (actually, he uses a different group, say Dgen(R;I1,...,Is)*, but there is an obvious
surjective map

Dyer(R; In, ... Is)" = Dyen (R In, ..., 1),

which followed by the map
Dyen(R; In,...,I;) = Ko(R; I, ..., I)

is an isomorphism).

Theorem 1.5. Let R be a semi-local ring, I, ..., 1, ideals defining a normal crossing divisor. Then the
map

Dyen(R; Ih,...,I;) = Ko(R; I, ..., I,)

is an isomorphism.

Proof. We need only show that the map ¢: Dyen(R; I1,...,Is) — D(R; I1,. .., Is) is an isomorphism. To see
that ¢ is surjective, let <a,b> be in D(R;I,...,Is); we may suppose that a € N,_,I; and b € RS
Since R contains an infinite field, we may find a generic ¢ in Nj_, [} such that b+ ¢(1 — ab) is a generic
element of M _;, ;[). Since

<a,b>+ <a,c> = <a,b+ (1 — ab)>,

we may assume that b is a generic element of Nj_, ;[}. Using Def. 1.1(a), we can repeat this argument for
a, showing the desired surjectivity.

For the injectivity, we note that the s-fold double T' := (D(g.y,.....1.); D1, . .., Ds) satisfies conditions
(i), (ii) and (iii). Since all the relevant maps are split, we may apply Lemma 1.2 as above to conclude that
Dgyer(T; D1, ..., Ds) is the intersection of the kernels of the maps Dyen(T) — Dgen(T/Dy), for k=1,...,s.
Using van der Kallen’s result [vdK], the maps Dge,(T) — D(T) and Dgen(T/Dy) — D(T/Dy) are all
isomorphisms, so the map

Dyen(T; Dy, ...,D,) — D(T; Dy, ..., D,).

is an isomorphism as well.
We have the commutative ladder with exact rows

Dgen(D(R;Il,...,IS)th-"7DS7DI) - Dgen(D(R;Il,.,.,IS)th-"7Ds) - Dgen(R§Ilu~~-aIs) — 0

! ! !
D(D(R;Il,...,ls)7D17'"7D8aD,) - D(D(R;Il,...,ls)7D17'"7DS) i D(R7[177IS) — 0

Since all the vertical arrows are surjective, and the middle arrow is an isomorphism, the right hand arrow is
an isomorphism, as desired. O

Using this result, we can give a description of the relative K for certain semi-local rings and ideals,
which looks very much like the Matsumoto presentation for Ko of fields. This construction goes back to some
ideas of Bloch [Bl] and Weibel [W], for semi-local PID’s. Here, we suppose that R is semi-local, containing
an infinite field, that the ideals Iy, ..., I, satisfy the conditions (i)-(iii) above, and in addition

iv) R is a domain.
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By assumption (ii) the intersection I3 N ... N I is principal, say
Ln...NnI;=(1).
Let Symba(R; I1,. .., Is) be the group defined by
Symby(R; Iy, ..., 1) = (14 (1)) @z R[t™']* /R

where R is the subgroup generated by tensors of the form f® (1— f), with f € (14(¢))* and 1— f € R[t™1]*.
We write as per usual the equivalence class of a tensor a ® b as the symbol {a, b}.
We map (1+ (¢))* ®z R[t™1]* to D(R; I1,...,1I) by

(1 —at) @ ullt} — <u~tat,u> + Sn;<at/t;, t;>,

where u is a unit in R and a € R. Since R is a domain, the division t/t; is well-defined. The bilinearity of
this mapping is an easy consequence of the relations (b) and (c).

The relations R are generated by tensors of the form (1 — wlIlt]") ® wllt;, with each n; positive,

t=1,...,s,and v a unit in R. Repeated application of relation (c) shows that the image of such a tensor is
S S
<IHP w4 Y ny<ullt) [ty > = <IIt u> + > <u ] [6,6)7>.
j=1 J=1 i

Let s; = t;'". Using relation (c), we have

j—1 s J s

<UHSi’HSi> = <UH51, H 8>+ <uHsi75j>; for j=2,...,s,
i=1  i=j i=1

i=j+1 i
and

S S S
<uHsi,51> = <u, Hsi> — <us1,Hsi>.
i=2 i=1 i=2

Putting these together, we find

S S S
<uHsi, $1> = <u,Hsi> — Z<uHsi,sj>,
i=2 i=1 =2 itj
hence

S
<IMP u>+ Y ny<ut] [ty > = <IHP u> 4 <u, I > = 0.
j=1

Thus we get a homomorphism
T:Symba(R; I, ..., Is) — D(R; I, ..., I).
We define a homomorphism

¢: Dgen(R§ Ilv s 718) - Syme(Ra Ilv s 7IS)
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by ¢(<a,b>) = {1 — ab,b}. This is well-defined, as (a,b) generic implies 1 — ab is in (1 + (¢))*, and a and b
are units in R[t~1]. In addition, <b,a> goes to

{1—ab,a} = {1 —ab,b~'} = —{1 — ab,b};

the relations (b) and (c) are checked similarly. As the tensor product (1 + (t))* ®z R[t™!]* is generated
by tensors (1 — ut) ® vt;, where u and v are units in R, we see this latter map is surjective. We have the
composition

Symba(R; In,...,1s) = D(R; Ih,...,Is) 2 Dgen(R; I, ..., I) — Symba(R; I, . .., I).

One sees by direct computation that 7(¢(<a,b>)) = <a,b>, for <a,b> € Dgen(R; I1, ..., 1), and that

({1 —ut,vt;}) = <vlut,v> + <ut/t;, t;>,

which is a sum of generic symbols. As

d(<v™tut, v> + <ut/t;, t;>) = {1 — ut,vt;}

we find that ¢ and 7 are isomorphisms. We have thus shown

Theorem 1.6. Let R be a semi-local domain, I1,...,Is ideals defining a normal corssing divisor. Then
there is a natural isomorphism Symbs(R; I, ..., Is) — Ko(R; I, ..., I).

12



§2. Norms for relative K-theory

If Ris aring, I, ..., I, ideals and S a subset of {1,...,s}, we let Is denote the sum Zjes I; and I°

the intersection Njegl;. If A is a ring (not necessarily unital), let A be the unital extension Z @ A, and let
A(A) denote the simplicial ring with

An(A) = AlAlto, ..., ta]/St; —1);
The group GL(A) is defined as the kernel of the natural homomorphism
GL(A) — GL(Z).

The Karoubi-Villamayor K-groups of A, KV, (A), are defined as the homotopy groups of the simplicial
group GL(A(A)) (see [K-V])

KVp(A) = mp1(GL(A(A))) = mp(BGL(A(A))); p 2 1

Considering A as a constant simplicial ring, we get a functorial map BGL(A) — BGL(A(A)), which extends
(uniquely up to homotopy) to a map BGL(A)T — BGL(A(A)). If we do this for A = Z, and use the model
BGL(A)Upgrz) BGL(Z)" for BGL(A)", we obtain a functorial map BGL(A)* — BGL(A(A)) for unital
A. This then induces functorial maps on homotopy fibers, and we get a natural map for the relative groups

Ky(A$, ..., 1) = KV,(As I, .. I).

On the other hand, if I is an ideal of A, there is a natural isomomorphism (see [W2]) KV.(I) — KV, (A;I).
By induction, this give a natural isomorphism

KV,(I) = KVy(A; I, ..., I,); T = NI,

Lemma 2.1. Let A be a (unital) ring, I1,..., I ideals. Suppose that, for each subset S of {1,...,s}, the
ring A/Ig is regular. Let I = NI;. Then the map

Ky(AL,....I,) = KV,(I)

is an isomorphism for p > 1.

Proof. Quillen has shown that the map K,(R) — KV, (R) is an isomorphism for regular unital rings R. The
result is then a consequence of the long exact relativization sequence for K-theory and KV-theory, and the
five lemma. D

From now on, all rings will be assumed unital; we will consider ideals as non-unital rings.

Lemma 2.2. Let A be a ring, A’ a finite extension of A, free as an A module, I an ideal of A. Let I’ be an
ideal of A’ with

rad(I') C rad(IA").
Then there is a natural norm homomorphism
NmI//I:KV*(I’) — K‘/*([)
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satisfying

i) Given a tower A — A’ — A" I — I' — I" of such rings and ideals, we have
N’ITLI//I ONm[///I/ = N’I’)’LI///].

ii) The composition

mypr/r

KV.(I) — KV.(I') 2" Kv.(T)

is multiplication by dima(A’).
iii) Suppose I = Iy NIy, I' = I'y N I'y, where I'; C I;, and the pairs (I; C A, I'y C A’) and (I/I, C
A/, I'/I's C A’/I'5) satisty the hypotheses of the Lemma. Then we have a commutative ladder

o KVp(I[T) — KV, (I') — KVy(I') — KVp(I'/I'5) — ...

Nmp ) /1/1)! Nmprl Nmpopl LNm ) /(1710)
= KVyn(I)L) — KV, (I) — KVy(Il) — KV,(I/I,) — ...

Proof. We first suppose I’ C IA’. Choosing a basis e1,...,e, for A’ as an A-module defines a map of
simplicial groups

p: GL(A(I')) — GL(A(D))

which defines the norm homomorphism. If fi,..., f, is another choice of basis, let P be the change of basis
matrix. Then there is an element F(t) in the group F(A) x <t> with

Pp(T)P~' = F(p(T)); for T € GL(A'[X1,...,Xn]),

and with
F(t) =t,

where F(t) denotes the image of F(¢) under the homomorphism F(A) — id,t — t (see, for example, Milnor
[M]). Since we can find, for each element E € E(A), an element E(X) € E(A[X]) with

E0)=1,EQ1)=E,

this shows that the maps
p: GL(A(I')) — GL(A(D)),

and
PpP 1 GL(A(I') — GL(A(I))

are homotopic, hence the norm homomorphism is independent of the choice of basis. Arguing as in the
unital case, one shows that the norm homomorphism satisfies (i) and (ii), and is natural. The assertion (iii)
follows from the naturality of Nm, and the naturality of the homotopy equivalences

GL(A(I)) = F((GL(A(L)) — GL(A(1,/1)))
and
GLIA(I') — F(GL(A(I'")) — GL(AI' /1)),
where “F” denotes homotopy fiber.
In general, Weibel [W2] has shown the inclusion I — rad(I) induces an isomorphism KV,(I) —

KV, (rad(I)); using this isomorphism, we reduce to the case discussed above. O
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I am indebted to C. Weibel for the proof of Lemma 2.2, replacing an earlier, incorrect argument.

Proposition 2.3. Let i: A — A’ be a finite extension of rings, I an ideal of A and I’ an ideal of A’. we
suppose

a) A’ is free over A.

b) rad(I') C rad(IA’).

¢) we can write I and I’ as intersections such that, for each subset S of {1, ... ,n} and S’ of {1, ... ,m},
the rings A/Is and A’/I' g: are regular:

I=0j_,I; and I'=n}_I;
Then there is a natural norm homomorphism
Nm(A/;I{7"'7I7In)/(A;Ilv---7In): KP(A/; Ii? s 717/77,) - KP(AI; I{, o dy), forp>1

such that

i) ivo Nmeary 1) /(A1) = dima (A7) - id.
) Nmanr,..o1,) /(A1) © Nary o jann o) = Nmgasne i j(asn 1)
iii) The norm homomorphism commutes with the boundary maps in the relevant long exact relativization
sequences.

Proof. The construction of the norm homomorphism satisfying properties (i), (ii) and (iii) follows from the
previous two lemmas. O

We fix a regular semi-local ring R, principal ideals Iy = (¢1),...,Is = (ts), and a prime [. We assume
that R contains an infinite field ko containing a primitive I** root of unity (. We additionally assume that
t1,...,ts form aregular sequence in R (i.e., for each maximal ideal m of R, the ¢; that are in m form a regular
sequence in the local ring R,,), and that each ring R/Is is smooth over kg. For a subset S of {1,...,s}, we
let t5 denote the product:

5 =]t

JjES

so I° = (t9).
If we have a semi-local smooth kg-algebra T', and an element s € T', we can factor s as

n

— €k

S _U’HSk
k=1

with u a unit and the sg prime. Let Ji = (sx). Suppose si,..., s, forms a regular sequence in T, and the
rings T'/Js are all smooth over kg. Then we say that the reduced divisor of s is a normal crossing divisor.
If all the e, are 1, we say thatthe divisor of s in T is a normal crossing divisor.

Let a be a unit in 7', and let o be an I** root of a if | # char(kg), or a root of X! — X —a if [ = char(ky).
We let T,, denote the ring T'[a]. T, is the a regular semi-local ring, étale over T; let o,, (or simply o) be a
generator of the cyclic group Gal(T,,/T). Let F' denote the total quotient field of R.

Lemma 2.4. The group (1 + tR,)* is generated by elements of the form

-1
1+inai ;T €ETR,
i=0
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such that

i) there is a finite extension R — S of degree prime to | so that the polynomial P(T),

has a linear factor yT — 1 in S[T], with y € (1 + rad((¢)S))*.
ii) S is smooth over k.
iii) the reduced divisor of t in S is a normal crossing divisor
iv) the divisor of y in S a normal crossing divisor.

If char(ko) = 0, we can find an S satisfying (i)-(iv) such that P(T) splits completely in S.

Proof. We first assume that char(kg) = 0. Let ao,...,a;—1 be in R. Take units b; and ¢; in R, with

-1 -1 -1
1+ Ztaiai =(1+ thiai)(l + Ztciai)
=0 =0 =0

For a general choice of the b;, the normalization of R in F[T]/(1+ Ei;(l) Th;at) is unramified over R outside
the locus t = 0, and similarly for a general choice of ¢;. Thus we may assume, without loss of generality,
that the normalization S of R in F[T]/(1 + Zi;é Ta;a') is unramified over R outside the locus ¢t = 0.
Let R’ be the extension of R gotten by adjoining all ¢*" roots of unity, and the ¢ roots of ti,...,t, for
g=1,...,1—1. Then R’ is a finite, prime to [, Galois extension of R and satisfies (ii) and (iii) of the lemma.
In addition, letting S’ be the normalization of S; ®g R/, S’ is unramified over R’ at all codimension one
points of Spec(R’), hence, by Zariski’s theorem on the purity of the branch locus, S’ is étale over R’. Thus,
S’ satisfies the conditions of the lemma, completing the proof in this case.
We now consider the case char(ky) > 0. Call an element

-1
1+ Ztaiai; a; € R,
i=0

of (1+tR,)* good if the polynomial

-1
P(T) =1+ taT"
1=0

has a linear factor y7T' — 1 in an extension S of R satisfying the conditions of the lemma. We proceed by
induction on s.

Let n =1 — 1. As above, we may assume that 1 4 tag and a,, are units in R. We note that the ring
S := R[X]/X"P(X ') is then finite over R. If s = 1, R[X]/X"P(X~1) is also smooth over kg, and étale
over R[t!]. Let y be the image of X in S; one sees easily that ¢+ = uy" for some unit u € S. This shows
that the extension R — S is totally ramified over (t), and that rad((t)S) = (y). Putting all this together
proves the lemma in the case s = 1.

We now take s > 1. Arguing as in the characteristic zero case, we see that an element of the form
1+ tug + tuza®; i < n, is good if up and u; are suitably general units in R. Let w = Hf:z t;, and let
v = 1. For suitably general ao,...,a, in R, the normalization S; of R in F[T]/(1 + Y wv'a,T") is
unramified outside the locus w = 0, and the normalization Sy of R in F[T]/(1+ Y., w'va,T") is similarly
unramified outside the locus v = 0. Thus, by an induction on s, elements of the form 1+ Y7 jwv'a;a’ or
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1+ Z?:o w'va;at are products of good elements. On the other hand, for suitably general ag, ..., a,, we can
find good elements z; = 1 + tr; + tu;a’ such that

n n
(1+Ztaiai)ozlo...~zn = 1+thio/,
i=0 =0

with b; in the ideal (v'™',w' 'R, for i = 1,...,n. We can then write the element 1+ Y  th;a’ as a
product

n n n
1+ Z thia' = (1 + Z w'va;at) (1 + Zwviciai),
=0 =0 i=0

completing the proof. O

Let = be an element of a semi-local ring T, smooth over kg, such that the divisor of x is a normal
crossing divisor. Factor (z) into primes as II{_;z;, and let [; = (x;). We may apply Theorem 1.6 to get a
natural isomorphism

Syme(T, Ila s 'aIS) - KQ(Tv [17 s aIG))

Note that Symbq(T;14,..., 1) only depends on (z)T'; to simplify the notation, we will occasionally write
Symba(T; (2)T') for Symbe(Ts1h,...,I5). If T is an extension of R, and a is an element of 7" such that
Symbs(Ty;rad((t)Ty)) is defined, we define the subgroup Symbs(Ty;rad((t)T,))* of Symbs(Ty;rad((t)T,))
to be the subgroup generated by symbols {a,b} with a € (1 +rad((¢)T))* or with b a unit in T[t71].

Corollary 2.5. Let T be a finite extension of R, smooth over kg, such that the reduced divisor of t on T is
a normal crossing divisor. Let u be an element of Symbs(Ty;rad((t)T,)). Then there is a finite, prime to !
extension f:T — T’ such that

i) the reduced divisor of t on T" is a normal crossing divisor.
i) f*(u) is in Symbe (T o;rad((t)T'4))*
iii) T" smooth over kg

Proof. The proof is essentially the same as the proof of Lemma 1.4 of [MS2], with the aid of our Lemma 2.4
above. D
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83. Quillen spectral sequence for relative K-theory

In this section we extend some of the results of [L] for relative K-theory of schemes over semi-local PID’s
to the setting of schemes over arbitrary semi-local rings. Most of the results carry over with minor changes,
so we will be a little sketchy. We fix a semi-local ring R, and principal ideals I} = (¢1),...,Is = (ts). Let
t =[], t;. We assume that the t; are relatively prime, and that the divisor of ¢ is a normal crossing divisor.

Let f: X — Spec(R) be an R-scheme. We denote the X the subscheme f~!(Spec(R/I;)); similarly, if S
is a subset of {1,...,s}, we let Xg and X denote the subschemes f~!(Spec(R/Is)) and f~*(Spec(R/I°)),
resp. We let X denote the union of the fibers of f over the closed points of Spec(R). We let Mx be the
category of coherent sheaves on X; Mx,r will be the full subcategory of Mx consisting of sheaves with
support contained in some subscheme of X which is flat over R. The subcategory of M x consisting of sheaves
supported in codimension d is written M}l( and the quotient category Mgl( / /\/l% is denoted Mi/d’. Similarly,
the subcategory of My, consisting of sheaves with support contained in a codimension d subscheme of X
which is flat over R is denoted ./\/lgl( /R

Suppose f: X — Spec(R) is flat. We call a closed irreducible subset W of X geometrically flat over
R W intersects each fiber of f properly, i.e., for each (not necessarily closed) point p of SpecR, and each
irreducible component W’ of W N f~1(p), we have

codimy (W) = codim -1, (W').

In general, we will call a closed subset of X geometrically flat over R if each irreducible component is so.
We sometimes omit the reference to R if the context makes our meaning clear, refering for example to a flat
subscheme of X, rather than a subscheme of X, flat over R, or a geometrically flat subset of X, rather than
a subset of X, geometrically flat over R.

Suppose X Cohen-Macaulay, and is flat and quasi-projective over R, and let W be geometrically flat
over R, and of pure codimension d on X. Then there are codimension one closed subschemes containing W,
Hy,...,Hy of X, such that each intersection

Hi N...NH;,

is reduced, of codimension s on X, and is flat over R. In particular, W is contained in the flat, local complete
intersection, codimension d subscheme H; N ...N Hy. From this it follows that, for X Cohen-Macaulay, flat
and quasi-projective over R,

i) a closed subset Z of X is contained in a codimension d flat closed subscheme of X, if and only if Z is
contained in a codimension d geometrically flat closed subset of X.

ii) if Z; and Zs are closed subsets, with Z; C Y;, and with Y; a flat codimension d closed subscheme X,
i =1,2, then Z; U Z5 is contained in a codimension d flat closed subscheme of X.

iii) Suppose W is a codimension d closed subset of X, geometrically flat over R. If Z is a closed subset of
X\W, contained in a codimension d’ flat closed subscheme of X\W, with d’ < d, then the closure Z of
Z in X is contained in a a codimension d’ flat closed subscheme of X.

We let F1?(X/R) denote the set of codimension d closed subsets of X which are geometrically flat over
R, ordered by inclusion. X (49 will denote the set of codimension d points of X, and (X/R)(d) the set of
codimension d points x with closure T geometrically flat over R.

Suppose X is Cohen-Macaulay, flat and quasi-projective over R. From (i)-(iii) above, it follows that the
categories ./\/lgl( /R are abelian for all d, and Mgl( /R is a Serre subcategory of /\/lgl(/ /R for all d’ < d. It follows

from (i)-(iii) above that, for W € F1*(X/R), and d’ < d, the restriction map

M = Mbwyr
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is surjective on isomorphism classes of objects. Thus, the standard arguments show that the quotient category
M4 /R J M /R Is equivalent to to the direct limit category

. d’
lim  Mi\wr-
WeFld(X/R)

We denote Mfé/R/Mi/R by Miﬁ%.

The following properties are simple consequences of the work of Quillen [Q], and their proof is a straight-
forward modification of the proofs of the analogous results in §1 of [L]:
a) If X is flat over R, then Mx, p = Mx.

b) Suppose X is Cohen-Macaulay, flat and quasi-projective over R. Then we have Ej-spectral sequences
E(X) and E(X/R):

EPI(X) = K_p o MEPT) = K_,y(Mx)

EPY(X/R) = K_p o MY = K (M) = K_py(Mx),

and a map of spectral sequences F(X/R) — E(X).
We write Gp(X)%" for Kp(/\/l_c,l(/d/), and G,(X/R)%? for Kp(/\/lic//d};). Let M%  denote the full

subcategory of /\/li( /R consisting of sheaves flat over R. If X is Cohen-Macaulay, and flat and quasi-projective

over R, each sheaf F in M‘)i(/R admits a surjection
Oy(*n)m — .7:,

where Y is a codimension d closed subscheme of X, flat over R. If in addition, R is regular, then F admits
a finite resolution by sheaves in ./\/lgl(: R hence we may apply Quillen’s resolution theorem [Q] to show

¢) If R is regular, and X is Cohen-Macaulay, and flat and quasi-projective over R, then the inclusion
d d
M%.r — MX/R

induces an isomorphism K,(M% ) — p(Mg(/R).

Since, for S C S’, the restriction map jg/s,:MSI(S:R/IS — MSI(S,:R/IS/ is exact, we can apply the
technique of [L], §1.1, to form the space G(X/R; X1,...,X,)? as the iterated homotopy fiber over the s-
dimensional cube of maps

M Siryrs = M myx,: for Sc 8 c{l,... sh

Here M’SI(S:R/IS is the category consisting of objects Fg» of M}S//:R/XS“ for each S” O S, together with a
choice of isomorphism fg»: j§ /50 (Fs) — Fsr. This is a technical device to make the restriction maps j /s

functorial.
We define the groups G,(X/R; X1, ..., X,)% and G,(X/R; X1,...,X,)%? by

Gp(X/R; X1,... X ) = mp(G(X/R; Xyq,..., X))
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Gp(X/R; X1,..., X )" = lim G,(X\Z2)/R; X1\ Z,...,X\Z)".
ZeF1d

For Z a closed subset of X, we have the full subcategory M%%, of M%. 5 with objects those sheaves
supported in Z; replacing Mg(: r With M)Z(?R throughout in the above construction defines the groups
Gf(X/R; X1,...,X,)% and Gg(X/R; Xq,... ,Xs)d/d/. If Z is the support of a flat, quasi-projective Cohen-
Macaulay subscheme W of X, of codimension r, we have the natural isomorphisms
GH(X/R; X1,...,Xs)" = Gp(W/R; X1 n W, ..., X, nW)4"
GZ(X/R; X1,..., X))V — G(W/R; X, N W,..., X, nW)ir/d=r,

For Z in Fldl7 repeated applications of the Quetzalcoatl lemma, together with the isomorphism of (c),
gives the long exact localization sequence

= GHUX/RXANZ,.. XN Z) = Gp(X/R; X1,..., X)) —

Go(X\2)/R; X\ Z,..., X\2)" - GZ_{(X/R; X, nZ,..., X, NZ)" — ...

As in Quillen, passing to a limit over all Z € Fldl7 and linking all the resulting long exact seguences together,
we arrive at

d) Suppose that R is regular and X is Cohen-Macaulay, flat and quasi-projective over R. Then there is an
F-spectral sequence

EPUX/R; X1,..., Xy) = G_po(X/R; X1,..., X))/ —= G_,_((X/R; X1,..., X,).
Here G,,(X/R; X1,..., X,)*?/Pt1 is defined by

Gn(X/R; X4, ..., X,)P/P*!

_ [ Gu(X/R; Xy, X, )P/t for n >0
Im[Go(X/R; X1,..., X )P — Go(X/R; X1,..., X, )P/PH1] forn =0

We let fol (X/R; X1, ...,X,) denote the cycles in the rt" step of the above spectral sequence:

Z%0 (X/R; —) = ker[d,: EPY(X/R; —) — EPT"HH(X/R; —)].

As in the absolute case s = 0, we have

e) If X is smooth over R, and R/Ig is regular for each S, then the map
K.(X/R;X1,...,Xs) — Gu(X/R; X1, ..., X,)

is an isomorphism.
Quillen’s computation of the K-theory of projective space goes through in the relative case as follows:

f) Suppose p: X — Spec(R) is a projective space P™ over R and that R/Ig is regular for each S. Let
[O(—1)]U denote the map K,(R; I1,...,Is) = K,(X/R; X1,...,X,) defined by

[O(=D]U (n) = [O(=)] Up"(n)-
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Then

n—1 n—1
PBlo-iu: P Ky(B; I, ... L) — Kp(X/R; Xi,..., X,)
=0 1=0

is an isomorphism.
The arguments of Sherman [Sh] go through as in ([L] §1.7) to show

g) Suppose X is a projective space over R, and R/Ig is regular for each S. Then the spectral sequence of
(d) degenerates at Es. In addition, let m: L — Spec(R) be a projective space P"~P over R, with linear
inclusion i: L — X over R. Then

Egﬁq(X/Ra Xla s aXs) = K—p-q(R; Il, ey Is),
and one can lift EY? = gr’PG_,_,(X/R; X1,...,X;) to a subgroup of G_,_,(X/R; X1,...,X;) via the
composition

K_p o(RiL, ... . I)SG_p o(L/R; Ly, .., L) 5G o (X/R; X1, ..., X,).

If X is an affine line over R, then a closed subscheme W of X which is flat over R must either be X or
a codimension one subscheme of X. Thus, if R/Ig is regular for each S, the spectral sequence of (d) also
degenerates at E5 and we have

EPT=0ifp#0; EY'=K (R;L,..., L)
O

h) Suppose f: X — Spec(R) is a projective space (resp. an affine space) over R, with R regular and
semi-local, containing a field. Then the spectral sequence E(X) degenerates at Es.

Indeed, suppose X is a projective space over R. Then, for each point x of Spec(R), the spectral sequence
E(f~'(x)) degenerates at Es, and the Es-terms are given by

B (f71 (@) = K—p—q(k(2)).
We filter the Ej-complexes of the spectral sequence E(X),

E?q(X) P K g(k(X)) = @pexin Ko1-¢(k(2)) = ... = @pexim Kop—q(k(2)) — ...

by setting
FrEf’q(X) = @xEX(P>,f($)€SpeC(R)(Z’")K—P—q(k(x))'
Then
gr" EPY(X) = @yespec(r)™ By (N (y),
thus

Hp(ngE?CI(X)) = @yESpec(R)(T) K—p—q(k(y))-
By Gersten’s conjecture for the semi-local ring R, the F;-complex of the spectral sequence
'EY" = HP(er" PEY(X)) = ER(X).
arising from the filtration F'* has

IEPT — 0 ifr#p
2 T | K_p—4(R) if r =p.

Thus, we have EY'?(X) = K_,_,(R); as the Es-terms thus compute the K-groups of X, the spectral sequence
E(X) degenerates at Es, as claimed.
The proof for X an affine space is essentially the same. O
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Let f: X — Spec(R) be a flat, quasi-projective, Cohen-Macaulay R-scheme. Let (X/R)/(p) be the set
of codimension p points x of X with closure Z contained in a codimension one subscheme of X which is flat
over R; define (Xg/R) ® similarly. For p > 0, we let M(X/R)'? denote the category of coherent sheaves on
X with support contained in some codimension p subset W of X, such that W is contained in a codimension
1 subscheme Y of X, with Y flat over R; set M(X/R)® = M(X). Let M(X/R)?/?*1 be the quotient
category M(X/R)'?/M(X/R)P*!. The sequence of abelian categories

M(X) D M(X/R)' > M(X/R)2>...o M(X/R)*> ...
defines an Fj-spectral sequence E(X/R)’
EYU(X/R) = Ko (M(X/R)PPH) = K o(X);
let ZP4(X/R)" denote the cycles in EX"? (X/R)'. The inclusions
M(X/R)? — M(X/R)’? — M(X)?
gives the maps of spectral sequences

E(X/R) — E(X/R) — E(X).

i) Suppose that R is regular, semi-local and contains a field, and X is a projective space (resp. an affine
space) over R. Then the spectral sequence E(X/R)" degenerates at Fs.
Indeed, letting R(X) denote the semi-local ring O, +, and i: Spec(R(X)) — Spec(X) the inclusion, the
Ei-complex E7(X/R)’ is the global sections of the sheaf sequence

i+ (Ko (ROX)) = B (pmyrian (K1 (K@) = - = iy ion (K peg (b(@)) = ..
If y is a point of X, the the stalk at y of the sheaf R%i,(K_4(R(X))) is easily seen to be given as
R, (K_q(R(X)))y = H*(Spec(Ox ) N Spec(Ox y), Kq)-

Collino’s argument in [C], essentially a modification of Quillen’s proof (in [Q]) of Gersten’s conjecture, shows
that

H?*(Spec(Oy x) N Spec(Ox,y), Kq) = 0;  for s > 0.

In fact, let D be a codimension one subscheme of ¥V := Spec(OXX) N Spec(Ox,y), W a codimension p
subscheme of D and n an element of G,(W). We need to find a codimension p subscheme T of Y, containing
W, such that the image of n in G,,(T) is zero; Quillen’s argument then gives the desired vanishing of higher
cohomology. We may find an affine scheme Y, smooth and of finite type over a field k, a codimension one
subscheme D of Y, codimension one subschemes E; and E, of D, and a codimension p subscheme W of D
such that

i) Y is a localization of Y, Y is an open subscheme of X and Y contains y and each generic point of
X.
ii) DNY =D,y ¢ F; and B, N X = .
iii) W NY =W, and there is an element 7 of G,(W\(E; U E3)) such that 7j restricted to W is 7.

22



Furthermore, there is a smooth morphism Y — A}, with one dimensional fibers, such that the
restriction of 7 to D is finite; in addition, we may assume that

ygr\(mw(B), Xnr(n(Ey))=0.

Form the square

D:=DxuyY —
11
D

%(— =~

After removing a closed subset of Y, and changing notation, we may assume that the codimenison one
subscheme s(D) is principal. Quillen’s argument proving Gersten’s conjecture then shows that 1 goes to
zero in G, (T), with T = 7=} (x(W))NY.

The derived functors R%i.(K_4(R(X))), s > 0, therefore vanish, and thus we have the natural isomor-
phism

HP(X,K_,) = BY"(X/R)’

As we have the same result for the spectral sequence E(X), the map E(X/R)" — E(X) is an isomorphism
from E5 on; by (h), we have the desired degeneration. ]
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84. Relative K-theory of projective spaces: some computations

In this section, we fix a regular semi-local ring R of Krull dimension d, distinct principal prime ideals
I = (t1),...,Is = (ts), such that the product ¢ = [[#; has a normal crossing divisor on R. Let m: X —
Spec(R) be a projective space over Spec(R). We will extend some of the basic consequences of the Quillen
spectral sequence for the K-theory of projective spaces and affine spaces to the relative setting.

Let R(X) denote the semi-local ring O 5 of X in X, I;(X) the ideal I; R(X). Define R;(X;), Ix(X;)
(for k # j) similarly, by replacing R with R; and X with X;. Let e = e(R; I1,. .., Is) := min(s, d).

We recall from ([L2], §5), that the relative K-groups have a natural A-ring structure, compatible with
the long exact relativization sequences, and extending the A-ring structure defined by Hiller [H] and Kratzer
[K] for the absolute K-groups. In addition, if we assume that T is a ring with ideals Ji,..., Js such that
T/Jg is regular for all S C {1,..., s}, this A-ring structure on K,(T; Ji,...,Js) is a special A-ring structure;
in particular, there are natural Adams operations 9% defined on the K,(T;.Ji,...,Js), preserving the 7-
filtration, commuting with one another, and on grl) K,(T J1, ..., Js), ¥ acts by multiplication by k™.

Lemma 4.1. For p > 2, the map
ﬂ*:grng(R; L, .., I)[l/(p+e—-DI] — griKp(R(X);Il(X), LX)/ (p+e—1)]

is an isomorphism.

Proof. We proceed by induction on d and s. By ([L2], Theorem 5.7) the ~-filtration on K, (R;I1,...,1Is)
satisfies

i) Kp(Ry I1,..., 1) = F?YKn(R; I,.... 1)

ii) FQ‘HK,Z(R; L,....,I;)=0.

for n > 2. and similarly for K, (R(X); I1(X),...,Is(X)). Let | be a prime, I > n—1, n > 2. Take an integer
k which gives a generator of F; let Z(y denote the localization of Z away from [. Then, by ([L2], Lemma
5.8) we can split the y-filtration on K,,(R;I1,...,1s) ®z Zqy and K,(R(X); 11(X),..., (X)) ®z Z( into

ki-cigenspaces for ¥, K,(R;I1, ..., 1) and K,(R(X); [,(X),..., L(X))":

1=2

Kn(R(X); [(X),..., I(X)) @2 Zgy = @Kn(R(X);h(X), L),

If U is an open subset of X, intersecting each closed fiber of 7, then there is a section to my: U — Spec(R);
thus, the map

™ Ko(RiIh,. .. 1) — Ko(R(X): 1(X), ..., I,(X))

is injective, and hence the map
ﬂ*:grng(R; L, . )[1/(p+e-Dl]— griKp(R(X);Il(X), LX)/ (p+e—1)]

is injective. We proceed to prove surjectivity.
We first consider the case d = 0. If R is a direct sum of fields

t
R=PL,
k=1
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we can order the L; so that

Ky(R; I, ..., I,) = @ K,(L;).
k=1

This reduces us to proving the result in case R is a field F. By Soulé [So], the exact sequence

0 — K,(F) 5 Ky(F(X)) 2 @pexi Ky 1(F(x)) — 0

breaks up into eigenspaces for ¥ as
T &
0— K,(F)? 5 Ky(F(X)® 2 Gpext Kpr(F)Y =0

If p > 2, then Kp,l(F(x))l(l) = 0, proving our result for d = 0.
If S is a regular semi-local ring containing a field k, and if F' is the quotient field of S, the localization
sequernce

0 — Kp(S) = Kp(F) — @rexr Kp-1(k(x))

breaks up into eigenspaces as
0= K (8)? = Kp(F)? = Grexs Kpoa k(@)

so the map Kp(S)l(z) — Kp(F)l(Q) is an isomorphism if p > 2. This, together with the case d = 0, proves the
lemma in case s = 0.

We now assume that d > 0 and s > 0, and we assume the result for all regular semi-local rings of
dimension d’ < d and for all ' < s. By considering the inclusions of Spec(R;) in Spec(R) and of X; in X,
we arrive at the commutative ladder with exact columns:

(4.1)
Kerl(Rl;Ile,...7I5R1)l(2) — Kerl(Rl(X);IQ(Xl)w~‘7IS(X1))Z(2)

! !
Ky(RiI4,...,1,)? - K, (R(X);L(X),... L(x)P?
l 1
Ky(Ri I, ..., 1) - Ky(RX);L(X),...,L(X))
l 1

Ky(Ry; LRy, ..., LR = Ky(Ri(X1); 2(X1), ..., L(X1)?

Here we require p > 2 and [ > p+e—1. The first and last two horizontal arrows in (4.1) are isomorphisms
by the induction hypothesis. The surjectivity follows from this and the five lemma, proving the lemma. O

Let X1; = X1 N X, for j =2,...,s. Recall from §2(d) the spectral sequences
EPUX/RA{X;Yim0) = Gy o (X/RAX V)PP = Koy o (X5 (X))
and
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EPU(X1/Ris{ X1} s) = Gy (X1 /Ry {X0;} )PP = K (X1 {X0;}50),

—pP—q

with cycles fol in E, . The inclusion of X7 in X induces a map of spectral sequences

"t B(X/Ry{X;}5_,) — E(X1/Ri; {X1;}_,).

Lemma 4.2. Suppose s > 1. Then

i) the restriction map
i": 2y (X/R X Y5 =) — Zy* (X1 /Rus {X1;}5s)

is surjective.

ii) the restriction map
i*: 2y (X R A{X Y5 =) [1/el] = Zy (X1 /Rus { X0} =) [1/el]

is surjective

iii) the maps
1,-1 s 1,-1
Zy (X/R; {Xj}jzl) — Zy (X)
and

Zy A (X R X Y521 el] = Zy 72(X)[1/e]

are injective.
If we replace X with an affine line over Spec(R), the statements analogous to (i)-(iii) remain true.

Proof. We first prove (ii). Let 7 be in 221’73(X1/R1,{X1j}§:2). We recall from §2(g) that the Quillen
spectral sequence

EPT = G_p (X1 /Ris { X0, )P = K (X013 {X0;15)
degenerates at E5, and that we can identify the E21 =3 term as

By ™% = i1.q; (Ka(Ry; {1 R1 }—s)),

where i1: L1 — X3 is a hyperplane in X7, with structure morphism ¢;: L1 — Spec(R1), ¢1 = pioi;. Thus,
there is an element ¢ of K3(R1(X);{l;R1(X1)};—,) and an element p of Ka(Ry;{I;R1}5_,) with

06 = [i1.45 (p)] — m;

here [—] denotes the image in Zy~*(X1/Ry; {X1;}5-2). Fix a prime [ > e+ 1 > 2; we can write the image
Of€ in Kg(Rl(Xl), {[le(Xl)}j':Q) ® Z(l) as

E=¢2 1¢®; €W e Ky(Ry(X); {I; Ry (X1)}_o).
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By the previous lemma, 66 = 66®) in Ky ® Zy. By ([L2], Theorem 5.7), €3 is the image of some element
M of KM(Ry(X1); {I; R1(X1) i_9) ® Zy, under the map

K3 (Ry(X1); {I;R1(X1)}5—5) ® Zqy — K3(Ri(X1); {I;R1(X1)}—y) ® Zyy).
Since R1(X;) and R(X) are semi-local, the map
K3"(R(X); {R(X1)}520) — K3 (R (X1); {L; Ra(X1)}520)

is surjective, so we can lift £) to an element 7 of K3(R(X); {I;R(X)}5_,) ® Z(. The element &7 then lifts
[i1.45(p)] —n to Ga2(X; {Xj}j-zz)l/2 ®Zy. In addition, we can extend iy: Ly — X to a hyperplane i: L — X
with structure morphism ¢: L — Spec(R). Since

Ka(Ry; {I;R1}—y) = K3 (Ri; {L;R1 }5—y),

we can lift p to p € Ko(R;{l;};_5), giving us the lifting i.q*(p) — 67 of 1 to Zy *(X/R; {Xi}i22) ® Zgy.
This proves (ii).
The proof of (i) is similar, but easier; we replace the use of Lemma 4.1 with the isomorphism

Kp(Ri;{IjRi}5y) = K} (R {l R} y); p=1,2.

We now prove (iii).

Let i be in Zy *(X/R; {X; }2_1)[1/e!]. By the degeneration of the spectral sequence E(X/R;{X;}3_,)
at Ep, we may lift 7 to an element of G1(X/R;{X;}3_,)'[1/e!]; let i be the image of such a lifting in
G1(X/R; {Xj}j-:l)l/?’[l/e!}. Suppose 1 goes to zero in Zy'?(X/R; {X;};=2)[1/€!]. Then the image 1" of 7’
in G1(X/R; {Xj}§:2)1/3[1/e!] lands in the subgroup

1 (G (X/ R {X; Y)Y 1/ el] = GO/ s {X; }0) P11 /el]).

By the degeneration of the spectral sequence E(X/R; {X;}5_,) , this implies there is a codimension two linear
subspace i: L — X, with structure morphism p: L — Spec(R), and an element ¢ of K1 (R, {1;};_5)[1/€!] such
that

W' =i ($) in GU(X/R{X;}5 ) P [1/e]),

This in turn implies that the image of i.p* (1)) in G1(X1;{X1;};_,)"/3[1/€!] is zero. Using the degeneration
of the spectral sequence E(X1/R1;{X1;}3_,), this implies that the image of ¢ in Ky (Ry, {I1;}5_5)[1/e!] is
also zero. Thus we can lift ¢ to an element W of K1(R,{I;}5_,)[1/e!]. Replacing n" with 5" —i.p*(¥) and
changing notation, we may assume that 7’ goes to zero in G1(X/R; {Xj}§:2)1/3[1/e!]. Thus 7’ lies in the
subgroup

T (G (X1 /Ru; (X1 ¥0) 1/ el] = Gu(X/Rs {X, Y320 P 1 fel])

By (ii), this implies that 7" lies in

I (Ga (X1 /R {X1,150)* ¥ 1 /€] = Gr(X/ R {X,150) ¥ 11 /el])

i.e., in
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T (G (X/Rs (X Y5202 [1fel] = Ga(X/Rs {X;}3-0) 21 /e
so n = 0. Thus, the map
Zy P (X/RAX Y5 -0/ el] = Zy 72 (X/ R X5 )= [L/el]
is injective; by induction, the map
232X/ Ry (X, Yoy [1el] — ZY (X R)[L/e]
is injective. We now show that the map
2y H(X/R) — Zy 7 (X)

is injective, which will complete the proof of (iii).

We may assume that R is a domain; let F' be the quotient field of R, and X the fiber of X over F.
Let X™M* be the set of codimension one points z of X whose closure Z in X is not flat over R; X V* is also
the set of codimension one points of Spec(R(X)). We have the commutative diagram

0 0
! !

K2|(|R) — KyR(X)) — Zy *X/R) — K1|(|R) =0
! l

Ky(R) — FKx(F(Xp) — Zy %(X) — Ki(R) —0

l
EBZ‘EX(I)* k(l’)*

The degeneration of the spectral sequences E(X/R) and E(X) at Fy gives the identifications

K\(R) = By *(X/R), Ks(R) = Ey *(X/R)
K\(R) = By *(X), Ka(R) = By ~*(X)

and implies that the two rows are exact. Since R(X) is a regular semi-local ring containing a field, Gersten’s
conjecture implies that the column

0 — K3(R(X)) = K2(F(Xp)) = @pex-k(@)"

is exact as well. The injectivity of the map Zy *(X/R) — Zy" (X)) then follows by a diagram chase.

The remainder of the proof of (iii) is a simpler version of the above argument.

If we replace X with an affine line over Spec(R), the Quillen spectral sequence still degenerates at Fs,
with the Es-terms E5Y = 0 for p # 0. Thus, a simpler version of the above argument gives the analogous
results. 5

We define the map
d: Ko(R(X); {1;(X)}=1) — @ k(z)*

mEX(l)
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as the composition

Ka(R(X): {1;(X) ¥imy) 2>

1 (X/Ri (X,

)1/2 N Gl

1/2

P k@)

zeX 1)

Lemma 4.3. Suppose m: X — Spec(R) is a projective space over R. Then the sequence

0— K>(Ri {L}5_0)[1/el] D Ko(ROX){L(X)}5_)[1/el] =

is exact.

Proof. As in the proof of Lemma 4.1, the map

d

T Ko (R {1 }oy) — Ka(R(X); {I;(X)}_,

is injective. Since the spectral sequence E(X/R;{X;}5_,

)

@ k(z)*[1/e!]

.KEX(I)

) degenerates at Ea, we have

(K (/B (X, 152) — Ka(ROX): L (X))
= ker(Ka(R(X); {L(X) 1) = Z3 2 (X/Ri X, }5o) )

By the previous lemma, the map

Zy A(X/R X, Y[ /e] —

is injective, completing the proof.

We let K(R(X); {1;(X)}5_,

Lemma 4.4. After inverting (e + 1)!, the sequence

0 — Ko (R(X): {1;(X)}521) — Ka(R(X); {1;(X) }jos) — Ka(Ru(X1): {11;(X1)}j—0) —

is exact.

) denote the quotient Ko (R(X); {I;(

P k@)

zeX (1)

Proof. We have the commutative ladder with exact columns

Ks3(Ry; {lIlj }i=2)
Ko(Ri{T;}5-,)
Ky (R; {lfj}jm)

K>(Ry; {lflj Fi=2)

|
0

*[1/e!]

XY=

= Ks(Ri(X1); {11;(X1)}; =)

—

—

!

o (ROOAT Yy
!
(RO AL -

)

1)

i
= Ko(R1(Xq); {11;(X1)}50)
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the surjectivity follows from Lemma 1.2 and Theorem 1.4. By Lemma 4.1, the map
K3(Ry; {113'};:2)(2) — K3(R1(X1); {Ilj(Xl)}§=2)(2)
is an isomorphism after inverting (e + 1)!. Arguing as in Lemma 4.3, the maps

Ko(R; {1;}5_1) — Ka(R(X); {1;(X)}5-1)
Ko(Ri{I}j—1) — K2(R(X); {L;(X)}=1)

Ka(Ri; {11 }5—2) — Ka(R1(X1); {11;(X1)};20)

are injective. The lemma then follows by a diagram chase. D

Let R — R’ be a smooth ring extension. Let X' = Xp/, I} = I;R’, etc. Let F, F’' denote the total
quotient fields of R, R'.

Lemma 4.5. Suppose the map F — F’ is injective. Then the map

Ko (R(X); {1;(X)}5—y)[1/e!] — Ko (R/(X"); {Tj(X) }i=p)[1/e]]

is injective.

Proof. This follows immediately from Lemma 4.3. D
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85. Hilbert’s Theorem 90 for relative Kj

Fix a prime number [; let kg be a field, R a semi-local smooth kg-algebra, and ¢ an element of R with
normal crossing divisor on Spec(R). Let T be a semi-local R-algebra, smooth over kg, such that the reduced
divisor of ¢ on Spec(T') is a normal crossing divisor. We recall that, for a a unit in T', T, is the finite extension
of T defined by

T — {T[X]/Xl —a if 1 # char(ko)
T T[X)/X' - X —a  if I = char(k).

Let {I(T);} be the (finite) set of principal prime ideals containing (¢)T. Let V(T') = V(T,a) be the
first homology of the complex

l1-0o Nm
Ky (Ta; {1(Ta);}) — Ka(Ta; {I(Ta);}) — KT {1(T);})
(with Ko(T;{I(T);}) in degree 0). The main result of this section is
Theorem 5.1 (Hilbert’s Theorem 90 for relative K3). Let a be in R*. If] > dim(R)+ 1, then V(R,a) = 0.
The proof proceeds in a series of steps. Let d = dim(R).

Step 1) Let p:T — T’ be a finite extension of semi-local R-algebras, where 7" is smooth over kg and the
reduced divisor of ¢ on Spec(T”) is a normal crossing divisor. We have the functorial norm maps

N r: K (T5{I(T);}) — Ko(T5{1(T);})

Ny, K(To; {1(Ta);}) — Ko(Ta: {1(Ta);}),
giving rise to the commutative diagram

Fo(TAI(Th);Y) =% Kao(TH{I(T0);0) ™5 Kao(T{I(T);})
v« Tl Nm v« T Nm P« TL Nm
Ko(T {I(T0);}) =% Ko(Tui{I(To);}) ™5 Kao(T3{I(T);})

This defines maps

P V(D) = V(IT'): Negoyr: VT') = V(I),
with
Nmgs r o p. = deg(T'/T)id.

Taking 7" = T,, and noting that (7,), is a product of copies of T, we see that V(T,) = 0, hence V(T is
an [-torsion group. Additionally, if deg(T’/T) is prime to I, then V(T') — V(T") is injective.

Replacing kg with an infinite, prime to [ extension, and changing notation, we may assume that kg is
an infinite field.

Step 2) For a semi-local ring 7', let Jac(T) denote the Jacobson radical of T, and T the quotient ring
T/Jac(T).
Let a and b be units of T. If [ # char(ko), fix a primitive I*" root of unity ¢, and define the Azumaya
algebra A(a,b) by
Ala,b) =T{X,Y}/(X' —a,Y' = b,YX — (XY).

Let 7: X (a,b) — Spec(T) be the Brauer-Severi scheme associated to A(a,b), let X denote the fiber of
X = X(a,b) over T, and let T(X) denote the semi-local ring of X in X.
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Proposition 5.1. Let a be a unit in T, b an element of (1 + Jac(T)); set X = X(a,b). Suppose that
[ > dim(T) + 1. Then the map
T V(T a) = V(T'(X),a)

is injective.

Proof. The extension X, := X @1 T, of X, to a T,-scheme is a projective space over T,, hence the map
Ko (Ta; {I(Ta);}) = Ko(Ta(Xa); {I(Ta(Xa));})
is injective. We need to show that
[(1 = o) Ko (Ta(Xa); {I(Ta(Xa)); 1] N Ko (Tas {1(T0);}) = (1 — 0) Ka(Ta: {I(Ta);})
For this, it suffices to show that the map
Ko (To(Xa): {I(Ta(Xa); 1) = [Ko(Tu(Xa); {I1(Ta(Xa)); 1)/ K2(Tas {I(T0);1)]”

is surjective. We will actually prove that

(e

Ko(T(X ) {I(T(X));}) = [K2(Ta(Xa); {I(Ta(Xa)); 1)/ Ko(Tas {1(T0);})]

is surjective.
Let F' and F,, denote the quotient fields of T" and T,,. From [MS2] (2.2.3), the map

Ks(F(X)) = [Ka(Fa(Xa))/Ka(Fa)]”
is surjective. We now show that the map
(5.1) Ks(T(X)) — [Ka(Tu(Xa))/Ka(T)]°

is surjective. Indeed, we have the commutative ladder with exact rows

0— Ko(T) — Ky(F) — &P k(x)* o &b 7 —0
x€Spec(T)V) x€Spec(T) (2
(5.2) ! ! ! !
0 Ky(T(X) — KaF(X)) — S k@) 2 ® 2z -0
2€Spec(T(X))™M z€Spec(T (X))

Let Z}'"2(T) be the kernel of  and let Z;"~*(T(X)) be the kernel of 3. We have analogous ladder for T,
and T,(X,); define Z""*(T,) and Z}" *(T,(X,)) in a like manner. Take an element 7 in Z}"~(T(X)), and
suppose that 7 goes to zero in Z1"~*(T,(X4))/Z1 (T,). Since the maps

D k@) ) k(x)”,

z€Spec(T(X))® ze€Spec(Ta(X,))M
and
@ 7 — @ Z
zeX® 2eX D
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are injective, n must be in the subgroup

[ D  HG W), 05N 2y H(T(X))

yESpec(T) 1)

of Z{ 3(T(X)). As H(z~1(y), o, y)) k(y)*, n is therefore in Z;"~(T). Thus, the map

1 —2 /Zl —2 1,—2 /Zl —2

is injective. The surjectivity in (5.1) follows from this and a diagram chase on (5.2). R
We now proceed by induction on ¢, the number of ideals in {I(T);}. Let T = T/I(T)y, I(T); =
(I(T)1 + I(T);)/I(T)1, etc. We have the commutative ladder with exact rows
= K (T {I(T),)520) — KT {I(T),}5=2) = Ky(T{I(T);}5y) —0
! ! !
= Ko(T(X); {I(T(X));}521) — Ka(T(X): {I(T(X));}5—0) — Ka(T(X): {I(T(X));}5—2) — 0;

the surjectivity following from Lemma 1.2 and Theorem 1.4. This gives us the exact sequence

Ko(T(X): {1(T(X));}5=1) = Ka(TX); {I(T(X));}5=2) — Ka(T(X); {I(T(X));}5=2) — 0.

Let e = dim(T'). For the remainder of the proof, we invert (e + 1)!. By Lemma 4.4, we have the exact
sequence

0 = Ko (Ta(Xa); {1j(Xa) }jor) = K2(Ta(Xa): {1;(Xa) }ma) = Ko(Ta1(Xa1); {11(Xa1)}=s) — 0.

Taking o-invariants gives us the commutative ladder

Ko(T(X)ALT(X))}5m1) — Ea(TOOHITX) =) —  Ka(T(X) {I(T(X));}5-0)
1 1 1

0— FQ(Ta(Xa);{Ij(Xa)}jzl)a - K2(Ta(Xa);{Ij(Xa)}j‘=2)a - F2(Ta1(Xa1)§{Ilj(Xa1>}?=2)U~

By Lemma 4.5, the right hand vertical arrow is injective; by induction, the middle vertical arrow is surjective,
hence the left-hand vertical arrow is surjective. This completes the proof. O

Step 3) We now make a computation of certain norms.

Lemma 5.2. Let S be a regular semi-local kg-algebra, Jy,...,Js distinct principal prime ideals. Let J =
NJk, J = (t)S, and suppose that the divisor of t in S is a normal crossing divisor. Let a be a unit is S, o a
generator of Gal(S,/S). Let x be an element of (1 + .J), w a unit in S[1/t], z an element of (14 JS,) and
y a unit in S,[1/t]. This gives us the elements {z,w} and {z,y} in K3(Ss; J1Sa,- .., JsSq). Then

i) Nmg,;s({z,w}) = {Nmg,/s(2),w}; in Kao(S;J1,...,Js)

ii) Nmg,,s({z,y}) = {z, Nmg,/s(y)}; in Ka(S;J1,..., ).
Proof. We first prove (i). Let J; = (¢;). Since each unit of S[1/] is a product u[]#;"*, we may assume that
w = ut; for some 7, so that w divides ¢ in S. Let B be the ring

B =kolZo,.... Z1—1,W,V, T, A]/(WV —T),
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and let P € B[X] be the polynomial X' — A in case [ # char(ko), or X! — X — A if | = char(ko). Let B4 be
the ring
Ba = B[A™]/(P(A")).

B 4 is a finite Galois extension of the ring B; let N denote the norm from B4 down to B, and let

-1 -1

Z=1+TY Z'A"; X=NQ1+T» Z'A").
i=0 1=0
Let S be the set of elements f € B such that

(f,WV) = B;

define B=8"1B, By = S 'B,4. We have isomorphisms

B=klZo,...,Z1-1,W,V, Al;  Ba =kolZo,..., 21, W,V, A"],

so B and B4 are localizations of polynomial rings, and all the face maps in the squares of rings

B —  B/(V) Ba —  Byu/(V)
! ! ! !
B/(W) — B/W)V) Ba/(W) — Ba/(W,V)

are split. Additionally,
(WV)B C Jac(B); (WV)Ba C Jac(Ba),

so we can apply the results of §1. In particular, we have the elements
<(I1=2)/W,W> € D(Ba;(W),(V)); <(1-N(2))/W,W> e D(B;(W),(V)),
and the corresponding elements
Dsym(<(1 = Z)/W,W>) € Kx(Ba; (W), (V)):  Dsym(<(1 = N(2))/W,W>) € Kz(B; (W)(V)).

Denote the elements Dsym(<(1 — Z)/W,W>), Dsym(<(1 — N(Z))/W,W>) by {Z,W} and {N(Z), W},
respectively.
Let ¢: B — S, ¢o: B4 — S, be the obvious homomophisms, with

Pa(A") = o, da(Z) =z, $(W) =w, ¢(N(Z)) = Nms,/s(z), ete.
Let v =[], ;t;. ¢ and ¢4 induce natural homomorphisms
¢a: Ka(Ba; (W), (V) — Ka(Sa; (ta), (v)); - ¢: Ka(B; (W), (V) — K2(8; (t:), (v)).
If we compose with the natural maps

T: K2(S; (ti)a (v)) - KQ(S; J1yee s Js)§ Ta: KZ(SaQ (ti)a (1})) - K2(Sa§ J18a, ., JsSa)
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one checks that
Ta0oa({Z,W}) ={z,w}; 70o({N(2),W})={Nmsg,,s(z), w}.

Thus, we need only check that
Nmp,/s({Z,W}) ={N(Z), W}.

Let F4 and F denote the quotient fields of B4 and B. Since B4 and B are localizations of polynomial
rings, and since the face maps in the above squares of rings are all split, the maps

Ko(B; (W), (V) — Ka(F);  Ka(Ba; (W), (V) — Ka(Fa)
are injective; thus we need only check that

NmFA/F({Z7 wWh) = {NmFA/F(Z)’ W,

which follows directly from the projection formula.
The proof of (ii) is similar, and will be left to the reader. O

Proposition 5.3. Let S be a regular semi-local kyg-algebra, Jy,...,Js distinct principal prime ideals. Let
J =NJk, J = (t)S, and suppose that the divisor of t in S is a normal crossing divisor. Let a be a unit in S,
z an element of (1 + JS,). Then {z,1 — Nmg,,5(Z)} is in (1 — 0)K2(Sa; J1.Sa, - -, JsSa)

Proof. The proof is essentially the same as the proof of Propositions 3.3 and 3.4 of [MS2], with the help of
our Lemma 5.2. D
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§6. Applications

We begin by computing the torsion in Ko(R; Iy, ..., 1I,). Fix a prime [ and a primitive I*" root of unity
¢. Let R be a semi-local ring smooth over a field kg, with principal ideals I; = (t1),...,Is = (ts). We let
t =[] ¢, and assume that the divisor of ¢t on R is a normal crossing divisor.

Theorem 6.1. Suppose that kg D ;. Then for | > dim(R) + 1, the l-torsion subgroup |Ko(R; 11, ..., 1)
of Ko(R; I, ...,1Is) is generated by symbols {f,(}, f € (14 (t))*. In particular, if | = char(kg), then
lKQ(R; Il, ey IS) =0.

Proof. The proof is essentially the same as in the case of fields. Let S be an indeterminate, and consider
the extension R[S]g of R[S],

where F(T) = T' — S if char(ky) # I, F(T) = T' — T — S if char(kg) = I. Let X = Spec(R[S]), Xs =
Spec(R[S]s), with structure morphisms

m: X — Spec(R),
m: Xg — Spec(R),

and morphism f: Xg — X. We note that X and Xg are both affine lines over R; let i:Spec(R) — X,
ig:Spec(R) — Xg be the zero sections defined by S = 0, T = 0, resp., and let o be a generator of
Gal(Xg/X).

Claim. [Zy *(Xs/R; {(Xs)i}io1))” = £7[Z2 7 (X/RAX0 o)) + s K (B {TnFimy)]

Proof of claim. Let Ry = R/I1, X1, X1s the fiber of X, Xg over Spec(R1), I1x = (I1 + I;)/I;. By Lemma
4.2 we have the short exact sequences (after inverting dim(R)!):

0— Zy *(Xs/Ri{(Xs)rtier) = Zy 2(Xs/Ri{(Xs)r}iea) = 2y 2(Xis/Ris {(X1s)k}ia) — 0
0— Zy 2(X/Ri{Xi}tier) — Zy 2(X/Ri{Xi}imo) — Zo 2(X1 /R {(X1)r}jes) — O

In addition, we have the short exact sequence

0 = Ki(R; {Ix}imr) = Ku(Bi {Ik}i=s) — Ki(Ro; {11k }f=2) — 0.

By Lemma 4.2(iii), the group Zy > (Xs/R; {(Xs)r}5_,) is a subgroup of @y x1k(x)*, and similarly for the

groups Zy *(Xs/R; {(Xs)r}j_1), etc. above. From this it follows that the kernel of the map

isye — [ KR {TkYoma) @ Zy 2(X1 /Ry {(X0)ktia) — Zo 2 (X1/Rus {(X18)k Hies)

is the subgroup (v',i.(v 1)), v € K1 (Ra; {I1x};—,), and similarly for the map

ise = [ K (R {1} ime) © Zy (X R { X0 Yime) — 2o (Xs/Bi {(X ) }imo)-

Using the snake lemma and induction, this reduces us to the absolute case (s=0).
Let F'* denote the quotient field of R. We use the notations of §3, especially (b), (d), (h) and (i).
By §2(i), the spectral sequence E(X/R)" degenerates at E5. The E11 " complex for the spectral sequence
E(X/R) is
Ko (R(X)) = @pex/nym k(@) = @ue(x/py @ L
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By the degeneration of E(X/R)’ at Fs, and the injectivity of the map
Zy H(X/R) — 2y (X)

(Lemma 4.2(iii)), the map
2y *(X/R) — Zy *(X/R)

is an isomorphism; hence we have the exact sequence
1,-2 *
0— Zy (X/R) = @aex/ry0 k(2)" = @pe(x/pry»Z — 0
Similarly, we have the commutative ladder with exact rows

0— Z217—2(X/R) — @ze(X/R)(Uk(l')* 9, @we(X/R),(Q)ZH 0
! ! ) !
0—Zy *(Xs/R) — Gre(xs/RW kK@) = Srexy/ry@Z—0

Since the map Xg — X is étale away from the zero-section ig, we have
[Bre(xs/my0k(@)*]7 = [ (Bpex/rym k(@)") +isa(F7).
Thus, if we have an element 7 in Z," *(Xg/R)?, then we can write 7 as
n=["(7)+is:(p); T EDuex/mk(x),pE F.

Since 7 comes from Z;’_Q(XS/R), it follows that dp € ®ue(xs/R) @2 is divisible by [, thus we may write p
as

p=uv

with v € R*. Thus, we have n = f*(7v) + ig«(u); as f* is injective on DBre(x/Rr) @ L, We have Tv €
Zy " *(X/R), as desired. This completes the proof of the claim. O

Let 7 be in ;Ko (R; {I};_,). Then Nm(r%(n)) =n' = 0. By Hilbert’s Theorem 90, there is an element
7 of Ky (R(Xg); {IxR(Xs)}j—1) with

ms(n) = (1 —o)r.
Let z € Zy *(Xs/R; {(Xs)x};_,) be the boundary d(7). Then 2% = z; by the above claim, there is a y
in Zy 3(X/R; {Xx};_,) and w in K1(R; {Ix};_,) with z = f*(y) + is.(w). Since the spectral sequence

E((X/R;{X};_,) degenerates at E,, we can find ¢ € Ko(R(X); {Ix(X)};_;) with 6(¢0) = y. Modifying 7
by f*(v), we may assume that 6(7) = ig,(w). Then

5(r{1/w, 5}) = 0,
sot={w, S} 7§(§) for some £ in Ko(R;{Ix};_,). Then
m5(n) = (1 — o){w, S} = w5 ({w, (}71).

Since 7% is injective, this completes the proof in case | # char(ky). The case | = char(ko) is easier, as in this
case Xg is étale over X. O
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We let H*(X, F) denote the continuous étale cohomology of Jannsen [J]. If F is a torsion sheaf, this is
the usual étale cohomology. If YV is a closed subscheme of X, we define H*(X;Y,F) by

H*(X;Y,F) = H"(X,Cone(F — Riy.iy(F))[-1]),

and define a multi-relative version by iteration. This is discussed in detatil in ([L] §1.13), where we show
that Gillet’s theory of Chern classes goes through in the relative situation, with no essential changes. One
also finds, by direct computation, that

H (R {T Vo) = (1 (0)* /(1 + (1))

where R, It and (t) = NI are as above. From the above theorem, we get

Corollary 6.2. Suppose that | > dim(R) + 1. There is a surjective homomorphism
symb: H (R; {I Yo—1,17%) — 1Ko (R; {Tk}—y)-
Proof. If kg contains p;, define symb as the composition

HI(R§ {Ik}izhﬂfm) = HI(R§ Ik} om1s ) @
=1+ )" @ w
— 1 Ko (R { Ik }iz1)s

the last map sending f ® ¢ to {f,(}. In general, one adjoins ¢ to ko and takes norms. O
Let H}(R; {I.};_1, %) be the kernel of symb, and define K3(R; {I;};_,)""¢ by

Ks(R; {I.};_)"™ = Ks(R; {Ii,};_,) /Im[ KM (R; {I1. }5_, ).
We proceed as in [MS2] to define a surjective homomorphism
AR T %) = KR (o)1

We first suppose ¢ € ko. Let A be the subgroup of (1 + (¢))*/l corresponding to H},(R; {Ix};_,,u?) under
the isomorphism

(1+ () /1 = HY (R {Ik Yy, ) © pu = HE (R {T Yoy 1)
f=red

Consider the ring extension R[X]| — R[T], X + T'. Let R(X) be the localization of R[X] away from
the set of prime ideals {mR[X] | m is a maximal ideal of R}, and similarly define R(T'). Let S be the
localization of R[X] away from the set of maximal ideals {(m, X —1)R[X] | m is a maximal ideal of R}, and
S’ the localization of R[T] away from the set {(m, T — 1)R[T] | m is a maximal ideal of R}. Let o be the
generator of G = Gal(S'/S); o(T) = (T.

Let I = (1-X)S,I'’=(1—-X)S". Let L and M be the kernel and image, respectively, of the map

Ko(S5 T, {8 imr) — Ko (S5 {1k S i)
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We have the short exact sequence
(6.1) 0— L— Ky(S;I',{I;;S"};_1) — M — 0.

We note that the map Ko (S; I, {IxS};_1) — Ka(S; {IxS};_,) is injective. By Hilbert’s Theorem 90 applied
to the extension S’/S, we have L C (1 — 0)Ko(S"; I, {IxS'};_,). Thus, the homology sequence from (6.1)
becomes

Hi (G, Ko(S"; ' {IxS"};_1)) — Hi(G,M) — L/(1 - o)L — 0.
We have the commutative diagrams with exact rows

-1
Ka(S5 I LS Vi) — Ka(S5{IuS'Yin) — PEe(Bi{lili,) — 0
=0

Nm | Nm | X
0 = Ko(S; L{LkS}ioy) —  Ka(Si{IuSti—1) —  Ka(Rii{Ix}p—y) — 0

-1
0—K,(S {8 Yiey) — Ka(RI{LR(T)Yio,) — EPKi(Ri{Ii}iz,) =0
=0
Nm | Nm | ]

0 = Ka(Si{IuStizy) — K(RX)H{LR(X)}N_) — K& {L}i-) — 0
the first being relativization sequences, the second, localization sequences. Since the G-modules
-1 -1
@KQ(R§ {Ik}iz1) and @KI(R§ Ik }i=1)
i=0 i=0
are induced, we have

Hi(G, M) = Hi(G, K2(R(T); {1 R(T) }3=1))

This defines an isomorphism
(62) Ka(R(T): {IeR(T)Yier)” [ INm(Ka(ROT): (TeR(T)Yir)) + Ko (83 T {1V )] — L/(1 = o).

Let w be in Ko(R(T);{IxR(T)};_,)?. Arguing as in the proof of Theorem 6.1, there is an f in (1 + (t))*
such that

u=A{T,f} mod Ka(R(X);{[xR(X)}i-1)-

The argument of [MS2] Lemma 4.2.3 then proves

Lemma 6.3. Each element of Ko(R(T); {IxR(T)};_,)? is congruent mod Nm(Kq(R(T);{I R(T)};_,)) +
Ky (S5 1" {1S"};_,) to a symbol {T, f}, with f € A.
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Lemma 6.4. The map
K3(R; {I }i—) ™1/ (dimR + 2)!] — K3(S'; {I;;S'} i)™ [1/(dimR + 2)!]

is an isomorphism.

Proof. By ([L2], Theorem 5.7), we have

F3K(R: (1)) [1/2]
F3 Ky (8" {148V 1/2]
F3K3(R(T): {IR(T) i) [1/2)

K31 (R {1 }o1)[1/2]
K31 (8" {118} imn)[1/2)
K3 (R(T); {1 R(T) Y2y ) [1/2).

From Lemma 4.1, the map
K3(R; {Ix}521)""[1/(dim(R) + 2)!] — K3(R(T); {IxR(T)};—,) ™’ [1/(dim(R) + 2)!]

is an isomorphism; the result follows from this and localization. O
Collecting these results, we have

Proposition 6.5. Ifl > dim(R) + 2, there is a surjective homomorphism
A — K3(Ri {Ii}i=1)™ /1.

Proof. We have the long exact relativization sequence

-1
= (S5 {InS Y im) = @D Ka(Ri {Ik}ioy) — Ka(S'5 1 {18 i21) — Ka(S'5 {18 io1) — -,

i=0

which, after inverting 2, gives the exact sequence

= K (8T {InS o)™ — (D K (B {Ik}iea) ™ — Ka(S" ' {TkS Vo) — Ka(S" {18} i) — -

i=0

This, applying Lemma 6.4 and inverting (dim(R) + 2)!, gives the short exact sequence

-1

0 — Ka(R: {Ti}io) ™ — @D Ka(Rs {Ti}io) ™ — L — 0.
=0

Taking G-homology gives the isomorphism
(6.3) K3(R; {Ti}izy) ™/l = L/ (1 = o) L.
By Lemma 6.3, sending f to {7, f}, and using the isomorphism (6.2), defines a surjective map
A= L/(1-0)L;
following this with the isomorphism (6.3) completes the proof. ]
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Lemma 6.6. Suppose that R is the localization of a ring of finite type over Z. Then f_Iét(R; {Ik}zzl,p,;@z)
is a finite group.

Proof. From ([L] §1.13), there are Chern class maps

Co,2: Ko (R {Ik}ozy) — H* (R {Ik Y3z, Zu(2))
c11: Ky (R {IkYoe) — H' (R {Ik}ier, Zu(1)) -
c11: K1 (R) — H (R, Zy(1))

These Chern classes satisfy the product formula: if @ € (1+ (¢)R)*, and b € R*, then

c22({a,b}) = c1.1(a) Ucra(b).
This gives rise to the commutative diagram, with exact rows

HY (R {In Yy, Za(2)) S HY (R {Tn Yy, Za(2)) — HY (Rs (T Yy 1672) — H2(R; {I Yy, Za(2))
symb | co2 |
Ko (R {Ik}iey) —  Ka(Bs{le}ioy)

From this, we see that
Hey(Ri (I Yimrs™®) © HY (R {1 Y1, Za(2)) /1.

The relativization sequence, together with the vanishing of HY(R,Z;(2)) for each quotient R of R, shows
that H'(R; {I;};_,,Z(2)) is a sub-Z;-module of H*(R,Z;(2)). By Suslin [S]. this latter is isomorphic to
H'(k,7(2)), where k is the algebraic closure of the prime field in R. Since H'(k,Z;(2)) is a finitely generated
Z;-module, by Tate [T], H'(R; {I};_,,Z(2))/l is a finite group, which proves the lemma. O

Theorem 6.7. Let [ be an odd prime, (I, char(kq)) = 1. Suppose R is the localization of an algebra of finite
type over Z.

i) Suppose | > dim(R) + 2. Then the Chern class
. . s . vyind 1 . s ®2
c,1: Ka(R; {Ik}i=1s Z/17)™ — Hey (B {IkYimr ")

is an isomorphism.

ii) Suppose | > dim(R) + 1. Then the Chern class
c2,20 Ko (Rs {Tk 3oy ) /1 — HE(R; {Ti Yooy 127

is an isomorphism.

Proof. We may assume that ko contains u;, and that Spec(R) is connected. Let § € Ky (ko,Z/l) be the Bott
element corresponding to a primitive root of unity ¢; giving the homomorphism i: u; — Ky (R, Z/1) splitting
the surjection Ko(R,Z/l) — py. Since Spec(R) is connected, we have

®2
HO(R: L), u®? :{Mz ifs=0
et (B Yz m™) 0 fs>0
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Additionally, we have the isomorphism

K1 (R {IiYiey) ® pu — Hi(Rs {In}oey, ).

Define
symby: Hpy (R; {Ix Yoz, 15%) — Ks(R; {1k }ier, Z/1)

as the composition
HY (R AL Yo 182) — K (B Tk Ymy) © "2 Ky (R {T}isy) © Ka(R,ZJ1) = K3(R; {In}—1, Z/1).

Define
symbo: HY, (R; {Ix Yz, 157%) — Kua(R; {Ix Yy, Z/1)

to be the zero map if s > 0; if s = 0, define symby as the composition
HY, (R, ) — ju @ ju = Ka(R,Z2/1) @ Ka(R,Z/1) = Ki(R,Z/1).

The map
symb: Hyy (R; {1 Y-y, 17%) — 1Ko(R: {1 }ioy)

is just the composition of symb; with the surjection
Ks(R; {11 }7=1, Z/1) — 1 Ko (R { Ik }imr)-

Form the ladder )
Hc}t(R; {Ik}izpuim) o (R { Ik }i—y)

! !
HA(RAL Y %) & Ko(Ri {Lu}j_y)/1”
! !

HZ (R {Lu}yy_ p82) 88 Ko(Ry{In}y )/ 1!
! !

HE(R:ALYion®) & Ka(Ri{Li}ioy)/l

by using the Bockstein sequence on the left, and the obvious map of groups on the right. Both vertical
sequences are complexes, the one on the left is exact, and the one on the right is exact, except possibly at
Ko (R; {Ix};_,)/1”. The product formula shows the ladder is commutative. Using the Bockstein sequences for
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étale cohomology and K-theory with coefficients, we construct the commutative ladder with exact columns

symb,
HY (R {Ix )}y, pi?) T8 Ka(Rs {I}5_)

! i

HL (R {lYieromi?) & Ks(Ri{Ie}iey, 2/1Y)
! i

HY(Ri AL p32) 88 Ks(Ri{Li}j_,, Z/I")
! i

HL (R {LYier mf?) & Ks(Ri{li}iey, 2/1)
! i

HA(RA{L Y, m3?) & Ka(Ri{L}i_,. Z/1Y)
! i

Using these two diagrams reduces us to the case v = 1.
Restricting the map symb; to the subgroup H}, (R; {Ii};_1, u°?)) of H,(R; {Ix};_,, ) defines the map

symb: Hét(R§ {Ik}izl,m@?) — K3(R; {Ik}2:1)ind/l~
The product formula for Chern classes shows that cp 1 o symb; is the identity; thus
ca1: K (R {1k} 3—0) ™ /U — Hey(Ri {l}ier, 17%)
is surjective. As flét(R; {Ik}zzl,,ui@z) is finite by Lemma 6.6, Proposition 6.5 implies that
co1: Ka(R; {1 }5mn) ™/l = Hi(Rs {I Yoy, 17%)
is an isomorphism. By Corollary 6.2, this implies that
s ind 1 s ®2
C2,1: K3(R; {Ix } =1, Z/1) — Hy(R; {Ik}k:ul‘z )

is an isomorphism, proving (i).
For (ii), let Ry = R/I1, It = (Ix + I1)/I1. We proceed by induction on s, the case s = 0 being a
consequence of the theorem of Merkurjev and Suslin [MS] on the K5 of fields, and a localization argument.
We have the commutative diagram

K3(Ri{li}i0, Z/1) 2 HY(Ri{Ie}ieoo i)
a | 1B
Ks(Ri;{Lik}i_s. Z)1) £ HY, Ry {Tik Fi o 102),

where o and [ are the appropriate restriction maps. The map [ is surjective since R is semi-local; by (i)
the map

C2,1

Ks(Ry; {I1kYieo, Z/1) = Hiy(Ry; {1k g 157%)
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is an isomorphism. Thus the cup product
Ki(Ry; { ik }img, Z/1) © Ko (ko; Z/1) — K3(Ry; {11k }ia, Z/1)
is surjective. This implies that « is surjective as well. By looking at the relativization sequence
Ks(Ri {1 Yizp: Z/1) — K3(Ru; {Tuk}imzy Z/1) — Ko(Rs {I oy, Z/0) = Ko (R { I Yimp, Z/1) —

we see that + is injective. Thus the map Ko(R; {I};_,)/l — K2(R;{I};_,)/l is also injective.
We have the commutative ladder with exact columns

0 0

! !
Ka(Ri{li}ioy)/l % HE(R LYo, m)

! !
Ka(Ri{li}isy)/l % HE(Ri{Li}imor i)

! !
Ko(Ryi{L o)/l 2 HE(R {Tn iy )

!

0

By induction, the lower two Chern classes are isomorphisms, hence
c2,2: Ko (R; {I}imn) /1 — HE(R (T} ey, %)
is an isomorphism, proving (ii). ]

Let S% be the “algebraic p-sphere” over a scheme X, i.e. the co-simplicial scheme with non-degenerate
co-simplices

1 2 A2 2 v
— — . P
= N

where A% is the affine space of dimension k over X. If X is regular, there is an natural isomorphism
Kn(X) — Kqo(SY™?),
and similarly for étale cohomology. In [L2], §6, this was exploited to study the Chern class maps
Cqp * grg/K2qu(F) - Hé’t(F,u%q)

for fields F'. In particular, Theorem 6.1 of [L2], combined with Theorem 6.7 yields
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Theorem 6.8. Let F be a field, | a prime, n > 2 and v integers. Suppose | > n and (I, char(F)) = 1. Then
the Chern class

02,47n:g713Kn(F7 Z/ly) - H;ltin(Fvl‘Ll@i?)
is an isomorphism. In particular, gr2 K, (F,Z/1") = 0 for n > 4

O

If n > 4 and gr,QYKn(F ) is a direct sum of finitely generated groups, this yields the vanishing of
gr2Kn(F)[1/(n—1)!]. We in fact have

Corollary 6.9. Let F be a field, | a prime, n > 2 and v integers. Suppose [l > n and (I, char(F)) = 1. Then
gr,zyKn(F)/l” =0 forn > 4.

If F is a number field, then
2K, (F)[1/(n— 1)1 = 0

for n > 4.

Proof. For | > n, we have the exact sequence
0— gr,zyKn(F)/l” — grffKn(F;Z/l”) — lgr,zyKn_l(F) — 0.
Theorem 6.8 thus implies gr2 K, (F)/I* = 0 for n > 5.
For n = 4, the [Y-torsion in K3(F)™? has been computed in [L] and in [MS2]; this computation shows

that the composition

symbo

Hgt(F,;l,l%2) — " K4(F,Z]1") — l,/gr,?ng(F)
is an isomorphism. The product formula shows that the composition
HY (F,pi?) ™" Ky(F2/1") 28 H (P, pi??)

is the identity, hence, using Theorem 6.8, gr2 Ky (F,Z/1") = v gr2 K3(F). Thus gr2 K,(F)/l” = 0, as desired.
Now suppose F' is a number field. Let O be the ring of integers of F. The K-groups of O are finitely
generated, by Quilllen [Q2]. From Soulé [So2], we have the short exact sequence (after inverting 2):

0— K,(0) = K,(F) — P Kn,_1(O/P) =0
Pe MaxSpec(0)

for n > 2. Since K,,_1(O/P) is a finite group by Quillen [Q3], K,,(F) is a direct sum of finitely generated
groups for n > 2. This, together with the first part of the corollary, completes the proof. O
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