THE K-THEORY OF FIELDS IN CHARACTERISTIC p

THOMAS GEISSER AND MARC LEVINE

ABSTRACT. We show that for a field k of characteristic p, H®(k,Z(n)) is
uniquely p-divisible for i # n (we use higher Chow groups as our definition of
motivic cohomology). This implies that the natural map KM (k) — K, (k)
from Milnor K-theory to Quillen K-theory is an isomorphism up to uniquely
p-divisible groups, and that KM (k) and K, (k) are p-torsion free.

As a consequence, one can calculate the K-theory mod p of smooth varieties
over perfect fields of characteristic p in terms of cohomology of logarithmic
de Rham Witt sheaves, for example Kn(X,Z/p") = 0 for n > dimX. An-
other consequence is Gersten’s conjecture with finite coefficients for smooth
varieties over discrete valuation rings with residue characteristic p. As the
last consequence, Bloch’s cycle complexes localized at p satisfy all Beilinson-
Lichtenbaum-Milne axioms for motivic complexes, except possibly the vanish-
ing conjecture.

1. INTRODUCTION

The purpose of this paper is to study the p-part of the motivic cohomology groups
Hi(k,Z(n)) and the higher algebraic K-groups K, (k) of a field k of characteristic
p. We take Bloch’s higher Chow groups as our definition of the motivic cohomology
of a smooth quasi-projective variety over a field,

Hp(sz(Q)) = CHq(Xv 2(] _p)'

This agrees with the motivic cohomology defined by the second author by [20, II,
Theorem 3.6.6], and with the motivic cohomology groups defined by Voevodsky
if one assumes resolution of singularities, [29, Prop. 4.2.9, Theorem 4.3.7]. Mo-
tivic cohomology and K-theory are related by the spectral sequence of Bloch and
Lichtenbaum [6], having motivic cohomology groups as Es-term and converging to
K-theory. It is known that the motivic cohomology groups H'(k,Z(n)) are trivial
for i > n, and agree with the Milnor K-group KM (k) for i = n. However, the
motivic cohomology groups are not known to vanish for ¢ < 0.

The question of determining motivic cohomology groups of k can be divided into
the calculation of the rational motivic cohomology groups, H'(k,Q(n)), and the
motivic cohomology groups with mod I"-coefficients, H*(k, Z/I"(n)). For [ different
from the characteristic of k, the Beilinson-Lichtenbaum conjecture states that there
should be an isomorphism

Hi(]{;7Z/lT(n)) gI{i(kétnu?;n)’ (1)
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for i < n. Suslin and Voevodsky [27] show that, assuming resolution of singularities,
the Bloch-Kato conjecture

KL (k)17 = H™ (Koo 11"

for all n < m implies (1) for all ¢ < n < m. A partial result along these lines
was obtained by the second author in [18] and forms the basis of our arguments.
In a forthcoming paper, we use the methods of this paper to remove the resolu-
tion of singularities hypothesis in the theorem of Suslin and Voevodsky. On the
other hand, Voevodsky [30] proved the Bloch-Kato conjecture for I = 2 and all
fields of characteristic different from 2, thereby proving the Beilinson-Lichtenbaum
conjecture in this case.

If k& has characteristic p, then a conjecture of Beilinson states that Milnor K-
theory and Quillen K-theory should agree rationally:

Ky (k) = Kn(k)o. (2)

By results of Kahn [16], this follows from Bass’s conjecture, and by results of the
first author this follows from Tate’s conjecture on algebraic cycles [8].
The main result of this paper is

Theorem 1.1. Let k be a field of characteristic p. Then the motivic cohomology
groups H'(k,Z/p"(n)) vanish for all i # n.

By the spectral sequence of Bloch and Lichtenbaum, this implies a mod p version
of the conjecture (2), namely, that

K (k) — Kn(k)

is an isomorphism up to uniquely p-divisible groups. Furthermore, K, (k) is p-
torsion free and there is an isomorphism

KM (k) /p" — Kn(k,Z/p").

We derive various applications of this result. For example, we show that Ger-
sten’s conjecture with mod p-coefficients holds for smooth varieties over discrete
valuation rings with residue characteristic p.

As another application, we determine the motivic cohomology and K-theory
sheaves for the Zariski topology on a smooth schemes X over a perfect field of
characteristic p. Via local to global spectral sequences, this implies that there is a
spectral sequence from motivic cohomology to K-theory

HSit(X’ Z/pr(_t)) = K*S*t(Xv Z/pT)’

and K, (X,Z/p") =0 for n > dim X.

Finally we show that Bloch’s cycle complexes 2" (—, x)[—2n], localized at p, sat-
isfy most of the axioms for Beilinson and Lichtenbaum, as extended by Milne [22].
Further applications to topological cyclic homology will appear in [9].

The proof of the theorem is another variation on the theme that the Bloch-Kato
conjecture implies the conjecture of Lichtenbaum and Quillen, and is motivated
by the ideas in [18]. In the case at hand, the conjecture of Bloch-Kato should be
reinterpreted as the theorem of Bloch-Kato [5]

KM (k) /p7 225 HO (key, 1),

where v} = W,.Q is the logarithmic de Rham Witt sheaf of Milne and Illusie [14]

we write v™ for v}).
1
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We give an outline of the proof:

In paragraph 2, we recall the definition of the logarithmic de Rham-Witt groups
and define its relative version as the kernel of the restriction map. Relative mo-
tivic cohomology groups are defined as the cone of the restriction map on cycle
complexes. We prove two results relating motivic cohomology to Milnor- K-theory
in paragraph 3. For example, for a semi-localization R of a regular k-algebra, k a
field of characteristic p, we have H™(R,Z/p(n)) = v"™(R). In particular, there is a
map from relative motivic cohomology to the relative logarithmic de Rham-Witt
groups.

Let [,,, be the semi-localization of the algebraic m-cube Spec Elti,... ,tm] with
respect to the 2™ points where all coordinates are either 0 or 1. Let T}, be the set
of ideals (t; —€), 1 <i<m, e € {0,1}, and S,,, = T), — {(¢tm)}. In paragraph 4, we
show, assuming the main theorem for n — 1, that

Hn(ljnu S Z/p(n)) = Vn(ljrru Sm)

H Oy, S, Z/p(n)) =0 fori#n

H (O, T, Z/p(n)) =0 fori> n.
In particular, the long exact relativization sequence for the sets of ideals T}, and
Sm gives an exact sequence

0 — H"""(k,Z/p(n)) — H" (T, T, Z/p(n)) —
n /= tm.:() n =
H"(Up, Sm, Z/p(n)) —=— H"(Opm-1,Tm-1,%Z/p(n)) — 0.

Thus, it suffices to show that the map H™(Cl,, T, Z/p(n)) — H™ (O, Sy, Z/p(n))
is injective. Comparing with the analogous sequence for the relative logarithmic
de Rham Witt sheaves, the snake lemma shows that this in turn follows from the
surjectivity of

Hn(ljﬂ% Tm7 Z/p(n)) a_m) Vn(DTVH Tm)
for a different value of m. R R

To prove this statement, let 90,,11 be the boundary of 0,41, i.e. the closed

subscheme defined by the ideal [], ¢;(t; — 1), and view [J,,, as the face t,,11 = 0
of 6ﬂm+1. Since Bloch’s higher Chow groups give reasonable motivic cohomology
groups only for smooth schemes, we define motivic cohomology of 0(1,,,+1 to be the
cohomology of the complex formed by cycles on the faces of 90,,41 which agree on
the intersections. We define

H (X, Vi, Yo, Zfp(n) " = ker (H"(X, Z/p(n)) — @;H" (Y3, Z/p(n)) ).

Paragraph 5 is devoted to the proof of the existence of the following commuta-
tive diagram. Here s is a functorial splitting of the canonical map (we omit the
coefficients Z/p(n)).

H" (O, Tr) —22  HY (O, T ——— (O, Ton)

H | il

H™ (0041, Sms1) —2 H™(00 41, Sma1) —— 10011, Smi1)

g ] g

H"(0Opmy) ———— H™(00p)k —— 0"(00m41)
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The proof that the map -y is surjective (paragraph 6) relies on the understanding
of the structure of torsion sections V"(@ﬁm,Tm) - V”(@ﬂm), i.e. the sections in
v"™(80,,) which vanish on each of the faces (t; — ).

We finish the proof of the main theorem in paragraph 7, where we show that
for each section x € I/n(a|jm+1), there is a semi-local smooth scheme U, over k
containing A, 41 as a closed subscheme, such that z lifts to v™(U,) = H™(U,).
But H™(U,) maps to all groups in the lower row of the above diagram. Since the
right vertical composition is surjective, the same holds for the middle composition,
and this implies the surjectivity of a,,,.

Finally, in paragraph 8 we derive consequences of the main theorem.

It is a pleasure to thank Bruno Kahn for his helpful comments.

2. PRELIMINARIES

For a commutative ring R, let g be its absolute Kahler differentials and Q% =
A%QR. Then Q7 forms a complex with differentials d, and we denote by Z€% and
dQ}f{l the cycles and boundaries, respectively. For two rings R and S, we have

Qres 2 (RRQs) @ (S ®QR).
Consequently,
TIL%®S = @ Q% ® Qé‘v (3)
i+j=n

and Q% ¢ is the total complex associated to the double complex Q7 @ Q5.
For a principal ideal (f) of R, the second exact sequence for differentials gives
us an exact sequence

fQr+ Rdf — Qp — Qg — 0,
and hence we get
o) = e/ £ + df (4)
For an [F,-algebra R, the inverse Cartier operator C~! is the map

n C7F n/dQn—l
R R R

1

apday A ... Nday — ahal™" - -al " day A ... A day,.

Note that the Cartier operator C' is defined only for smooth R, and gives an iso-

morphism ZQ%/dQZﬁl <, Q% in this case. We define the logarithmic de Rham
Witt group v (R) of R as the kernel of the Artin-Schreier map

V"(R):ker( n 12C71 g/dﬂgl).

If R is essentially smooth over a perfect field of characteristic p, then by Illusie [14]
v"™ is the subsheaf of Q2" generated locally for the étale topology by dlogaj A ... A
dlog a,,, and v™(R) its global sections. Moreover, for R semi-local, there is an exact
sequence [13]

0—=v"(R)— @ v'(k(z) — @ v (k(z) —.... (5)

z€R() zeRM)
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If Ih,..., I, are ideals of R, we define the relative logarithmic de Rham-Witt
groups as the kernel of the restriction maps

V(R Ih,... L) = ker (u”(R) — Qm; y”(R/Ij)).

The Milnor K-groups of a field F' are defined as the quotient of the tensor algebra
by the Steinberg relations

KM(F)=T"F/{a® (1 —a)la,1 —a € F —{0,1}).
For a field F' with nontrivial discrete valuation, uniformizer w and residue field k,
the tame symbol homomorphism
KM (F) 2 KL (k)

is defined by {m,ua,... ,un} — {t2,... ,°n} and {us,ug,... ,up} +— 0 for u; € F
units in the valuation ring. For R an essentially smooth semi-local ring over a field
k, we define

KM(R ker( D KM (k) = P K,i”_l(k(y))).
z€R) yeRM)

There exists a universally exact Gersten resolution for Milnor K-theory [7, Example
7.3(5)], hence we have

MR)p=ker (P KM@/ @ KL KW)/).  (6)

zeR©) yeR®)

The fundamental theorem of Bloch-Gabber-Kato [5] relates Milnor K-theory and
logarithmic de Rham Witt sheaves of fields:

KM (F)[p 25 " (F). (7)

The Quillen K-groups of a ring R are the homotopy groups of the classifying
space of the Q-construction, similarly for K-groups with coefficients. There is a
long exact sequence

= Kn(R) 225 Kn(R) — Kn(R,Z/p") — Kn_1(R) 22> ...

The product structure of K-theory induces a canonical map from Milnor K-theory
of fields to Quillen K-theory.

For R an essentially smooth semi-local ring over a field, there is a Gersten se-
quence [24, theorem 5.11]

0— Kn(R,Z/p) = @ Kulk(x),Z/p) = @ Kn-1(k(x),Z/p) — ...,
2€RO 2€RM (8)
and a spectral sequence [24, prop. 5.5, 5.11]
B3' = H*(Xzar, (K/p)—t) = K_s—+(X,Z/p).

Via the Gersten sequences, the map from Milnor to Quillen K-groups of fields
induces a map K2 (R) — K,(R) for any regular ring of essentially finite type over
a field. This is clear for a smooth ring over a perfect field, and in general one uses
a colimit argument as in the proof of Proposition 3.1 below.
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We recall the definition of the cubical version of motivic cohomology groups. Let

k be a field, and let

O, = Specklty,... ,tq].
We have the 2¢ faces of codimension 1, O C O, defined by (¢t; —¢) fori=1,... ,q
and € € {0,1}. We call an arbitrary intersection of these, including O, itself, a face
of O,. Let 070, be the divisor consisting of all faces O¢ except Dg.

For a regular k-variety X, the cubical version of Bloch’s cycle complex is defined
as follows [19]: Let S be a finite set of closed subsets of X with X € S, and assume
for simplicity that the intersection of two sets of S is again contained in S. If
Y C X is a subscheme of X, then by abuse of notation we denote the set of closed
subsets {S € §|S C Y} again by S when we talk about cycles on Y.

The group z"(X,q)s is the group of codimension n cycles Z on X x O, such
that

e 7 intersects S x D properly on X x Oy, for S € S and D a face of O,
e Z-(Xx0tO,) =0

Intersection with the face Dg defines a map d, : 2"(X,q)s — 2"(X,¢— 1)s. Since

dym10dy(2) =00, (@0 2) =0 (@0, - 2) = 0,
we get a complex (2"(X, %)s,d), which we will also denote by 2"™(X)s,

dgt1 n dq 1 n
CSEL (X g)s —5 L (X, 0)s.

By associativity of the intersection product, we have for smooth S € S
(S x070y) sxa, (S xUq) - Z) = (S x 970y) “xxa, Z
= (S X 8+Dq) ‘X xo+0, ((X X 6+|:|q) "X xO, Z) = O,

hence intersecting with S x [, determines a map of complexes

i 2"( X, x)s — 2"(9, %)s. (9)
If X is affine, then the inclusion
2" X, *)s — 2"(X, %) (10)

is a quasi-isomorphism: By [20, Ch.2, Theorem 3.5.14] this holds for the simplicial
version of cycle complexes, and by [19, Theorem 4.7] the simplicial version and the
cubical version agree.

Suppose X = Spec R is affine, with closed subschemes Yi,...,Y,. For each
J C{1,...,q} including J =0, let Y; = mjeJ Y;. We assume that each subscheme
Y; of X is regular, and let S be the set of all Y;. Since the complexes we are going
to construct are quasi-isomorphic if we increase the number ¢ of closed subschemes
by (10), we may increase this number if necessary.

The relative cycle complex 2™ (X, Y1, ..., Yy, *)s is defined as the total complex
of the double complex

0— 2"(X,%)s % P (V5 0)s 2 @ (Vs 0)s 2 ...
|J|=1 |J]=2

The complex @) j=s2" (Y, *)s lies in degree s, and each complex is viewed as a coho-
mological complex concentrated in negative degrees. In other words, @) ;—s2" (Y7, 1)
lies in degree (s, —t). The maps d; are restriction maps (9) for j even, and their
negative for j odd.
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If m 4+ 1 < ¢, then one easily sees that the map of complexes
2M(X, Y1, Y, %)s — 2N X, Y, Y, ®) s,
identifies the first term with
cone<z"(x, Yiy oo Yo #)s — 2" (Yinits Yi O Yoits oo s Yin O Yot *)5) —1].
We define relative motivic cohomology groups of X to be
H" X, Y1, .. Yo, Z(n)) = Hy(z"(X,Y1,... , Y, %)s)
H" X, Y1, .. Yo, Z/p"(n)) = Hi(z"(X,Y1,... , Y, %)s @ Z/p").

By (10), this is independent of the choice of S. There is a long exact sequence

o HY(X, Y, Yo, ZAn)) 22 HU(X, Y, Yo, Z(n)) —
HY{(X,Y1,..., Y, Z/p"(n) — HY(X,Y1,... , Y0, Z(n)) — ... .

Since the cubical and simplicial version of the cycle complexes agree, there is a local
to global spectral sequence [3]

Ey' = H*(X,H'(Z(n))) = H**'(X, Z(n)),

and similarly with Z/p"-coefficients. For R essentially smooth over k and semi-local
there is a Gersten resolution [1]

0 — H'(R,Z/p(n)) — @ H'(k(x),Z/p(n)) = @ H''(k(z),Z/p(n - 1)) —....
£ER(©) zeRM (11)
3. MOTIVIC COHOMOLOGY AND K-THEORY
For a field k, H'(k,Z(n)) = 0 for i > n, and there is an isomorphism
K (k) = H" (k. Z(n)), (12)

in particular, H"(k,Z/p"(n)) = KM (k)/p".

In the cubical version, the map of (12) is given by [28]:
) € (@)™,

Ui Un,
—1 " Ty, — 1

In the simplical version, the map is given by Nesterenko-Suslin [23, theorem 4.9]:

{u1, ... ,up} — (u

{ e — o
Ulyenn yUnj — ey ,
b ’ ].—Z’Uq ].—Z’U,Z ].—Z’U,z

Proposition 3.1. Let R be a semi-localization of a regular k-algebra for k a field
of characteristic p. Then there are isomorphisms

)e (At (13)

H"(R,Z/p(n)) < KM (R)[p =5 v"(R).

Proof. We use Quillen’s method to reduce to the case R essentially smooth over a
perfect field: There exists a subfield k&’ of k£ which is finitely generated over ), and
a semi-localization R’ of a regular k’-algebra of finite type such that R = R’ @ k.
By letting k; run through the finitely generated subfields of k containing k', we
can assume that & is finitely generated over IF,, since all functors in the proposition
commute with direct limits. But if R is a localization of a regular k-algebra of finite
type, and k is finitely generated over IF),, then R is a localization of a finite type
regular IF,-algebra, so we can assume k = IF,,.
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Consider the following diagram, where the vertical maps are the symbol maps
and the horizontal maps are the residue maps:

D H"(k(2),2/p(n)) —— P H" ' (k(2)),Z/p(n 1))

z€R() zeR(M)

| |

D K (k@) —— D KaLi(k(2))/p

z€R(0) reR(D)

dlong dlogi

P vz  —— P v k()
z€R(© 2€RM
The upper square is commutative by the following lemma, and the lower diagram
is commutative up to sign by [13]. The vertical maps are isomorphisms by (7) and
(12). This implies that the induced map on the kernel of the horizontal maps is an
isomorphism as well. But the kernel of the upper horizontal map is H" (R, Z/p(n))
by (11), of the middle horizontal map K (R)/p by (6), and of the lower horizontal
map v"(R) by (5). Q.E.D.

Lemma 3.2. Let R be a discrete valuation ring over the field k with quotient field
F and residue field f. Then the following diagram commutes

EY(F) KM ()

! I

H"(F,Z/p(n)) —— H"(,.Z/p(n — 1)).

Proof. By multi-linearity of symbols, we only have to check commutativity of the

diagram for symbols of the form {uy,... ,u,—1,7} and {uy,us,... ,u,} with u; # 1
units of R. The first symbol maps to the point
U1 Up—1 ™
(ul—l"" ’un,l—l’w—l)

in z™(F,n). This point extends to a curve in z"(R,n), and the boundary map for
motivic cohomology is calculated by intersecting it with faces to get an element of
2"(R,n —1) = 2" (f,n — 1). But this curve only meets the face ¢, = 0 of O, g,

in the point
U1 Un—1

ye " Hj,n—1)

(

(recall that Specf is the subscheme of Spec R given by © = 0). Similarly, a symbol
of the second type is mapped to the point

u1—17”"un,1—1

U7 Unp,
(ul—l’“' 7un—l)’
which does not meet any of the faces of O,, r. Hence its image in 2" (R,n — 1) is
Z€ro. Q.E.D.
If R is the semi-localization of a smooth k-algebra and Iy,...,I,, ideals of R

such that R/I; is essentially smooth, then Proposition 3.1 implies that there is a
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canonical map
H"(R,I1,...1,Z/p(n)) = v (R, I1,... ,Ip). (14)
In fact, defining

HY (R, L1, .. I, Z/p(n)) " = ker (H(R, Z/p(n)) — @ H"(R/1;, Z/p(n))?, |
j 15

there is a map
HY(R, I, ... . In,Z/p(n)) — H* (R, 11, ..., Im, Z/p(n)) 225 v (R 11, ... I).

Bloch and Lichtenbaum [6] prove that there is a spectral sequence relating mo-
tivic cohomology and algebraic K-theory of fields:

H = (, 7)) = K-y o(R).
We will use the following proposition in the proof of Theorem 8.1.

Proposition 3.3. The composition of the isomorphism of Nesterenko-Suslin with
the edge homomorphism of the Bloch-Lichtenbaum spectral sequence, KM (k) b,
H™(k,Z(n)) — K,(k), agrees with the natural map from Milnor K-theory to

Quillen K-theory.

Proof. We use the simplicial definition of motivic cohomology and first recall how
the edge morphism €, : H"(k,Z(n)) — K, (k) is constructed, see [6] for details:

Let OA} denote the set of faces {t; =0]¢ =0,... ,n} of A} and dyA} be the set
of faces {t; =0|¢=0,...,n— 1}. By the homotopy property, K,(A},0pA}) =0
for all p > 0. Identifying Az_l with the face ¢, = 0 of A} gives the relativization
sequences

t,=0

K1 (AR, 0A}) =0 K (A7 71 0A]TY) — KA OA}) — K, (A}, 00A).
This in turn gives isomorphisms

n— n— a n n
Kerl(Ak 178Ak 1)_>KP( k’aAk)’

~

and hence the identification
Kn(k) = Ko(AL, 0AY). (16)

We note that the terms in the relativization sequence have a natural right-K, (k)-
module structure via the structure morphism, compatible with the maps in the
sequence.

Let Z be a closed subscheme of A} which is disjoint from 0A}. The canonical
identification K,(Z) = K,(Z,0, ... ,0) gives the functorial push-forward homomor-
phism

iZ K, (Z) — Kp(A},0AL).

In particular, a zero dimensional subscheme z on A} which has support disjoint
from OA} canonically determines an element i%(1) € Ko(A}R,0AY). The map
sending z to i%(1) factors through

en : H"(k, Z(n)) — Ko(AR, 0AL),
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and the composition of €, with the identification (16) is the edge homomorphism
of the spectral sequence. We have to show that the following diagram commutes

KY(k)  —"—  Ku(k)

] o[
H™(k,Z(n)) —"— Ko(A},0A})
We first consider the case n = 1.
For a commutative ring R and ideal I, let Hpy,; be the category of finitely
generated R-modules M of finite projective dimension, with
TorX (M, R/I) =0

for all p > 0. Let Hp/; be the category of finitely generated R/I modules of finite
projective dimension. By Quillen’s resolution theorem, QBQHp ; is a model for
the K-theory space K (R) of R, and QBQH g/ is a model for K (R/I). The functor
M Mog R/I
is exact on Hp,7, so we may use the homotopy fiber of the induced map
QBQHRJ - QBQHR/[
as a model for the relative K-theory space K(R,I).
Let (M, M’, g) be a triple with M, M’ € Hg s, and
g: M/IM — M'JIM’
an isomorphism. The triple (M, M’ g) gives rise to an element [M,M’ g] €
Ko(R,I) as follows: The map g determines a path [g] from M/IM to M'/IM' in
QBQHp,r, and [M, M’, g] is the pair consisting of the point M — M’ of QBQHr 1,
together with the path from M/IM — M'/IM' to 0 in QBQH,; gotten by trans-
lating [g] by —M’/IM’. With the obvious notion of exact sequences of triples
(M, M’,g), it is not hard to see that the functor sending (M, M’, g) to [M,M’, g]
is additive. In addition, if ¢ is an automorphism of (R/I)", then the image of g
under the boundary homomorphism
0: Ki(R/I) — Ko(R,I)
is the class [R"™, R™, ¢].
We apply these considerations to Ko(A}, dA}), setting
R:k[to,tl]/(to+t1 71), I:totl.
Let 1 # u € k™ be a unit, giving the point z = (=5, ﬁ) of A}. The inclusion of
z into A} gives the map
i : Ko(k(2)) — Ko(Af, 0A).
Explicitly, we have iZ(N) = [N,0,0], where N is a finite dimensional k(z)-vector
space viewed as an R-module via the map R — k(z).
We identify K;(k) with the component K;({(1,0)}) of K;(0A}), so the image
of a unit v € K; (k) = k* under the boundary isomorphism
is given by the triple (R, R, (1,u)),
(1,u) € h((0,1)) x k((1,0))* = K(DAY).



THE K-THEORY OF FIELDS IN CHARACTERISTIC p 11

Let )
—u U

= to+——) € R.

o ( o+ 1= u) S

Note that a(0,1) = 1, a(1,0) = u~!, and R/« is the R-module k(z). The short

exact sequence of triples

0 — (R, R.id) Y2 (R R, (1,u™)) — (0, R/ar,0) — 0

and the fact that the first term represents 0 € Ko(A}, OA}L) then shows that the
boundary of (1,u~1) is the class [0, k(z),0].
Since [0, N,0] = —[N, 0, 0], for each R-module N with N/IN = 0, we see that
i£(1) = 9(u),
completing the case n = 1.

We prove the general case by induction on n. Take uj,...,u, in k* with
S u;#1forall j=1,... ,n. Let
—U7 —Up, 1

=7
Z:(—a"'a s
1= u T=2 0w 1= u

The line L, € A™ defined by the equations

) € Ay,

J— _ul .
=37 u
contains the point z, and intersects A™ only in the faces ¢t,, = 0 and ¢,,_; = 0.

We calculate the class of iZ(1) € Ko(A},0A}) by factoring the embedding
through L,,:

ti—l ’L:].,,TLfl

Ko(k)

2

Kl(k) — KO(Lua{p7Q})

i‘il ilu l
K,(k) —— K (A} 1 0A7Y) —"— Ko(AZ,0AD).
Here p and g are the points of intersection of L, with the face ¢,,_; = 0 and ¢,, = 0.

One easily checks that

—U1 —Up—1 1—u,

q:(l—Zui"”’l—Zui’l—Zui

).

The map

tnfl tn
oy . ,tn) —
( o n) (tn—l + tn’ tn—l + tn)

defines an affine-linear isomorphism of (L, t,—1 = 0,t, = 0) with (A}, (0,1), (1,0)),
and sends the point z to
—un /1=, u4 /1 =% u; —Up, 1

(l—un/lfziui’17un/172iui):(lfu,flfun).

Using the case n = 1, we see that the image (1) in K;(k) in the above diagram
is u,. We have to calculate i{(u,) € K1(A} ™', 0A7™") 2 K, (k). Since this map
is a map of right K, (k)-modules, we have if(u,) = i(1) U u,, where i{(1) is the
image of 1 under { : Ko(k) — Ko(A}™',0A77"). One checks that the image of
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the symbol {4 ... ==t } under the map (13) is the point ¢, hence by induction

1—uy,?’ 11—
Un—1

hypothesis the image of z*( ) in K,,—1(k) is {1_% beor s o

have u
(1) = i9(gn) = (1 = o,
Z*( ) Z*(qn) Z*( )Uun {l_un 71_Un7un}

in K, (k). By the Steinberg relations, the last term agrees with {wy,... ,up—_1,u,}.
Q.E.D.

}. Consequently, we

4. THE SEMI-LOCAL m-CUBE

Let [,,, be the semi-localization of O,, with respect to the 2™ points where all
coordinates are 0 or 1. We define the set of ideals

Tn={{ti—¢) |i=1,... ,m; e€{0,1}}.

We order the ideals I, of T;, by

I - (ts —1) fors<m

) (ts—m) fors>m,
and let T be the subset of 7T},, consisting of the first s ideals. Let
S =Tt =T — {(tm)}-

For an ideal I, let ﬁs be the closed subscheme of [1,,, defined by I, and ﬁs ! the
closed subscheme deﬁned by I, + I;. For r > s, let T3, /I, be the set of 1deals in

the ring of functions of DT >~ [,,_1 given by the image of the ideals in 15, after
deleting those ideals which become the unit ideal, i.e.

Ty —A{(tr)} for r<m
Tl = {TS {(tr=m), tr—m — 1)} for r>m.

Throughout this paragraph, let S be the set of all faces of ﬂm, i.e. the set of closed
subsets of O,, given by the ideals of T;, and all their intersections.
For 1 <s<mlet

1s (tl, . 7tm—1) — (t17 N ,ts_]_,o,ts, N atm—l)
js : (tla s 7tm—1) = (t17 o 7ts—1a laté‘) o 7tm—1)
be the inclusion of the faces t; = 0 and ¢, = 1 into ﬂm. We have the identities
; ; >t ) ] >t ) ] >t
= {irei o2t i o2t L ezt
tsli—1 S <t tsJi—1 s <t Jsjt—1 8§ < 1@7)
Similarly, we define projection maps for 1 < s < m and 1 < s < m, respectively,
Ps ¢ (tl,... ,tm) — (tl,... 7t571,t5+1,... ,tm)
qS N (t17~ .. ,tm) [ ad (tl, e 7l‘,sfl, 1 — (ts — 1)(ts+1 — 1);ts+27- .. ,tm)
The following identities hold

Jt—1ps t>s 1t—1ps t>S
Dsjr = {id t=s5; Dstt = 4 id t=s (18)
Jtps—1 t<s IPps—1 t<S
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Jt-19s t>s+1 14_1qs t>s+1
Gsjt = Jsps  t=s,5+1;  gqsip=qid t=ss+1. (19)
jtqsfl t<s itqsfl t<s

We have the subcomplex 2™ (Cl,,,, T%,, )5 of 2(0yn, T, ¥)s defined by
2 (O, TS, %)X = ker (z"(ﬂm, *)s — @z”(ﬁﬁm *)5)

t<s
Proposition 4.1. The canonical map
2 (O, TE,, )X — 2Oy, TS, %) s
is a quasi-isomorphism for s < 2m and n > 0, and the inclusion
2" (O, TS, )5 C 2(,,,, T, #) e
is functorially split for s<2m.

Proof. By contravariant functoriality, there are maps
i 2 (O %)s — 2" (01, %)s
P 2 (01, %)s — 2" (O, *)s.
Let

i for s >m’ q_,, fors>m’

Js fors <m s for s <m
ls = i ;o Ps =

Ss—m
We can assume that the proposition holds for Opn—1 and proceed by induction on
s. For s < 2m, consider the following commutative diagram of complexes:

Ls

Zn(ljm7Tr§z7*)§er LC]) Zn(|jm7T;L—17*)§er - Zn(ljvsn’TriL_l/Isv*)ger

l l l

z”(ﬁm,T;;, *)g ——— z"(ﬂm,Trfﬁb_l, *)g ——— z"(@fn,Tﬁfl/Is, *)s
The vertical maps are the natural maps, and by induction on m and s we can
assume that the middle and right vertical map is a quasi-isomorphism. If we can
show that the map ¢ is split surjective for s < 2m and surjective for s = 2m and
n > 0,, then the second statement of the proposition follows, and all rows of the
diagram define distinguished triangles in the derived category of complexes. Since
by induction the two right vertical maps are quasi-isomorphisms, the left vertical
maps will be quasi-isomorphisms as well.
Consider the following diagram,
0 0

l l

Ls

Zn(ljmvTﬁw*)g‘er - Zn(ljmvTﬁLila*)g‘er — Zn(ljfanﬁmil/Iﬁn*)ger

l I
| Moot

®t<s Zn(Dﬁrw*)S ®t<s Zn(ljﬁr’fa*)s
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Let o be an element of 2™((15,, 571 /I, %)i", ie. an element of 2"((J5,, %)s
mapping to zero under ¢; for t < s, and for s < 2m let @ = py(a) € 2"y, *)s.
We have to show that & lies in the kernel of ¢; for ¢ < s. This follows from (18) for
t<s<m:

ue = jipsa = ps_1jio=0.
For s >t > m this follows from (19):
Lo = irfqufma = q;‘kfmfli;fkfma =0

and for t <m < s,

qijf_ =0 t>s—m+1
e :]:qr—ma - szmﬂfa =0 t= s—m,s—m—|—1 (21)
QGp_1Jjie=0 t<s—m

It remains to show for n > 0 the surjectivity of the restriction map
n (- ker ‘m “12m ker
z (Dmvsma )S — z (Dm 7T7n—17Q)$ . (22)

The group z"(ﬁm,hO)g is zero, as a cycle on ﬁm,l which intersects a vertex
properly must necessarily avoid the vertex, and O,,_; is the semi-local scheme of
the set of vertices in O,,,_;. Thus

Zn(ljgnmv Tm—la O)lg‘er c Zn(ljm—lv O)S = 07
proving surjectivity in this case. Now suppose ¢ > 0. Identify O, x O,, with Og4pm
by
((l’l,... ,.’Eq),(tl,. . 7tm)) — (.’171,. .. 7l‘q7tm7... ;tl)

and make a similar identification of O, x O,,—1 with Og4,,—1. This identifies
Oy x ﬂm and O, x ﬂm_l with subschemes of Oy, and Ogym—1, and identifies
the map iy, of (22) with the map 7, for Oy4.,. Let igy1 and g, be the restriction
of 4441 and g, respectively. Then the pull-back along g, gives a splitting to (22)

because 7;  1q; = id. It is a map from 2 (027 ¢)s to 2" (0, q)s, because the
restriction of ¢;(x) to all but the last face of O, is trivial if the same holds for .
Similarly, it is a map from 2"(027, Tp—1,q)5" to 20, Sm, q)'", because the
restriction of g (z) to all but the last face of O,y is trivial if this holds for z. Note
however that the map 4%, of (22) is not split surjective as a map of complexes,
because g; does not commute with the differential %; of the complexes. Q.E.D.

We are now ready to calculate some relative motivic cohomology groups:
Proposition 4.2. a) There is an isomorphism
H" @y, S, Z/p(n) = 0" (Qom, Sia)-

b) Let i # n and assume that H=1(k,Z/p(n—1)) = 0 for all fields of characteristic
p. Then

H' (O, S, Z/p(n)) = 0.

Proof. We first show by induction on m that for s < 2m, there is an exact sequence

0 = H (@, T, Z/p(n) 2 H (O, Z/p(n)) 2 @ H (@, Z/p(n)).

t<s
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Indeed, by Proposition 4.1, there is an exact sequence
0 — H' (@, Ty Z/p(n)) — H' (@, T ', Z/p(n)) — H(O,, Ty /1o, Z/p(n)),

msLm m>+m

and by induction on m, the last term injects into H*(Q$,,Z/p(n)).

Taking ¢ = n and s = 2m — 1, this proves (a) in view of Proposition 3.1. Note
that v factors through H (O, (b1 —1,... ,tm — 1), Z/p(n)), so for (b) it suffices to
show that this latter group vanishes. The long exact relativization sequence

— H (O, (b1 — 1, tm — 1),Z/p(n)) — H{(O,n, Z/p(n)) — H'(k,Z/p(n)) —
is split by the structure map and gives
H (O, Z/p(n)) = H (O, (b1 — 1, ..ty — 1),Z/p(n)) @ H'(k,Z/p(n)).

Thus we have to show that the map H'(k,Z/p(n)) — H*(Oym,Z/p(n)) is an iso-
morphism, or by homotopy invariance, that the restriction map

H'(A™, Z/p(n)) — H (O, Z/p(n))

is an isomorphism. For this, we know by the same proof as in [26, theorem 2.4],
that the local-to-global spectral sequence

H*(A™, HY(Z/p(n))) = H T (A™, Z/p(n))

is concentrated on the line s = 0: H'(A™,Z/p(n)) = HY(A™, H (Z/p(n))). Simi-
larly, the Gersten conjecture for semi-local regular rings gives

H (0, Z/p(n)) = B (@, HH(Z/p(n).

Comparing the Gersten resolution for the sheaf H*(Z/p(n)) on A™ and [, we get
the exact sequence

0 — HO(A™, H(Z/p(n))) — H°(Op, H'(Z/p(n)))
— @ H™ (k(2),Z/p(n — 1)).
ze(Am—0,,)1)

By assumption, the last term vanishes, giving the isomorphism we need. Q.E.D.

Corollary 4.3. We have
H" (O, T, Z/p(n)) = H" " (k, Z/p(n))
HY(Up, T, Z,/p(n)) = 0 for i >n.
In particular, there is an exact sequence
0 — H" " (k, Z/p(n) = H" (O, T Z/p(n)) 22
H" (U, S, Z/p(n)) — H" (@1, Trn—1,Z/p(n)) — 0.

Proof. By definition of T}, and S,,, there is a long exact relativization sequence

.= H (O, T, Z/p(n) — H' (O, Sy, Z/p(n)) 2=
(Ol 1, T, Z)p(n)) — HH (O, Tons Z/p(n)) — - . (23)

We see from this sequence for varying m, that
Hn_l(ljmflv Tmflv Z/P(n)) = Hn_2(|jm727 Tm727 Z/p(n)) =
= H"""(k, Z/p(n)),
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and that
Hi(ljma va Z/p('ll)) = HiJrl(Ijm—i-la Tm+17 Z/p(n)) =
2 BN Oyons1—is Tntons1—i, Z/p(n)).

But by Proposition 4.1, the latter group is the cohomology in degree zero of the
complex 2" (O tan+1—is Dntant1—i, *) ¥, which is zero. Q.E.D.

Corollary 4.4. o

Hl(Dm,Sm,Z(n)) =0 fO'/'i >n

Hi(ljmmiyz(n)) =0 fOTi > n.
In particular, the map 1" (O, Sy, Z/1(n) — H Oy, T, Z/U(w) s surjec-
tive.

Proof. The only place where we used Z/p-coefficients in this section is the hypothe-
sis in Proposition 4.2(b). Hence the same proof as in Proposition 4.2 together with
the (trivial) fact that H(F,Z(n)) = 0 for i > n and any field F proves the first
statement. The second statement follows as in the proof of corollary 4.3. Similarly,
the same holds with mod [ coefficients, and we get the last statement with the long
relativization sequence. Q.E.D.

5. THE BOUNDARY OF THE SEMI-LOCAL m-CUBE

Let aﬁm be the boundary of ﬂm, i.e. the closed subscheme defined by [, ¢;(t; —

1). Let

b: o4, — O,
be the inclusion. Again, we let S be the set of all faces of ﬁm, order the ideals of
T,, as in the previous paragraph, and denote the subset of T;,, consisting of the first
s ideals by T;;. We remind the reader that for ideals I, I; € T,,, ﬁﬁfn = ﬂm_l
denotes the closed subscheme defined by I and 8&;@,;"‘ ~ |jm_2 denotes the closed
subscheme defined by I + I;.

Bloch’s higher Chow groups form a Borel-Moore homology theory, hence our def-
inition of motivic cohomology via higher Chow groups is reasonable only for smooth
schemes. In order to deal with aﬁm, we give the following ad hoc construction of
a cycle complex:

200, ¥)s = ker ( P <. 0s— P oy *)5).
1<s<2m 1<u<v<2m

If i is the inclusion of %" into 1%, then the map 2" (A1, , *)s — 2™ (I%Y, %)
is i* for s = u < v, —i* for u < v = s, and zero otherwise. In other words, we
consider cycles on the faces which agree on their intersections. This definition is
motivated by the blow-up long exact sequence for motivic cohomology, see [4].

More generally, we define the following relative complex, where ¢; is the projec-
tion to the corresponding summand:

z"(aﬂm7Tﬁl,*)3:ker( (A0, *) 3—>@z ot | ))

t<s

_ker(@z (o0, D z"(aﬁ;f,*)s). (24)

t>s 1<u<v<2m
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In particular, the second description shows that we have

2" (00, Sy #)s = 2" (01, Tre1) "
We define the relative motivic cohomology groups

H*" = (00, Ty, Z/p(n)) = Hi(z" (00, Ty, %)s © Z/p).
To simplify notation, we drop the coefficients Z/p(n) for the rest of this section
and define the groups
H00,) =ker ( @ H"00;,) — @ H'(O0L)),
1<s<2m 1<u<v<2m

with the same sign convention as above, and more generally

H™(000,,, T, = ker (H"(aﬁm)ker ) P H”(aﬂfn))
t<s
= ker (@H"(aﬁfn) - P Hn(amgv)). (25)
t>s 1<u<v<2m

Again, these are the cohomology classes on faces which agree on the intersections
of two faces. Note that there are restriction maps

b* z"(ﬁm,Tfn,*)Iéer — Z”(@ﬂ T3 %)s,

msy tmo

because cycles coming from . agree on the intersection of the faces of 00,,. On
the other hand, the cohomology of the kernel of a map between two complexes
maps to the kernel of the induced map on cohomology, hence by Proposition 4.1
the map b* induces restriction maps

b HY (O, T3) — H™ (00,0, T5,) — H™ (00, T "

If we let ¢4 be the map induced by the inclusion 8&% — 00,,, then by Proposi-
tion 3.1 and (25) we have

Y (@0, Ty) = er (v"(00,) L Prm(o0r,)) L2
t<s
ker (@ y"(aﬁfn) — @ yn(alj%v)) o~ Hn(ﬁljm, T;:l)kcr. (26)
t>s u<v

Consider the following commutative diagram:
H"(00,,,T5) ——— H"(00,,,T5) " o  v™(00,,, T5)
H™(00,, T57Y) ——— H"(00,,, T )5 e—— v"(00,, T57Y)

Proposition 5.1. The vertical maps in the above diagram are compatibly split for
s < 2m. In particular, there is a commutative diagram:

Hn(aljmvsm) I Hn(aljmysm>ker A — Vn(aljmasm)

] ] ]

H™(0O,,) ——  H"(0O,)* ——  uv™(00,,)
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Proof. We will show in each case that there are maps ¥, 5%, p% and ¢} satisfying
the equations (18) and (19); the proof of Proposition 4.1 gives the desired splitting.
For v™, we have the four maps by contravariant functoriality, and there is a short
exact sequence

0 — v (0Up, TS) — v™(00,,, TS7Y) 25 v(008,, T3/ 1),

Here ¢, is induced by j¥ for s < m and by i*_,, for s > m. As in diagram (20),
one checks that the map ¢, is split by ps, where ps = p% for s < m and ps = ¢} for
s>m.

For 2" and H"(—)**" we have exact sequences

0 — 200, T, %)s — 2™ (00, TS %) s —= 2008, T3 /I, %) s,
0 — H™(00,,, T5) " — H™(00,, Ta 1)k 25 H™(00%,, Tt /1)

Here ¢5 is the projection to the corresponding summand in (24), and (25), and one
sees from the second description in (24) and (25) that the image of ¢, is contained
in the relative cohomology group indicated. It suffices to show that the map ¢, is
split surjective. We define maps p: and ¢ by factoring through O

2 (O, %) s 225 2 (O, )5 o 2™(00m, ¥).s.

H™ (@) 2% H(O) 2 H(00,,),

Note that the maps p’ and ¢} have image in the kernel defining the relative cycle
complex and cohomology groups, respectively. Furthermore, together with the
maps ts they satisfy the equations (18) and (19), hence the proof in diagram (20)
extends to this situation.

Compatibility for the map between cohomology groups is obvious, because the
map id — psts on complexes induces the map id — psts on cohomology.

For the compatibility for the map between v™ and H™(—)¥* with the splitting,
we have to check that the splitting is compatible with the map of (26). Since the
splitting is given by x — & — pstsz, it suffices to show that

(tepstst)y = psts(Lex) € @ v (a0).
t>s

But this follows from the following commutative diagram. The upper composition

is pstsx, since the map p, for v™ factors through v™(0,,):

~ A~ A~ b* N

v (0,,)  —=— v (Ope1) —2— v (Opey) ——  v™(00,)

ol | | ol

n e TOjs n (e s n (- () n (e
D, V" (Um-1) 2y (Um-1) — Om-1) —— D, v"(On-1)

6. TORSION IN "
In this section we are going to prove the following theorem

Theorem 6.1. Let 7 be a section of v"(00,,, Ty,). Then we can write T as a sum
of elements of the form dfy A ... Ndfyp, with [, fi =0 on 00,,.
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Consider [,, as the face tme1 =0 of 8@m+1, and let
perl : aljerl - |jm
be the projection. For the proof of theorem 1.1, we need the following;:

Corollary 6.2. The restriction map

V" (00m41, Sms1) — V" (Om, Tin)
18 surjective.
Proof. Let w € V"(|jm, T,,) and consider the following short exact sequence:
0 — 1" (O, 00,) — ™ (O, T) — ™ (00, Th).

By Theorem 6.1, each element of u”(aﬂm,Tm) is a sum of elements of the form
dfv A ... Ndfy, with [[, fi = 0 on 00,,. Let f; be lifts of the functions f; to
ﬂm. We pull these functions back to 8ﬁm+1 via Pm+1, and let f] be the function

pfnﬂ(ﬂ) (1 = tmg1) on Oy Let g = f 7> then

d, df! 1
fz/\ Adn ———dfi A Adf

f3 foo 1=fi Sy
is a section of u”(@DmH, Spny1) with restriction dfy A ... A df, to 90, and with
trivial restriction to the other faces. Thus we can assume that w is contained in
v (0, 80,,).

Cover 8ﬂm+1 by the two open sets U = 3ﬂm+1 —{tm+1 = 0} and V =
011 = {tmi1 = 1}. We lift w via pi1 to v™(V). Since w|,gq = 0, this lift
agrees with the zero section of v™(U) on U N V. Thus we can glue these sections,
to get a section of v™ (8ﬁm+1) which vanishes on aﬁm+1 —{tm+1 =0}. Q.ED.

/\

We proceed with the proof of Theorem 6.1. We call the differentials on d0J,,
which vanish on each face torsion differentials:

n n_
Qa\jm,tm* ker Q O, - @ Q[)Dé

1<s<2m

Lemma 6.3. Fach section of Qg‘j 1o COTY be written as a sum of terms of the

form fodfy ...df,, with [], fi = 0.

Proof. For each vertex v of 9,,, let T, be the product of the functions ¢;, ¢; — 1,
1 < ¢ < m, which are non-zero at v, T, the product of the functions which vanish
at v. Note that 7,7, = 0 on 00, Tt suffices to show that, for each v, each section
w of Q. can be written as a sum w,, of sections of the form fodfi A ... A dfy,
with T}| fo I]; fi- Indeed, since T, (v) = £1 and Ty (v) = 0 for v # ¢/, the function
u=> T, is a unit on Bﬁm, and

w= Z %vav
v

is in the desired form.
To prove the local statement, we may assume v = (0,...,0). We lift w to a

section @ of Q% such that @ maps to zero in Q% ~ for each 1 < s < m. Now Q%

m m
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is a free Oy -module with basis dt;, A... Adt;,, 1 <i3 <... <4, <m,and the

kernel of the restriction map Q% — Q%s is tSQ"‘j + dtngfl. Thus, if we write

o= Z a[dtil/\.../\dtin,
I=(i1<...<in)

either tg|lar, or s is in I, for each index I. Since this holds for each s, we have
T!|art;, - t;, as desired. Q.E.D.

Proposition 6.4. We have

n S _ n—1 n
v (8|:|m7Tm) = ng\jm N Qa\jm,tor'

Proof. We first recall that
C (fodfs Ao Ndfn) = fE(f1- fu)P HdfL AL A dfy,

By Lemma 6.3, this implies that C~! is zero on Q7. . The proposition now

m,tor

follows in view of the following commutative diagram, where 1 < s < 2m, and the
fact that the upper right horizontal map is the canonical surjection.

0 0 0
n(or n id—Cc~! n n—1 n
0 —— v (8Dm’Tm) - Qa\jm,tor - Qa\jm,tor/dQG\jm n Qa\jm,tor

l l !

0 —— »a0,) — Qn. 920 AL v
| | |

id—Cc~! 1
Q’H,A QTLA
Ps 8\:|:;l/d oas,

Q.E.D.

0 —— BanE) —— @0

By Lemma 6.3 and Proposition 6.4, Theorem 6.1 is equivalent to the statement:

'zt =drst nQr.
o, ,tor o0, N o0, ,tor
Obviously,
n—1 n—1 n n
anAm,tm‘ < an\jm n Qa\jm,tor - ZQa\jm,tor’
hence it suffices to show that the complex
n n+1
- Qa‘jwuto"" - Q@\jm,tor I

is exact. We begin with the following special case:

Proposition 6.5. Let R,, = Fplt1,... ,tm]/(t1---tm). Then for any F,-algebra
A, the complex

* o * *
Vi waior = ker (g, 04 — DU ji0a)
7

15 exact.
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Proof. First note that Qf o , is isomorphic to the total complex of the double
complex 0, ®€2% by (3). Since Qix is an F,-module, tensoring with Qi‘ over I, is
exact. Hence Q% o 4 4, is the total complex of the double complex Q% . @ (7.
On the other hand, the total complex is exact if the rows of the double complex
are exact, so it suffices to prove the proposition for R,,

We proceed by induction on m and assume the result for m—1 and all IF,-algebras

A. We have
Ok = P Rmdti, Ao A dtin/<z 11 tldti> Qp

1< <y, e

Assigning degree one to t, and dt,, and degree zero to t; and dt; for i < m,
we can give each element of Q2 —a degree, since }_, [, tidt; is homogeneous.
This is compatible with differentials, hence decomposes Q% into a direct sum of
subcomplexes.

Suppose w is in ZQ% .. Then dw = 0 and we can assume that w has nonzero
degree i in t,,. Write

w= wlti;ldtm + wgtfn.

The map Q% — Qf  induced by ¢, — 1 sends w to we, hence wy is in
ZQ% | tor By 1nduct10n we = dr for some 7 € Qf ! ~,tor- Then Tt is in
n—1
R tor?

w—d(Tt!) = w —wott —irti—tdt,, = (wy —iT)t" tdt,,,
and we can assume wy = 0.
Let S = Fpltm,t,,!] and consider the localization map R,, — R;,—1 ® S. From

m

=S¢ Sdtm we get

Q. 0stor =S OQR, | 1or ®S @ ~ 1,t07‘dtm'
Thus
0=dw= d(wlti—ldtm) =tV dwdt,,
in QF _L®S.tor 1mpheb that wy isin Q7F i tor and dw; = 0. By induction, w; = dny
for some 7 in Q ", tor- Then Tltl 1dtm is in Q% ltor, and d(mti-tdt,,) =
witildt, = w. Q.E.D.

Lemma 6.6. The complex Q* is exact for the localization (8ﬂm)v of 01,

at the point v = (0,...,0).

(8D7n)v ,tor

Proof. Applying the proposition to A = k, we see that the complex Qf , . is

exact for S, = k[t1,... ,tm]/(t1 - tm). Since (00,,)y = Spec(Spm )y, it sufﬁces to
show that exactness is preserved by localization. Recall that d(zPw) = aPdw for all
differentials, because we are in characteristic p. Let < € Q?Sm)u tor With d% = 0.
Then

wsP™1 —
0=d Spp = Ld(wsP™t) € s,y tor

This means that thereisat € (S,,),, such that td(wsP~!) = 0 and hence dwtPsP~1 =
tPdwsP~! is trivial in Q¢ . By the proposition, wtPs?~! = dr in Q% . for some
7, and
T _ _1 _
A = perdT = 5-

Q.E.D.
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*
R 6\jm,tor
if it is exact for the localization of d1,,, at each of the vertices v. Let w € Q™. ror

can be written

To finish the proof of Theorem 6.1, we show that the complex ) is exact

no
(6D7n)v ,tor

?a_ﬁl ). tor” o, € anl and s, a function on 901, which does

with dw = 0. By the lemma, for each v the image of w in Q2
as dr, for 7, = 7= € Q

not vanish at v.

We first show that we can choose o, € anl ror” We can assume that v =
moy or

n-l for each ¢ > m, there are functions u, ; on

(80%,)v
00, which do not vanish at v, such that u, ;7, is zero in Q

(0,...,0). Since 7, vanishes in
n—1
8ﬁ:71
and s, by their product with [], u, ;(t; — 1), a unit at v. Then 7, does not change,

but o, is contained in Q72!
m,tor

. We now replace o,

Finally, choose functions ¢, on 91, such that > cysy = 1. Then > PP =
(chsy)p =1, and
Ay, chsh oy =3, hshd? =37, chshw = w.

Q.E.D.

7. THE THEOREM

In this section we finish the proof of theorem 1.1. Using coefficient sequences,
one easily sees that it suffices to consider the case » = 1. By Corollary 4.3, the
group H" ™ (k,Z/p(n)) is the kernel of f3,,, in the following commutative diagram:

0

l

H"™"(k, Z/p(n)) 0

l l

H" (O, T, Zfp(n)) == v"(On, T)

| l

H"(Om, S, Z/p(n))  ——— " (O Sim)

o |

Hn(ljmfla Tmfhz/p(n)) % VTL('jmfl»Tmfl)

l

0
The injectivity of §,, is equivalent to the injectivity of a,,, and the snake lemma
in a diagram for a different m shows that ., is injective if and only if ay,41 is
surjective. Thus Theorem 1.1 follows from

Theorem 7.1. For any m, the map

Q- H"(ﬁn%Tm,Z/p(n)) — V" (O, Tin)

1S a surjection.
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We first show that we can lift sections of I/n(a|jm+1, Sm+1) to sections of smooth
schemes:

Proposition 7.2. Let x € u"(aﬂm+1). Then there exists a smooth semi-local
scheme U, containing 0,11 as a closed subscheme, such that x lies in the image
of the restriction map v"™(Uy) — v™"(0Um41)-

Proof. We prove more generally the following statement: Let k be a field, X C AY
be an open subset of an affine space, and Y the subscheme of X defined by some
polynomial f. Then for every section wy € v™(Y'), there is an étale neighborhood
U of Y in X such that wy is the restriction of a section of v"(U).

Let x1,... ,zx be the standard coordinates of A{CV. For indices I = (1 <4y <
.. <in < N),let do! =dx;, A...Adx;, and 2! = z;, --- x;, . Lift wy to a section
w € Q%, and write w = > ; ayda!. The condition for w|y to be a section of v"*(Y')
is (1—C Vwly €dy™ ie.

> (ar — b Y)dat = dx + fr+df 7
I

for some n — 1 forms x, 7 and an n-form n on X. As d(fr) =df - 7+ fdr, we may
absorb the term df - 7 into dy and fn, and assume 7 = 0. Write dx =), brda’,
giving the equation

Z(aI —adf(@" )P~ —bp)da’ = fn.
I

In Q% ®o, Oy, the right hand side vanishes. Since Q% ®o, Oy is free over Oy
with generators dz!, we get

ar —ab ()Pt —br =0 (27)
on Y for each I. Now define the closed subscheme of A%

Ar= SpecOX Ox[t]}/(i[ — (xl)piltzl) — b[)
Since the coefficient of ¢7 is 1, Ay is flat over X. Since
d(t; — (")) —by) = dt; € Qu,/x,

we have Q4 ,/x = 0, so A; is unramified, hence étale over X.

Let ¢ : U — X be the fiber product of the A; for all I over X. The relation (27)
determines a section ay : Y — U by sending t; to ay, identifying Y with the closed
subscheme of U defined by t; — ay = 0 for all I, hence U is an étale neighborhood
of Y in X.

Since ¢ : U — X is étale, the pull-backs of the da! give a basis of QF over
Ou. Let y; = q*(x;), then ¢*(dz’) = dy’ and ¢*(dx) = >, ¢*(br)dy’. Let wy =
>, trdy! € Q% then

(1= C N (wo) =D (tr = (") dy".

T
Since we are on U, we have t; — t}(y! )P~ = ¢*b;, hence (1 — C~1)(wy) = ¢*db =

d(g*b). Thus wy defines a section of v™ over U. As Y is given by ¢; = ay, wy
extends the given form Y, ardx’. Q.E.D.
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To finish the proof of Theorem 7.1, consider now the following diagram, where
we omit the coefficients Z/p(n):

H" (O, T)  —22  HY (O, T)  ———— (O, Ton)

H™ (0041, Smy1) —— H™ (00 m11, Smy1)* —— (0011, Smt1)

H00ps1)  ——  HY00u0)"  ——  0"(004)

I I

HWU,) — ——  H'(U)) = )
The upper and lower squares are commutative by definition of the cohomology
groups and construction of the maps, and the middle squares are commutative
by Proposition 5.1. The composition in the right vertical column is surjective by
Corollary 6.2 and Proposition 7.2, hence the composition in the middle column is
surjective. But then the map a., is surjective, concluding the proof of the theorem.

8. CONSEQUENCES

Theorem 8.1. For any field k of characteristic p, the groups KM (k) and K, (k)
are p-torsion free. The natural map
KX (k)/p" — K (K, Z/p")
is an isomorphism, and the natural map
Ky (k) — K (k)
is an tsomorphism up to uniquely p-divisible groups.
Proof. Since H"Y(k,Z/p(n)) = 0, the long exact coefficient sequence shows that
KM (k) is p-torsion free, reproving Izhboldin’s theorem [15]. Appyling the Bloch-
Lichtenbaum spectral sequence [6] with coefficients [25, Appendix B,
Hs_t(kv Z/p(_t)) = K,S,t(k, Z/p)7

we get KM(k)/p = H™(k,Z/p(n)) = K,(k,Z/p), induced by the natural map
from Milnor K-theory to Quillen K-theory by Proposition 3.3. In particular, the
coefficient sequence for K-theory shows that K,_1(k) is p-torsion free and that
KM (k) /p = Ko (k) /p.

Since the composition of the natural map with the Chern class map from Quillen
K-theory to Milnor K-theory is multiplication by (n — 1)! on KM (k), and since
KM (k) is p-torsion free, we get, working modulo prime to p-torsion, a short exact
sequence

0— KM(k) — K,(k) — Q — 0.
This gives us
0—,Q — K3 (k)/p — Kn(k)/p — Q/p — 0.

Since the middle map is an isomorphism, @ is uniquely p-divisible. Q.E.D.

The following consequence of our result has been pointed out to us by B. Kahn:
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Theorem 8.2. Let R be a semi-local ring, essentially smooth over a discrete valu-
ation ring with residue characteristic p. Then Gersten’s conjecture for R holds with
finite coefficients, i.e. for any m there is an exact sequence

0= Kn(R,Z/m) — @ Kn(k(z),Z/m) — @@ Kn1(k(z),Z/m) —

z€R(0) zeRM)

Proof. The case m prime to p was handled by Gillet [11], so we can restrict ourselves
to the case m = p”. By [2], or [10, Corollary 6], it suffices to show this in the case
when R is a discrete valuation ring. The statement is a special case of the mod p
Gersten conjecture for regular local rings containing a field [24] and [12], if R has
equal characteristic p. In general, let F' be the quotient field, k& the residue field of
R and t a uniformizer. We have a localization sequence

T T 8 T a
w1 (B Z/p") — Kn1(F,Z/p") = Kn(k, Z/p") — Kn(R, Z/p") —
Let {x1,... ,z,} € KM (k) be alifting of some element in K, (k, Z/p") = KM (k) /p".

Then one easily sees that {¢,z1,...,2,} mod p" lifts this element to K2, (F)/p",
hence to K, 1(F,Z/p"). The resulting short exact sequence proves Gersten’s con-
jecture. Q.E.D.

Note by the same argument, there is a Gersten resolution with rational coeffi-
cients, hence with integral coefficients, if Beilinson’s conjecture (2) holds.

To get consequences for the K-theory of smooth varieties over perfect fields of
characteristic p, we have to sheafify our result.

For a scheme X, we let (/p"), denote the Zariski sheaf associated to the
presheaf U — K, (U,Z/p"), and H*(Z/p"(n)) the ith cohomology sheaf of the
motivic complex.

Theorem 8.3. Let X be a smooth variety over a perfect field of characteristic p.
Then

H(Z/p" (n))
H*(Z/p"(n))
(K/P")n
Proof. The sheaves v, HZ (Z/p"(n)) and (K/p"),, admit Gersten resolutions by (5),
(11) and (8). Hence H'(Z/p"(n)) = 0 for ¢ # n follows from the corresponding

result for fields, and Proposition 3.1 implies that H™(Z/p"(n)) = v?. The result
for K-theory follows from Proposition 3.1 and Theorem 8.1. Q.E.D.

fori#mn

TL

|I2

||2

TL

Theorem 8.4. Let X be a smooth variety of dimension d over a perfect field of
characteristic p. Then

H*(Xzar,vy) = H(X,Z/p (1))
and there is a spectral sequence from motivic cohomology to K -theory
H Y X, Z/p" (—t) = K_s—(X,Z/p").
In particular, we have K, (X,Z/p") =0 for n > dim X.

Proof. The local to global spectral sequence for motivic cohomology collapses to a
line, proving the first equality. The second statement is the first equality plugged
into the Brown-Gersten spectral sequence for K-theory, and the third statement
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follows because v =0 for n > dim X. Q.E.D.

Our result also implies that Bloch’s cycle complexes satisfy most of the Beilinson-
Lichtenbaum [21] axioms for motivic complexes, as extended by Milne [22]. Let X
be a smooth variety over a perfect field of characteristic p, and consider the complex
of presheaves Z(n) = z™(—,*)[—2n] on the small étale site of X. It is in fact a
complex of sheaves for the étale topology, in particular for the Zariski topology.
Let Zpy(n) = Z(n) ® Zgpy, and € : X¢ — Xzar the change of topology map.
We claim that Z,)(n) satisfies all the axioms of Beilinson-Lichtenbaum, except
acyclicity below degree 0 (i.e. the Soulé-Beilinson vanishing conjecture). This is
clear for all axioms, except the following two:

Theorem 8.5. There are exact triangles in the derived category of sheaves on Xz,
and X, respectively:

Z(n)zar lzi) Z(n)Zar ilggi) TSnRE*Vn[f’n]

Proof. The cohomology sheaves H*(Z(n)za,) are trivial for i > n by Gersten res-
olution and the (trivial) fact that this holds for fields. Consequently, the map
of complexes T<,Z(n)zar — Z(N)zar is a quasi-isomorphism. On the other hand,
v"[—n] is (trivially) isomorphic to 7<,Re.v"[—n]. We define the map dlog to be
the following composition of maps of Zariski sheaves

Z(n) il T<nZ(n) — H"(t<nZ(n)) = H"(Z(n)) g, 0 >, T<pRev"[—n].

By Theorem 8.3, the sheaves H!(Z(n)) are uniquely p-divisible for i # n, and there
is an exact sequence

0 — H™(Z(n)zar) —> H™(Z(n)zar) — V"™ — 0.

This proves the theorem for the Zariski topology. The same argument works for
any étale covering of X, hence the statement for the étale topology. Q.E.D.

Theorem 8.6. (Hilbert’s theorem 90) Let X be a smooth variety over a perfect
field of characteristic p, then

Rn+1€*Z(p) (n)ét =0.

Proof. Since H(Z(n)¢) = 0 for @ > n, and since motivic cohomology with Q-
coefficients is the same as the ¢tale version, we know that R™ e, Z,) (n)s is p-
power torsion. Consider the following map induced by Z(n)z., — Re.Z(n)st,

. — HR(Z(TL)ZM«(@Z/]?) e pHn+1(Z(p)(n)Zar) _— O
. —— R, (Z(n)et ®Z/p) —— HR"Me.Zyy(n)eg — 0

The upper right hand group is trivial, so it suffices to show that the left vertical map
is an isomorphism. But by the previous theorem, both terms agree with ™. Q.E.D.
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