THE STEINBERG CURVE
HELENE ESNAULT AND MARC LEVINE

ABSTRACT. Let E and E’ be elliptic curves over C. We con-
struct non-torsion 0-cycles in the kernel of the Albanese mapping
CHo(E x E')qeg0 — E x E’, which are not detectable by a certain
class of cohomology theories, including the cohomology of the an-
alytic motivic complex involving the dilogarithm function defined
by S. Bloch in [3]. This is in contrast to the étale version of Bloch’s
complex defined by S. Lichtenbaum [9], which contains the Chow

group.

0. INTRODUCTION

Let X be a smooth projective algebraic variety over C, and let X,, be
the associated compact complex manifold. The equivalence of the cat-
egory of algebraic coherent sheaves on X with the category of analytic
sheaves on X,,, proved in [16], yields the isomorphism

CH'(X) 2= H'(Xan, O%,,);

where CH'(X) is the group of divisors modulo linear equivalence, and
Oyx,, is the sheaf of analytic functions. This isomorphism, together
with the exponential sequence

0 — (2mi)Z — Ox,, — O, — 1,

yields a direct connection of CH'(X) with the Hodge theory of X,,.

It is natural to ask if the group of codimension p cycles on X modulo
rational equivalence, CHP(X), admits a similar description for p > 1.
Presumably with this in mind, S. Bloch has introduced a complex for
the analytic topology, denoted B(2). There is a natural map

H* (Xan, B(2)) — Hp(X, Z(2)),
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where H3 (X, Z(2)) is the weight two Deligne cohomology, as well as a
cycle class

CH?(X) — H*(Xan, B(2)),

factorizing the cycle class to Deligne cohomology H*(X,,,B(2)) [5].
Our purpose in this article is to construct non-torsion cycles in CH?(X)
(X a product of two elliptic curves) which vanish in H*(X,,, B(2)). In
fact, we construct non-torsion cycles which vanish in H*(Xan, I'(2)an),
where I'(2),, is any complex of sheaves on X, satisfying a modest list
of axioms.

The cycles we construct come from the Steinberg curve on the prod-
uct E x E' of elliptic curves. In the degenerate case of the product of
nodal cubic curves Ejy x Ej, the Steinberg curve is just the line x4y = 1
on C* x C*, where C* is the non-singular locus of Ey. In general, we
have the Tate parametrizations C* x C* — E x E’, and the Steinberg
curve is the image of {z+y = 1} C C*xC* in Ex E’. It turns out that,
using the definition of CHy(Ey X Ey) given by [7], K5(C) is a summand
of CHy(Ey x Ey)o, with the Steinberg curve parametrizing the classical
Steinberg relation. However, the fact that the Steinberg curve is non-
algebraic unless £ = E' = FE, implies that the analog of the Steinberg
relation is not satisfied in CHo(E x E’), unless E = E' = Ej. Since
one can use the cover C* x C* — FE x E’ to compute cohomology in
the analytic topology, the analog of the Steinberg relation is satisfied
in HY(E. x E!,T(2)an), where I'(2),, is as above.

Our results are in contrast with various results on cohomology the-
ories defined via the étale topology, or using coefficients mod n. For
instance, Lichtenbaum [9] has defined an étale version of weight two
motivic cohomology, which receives the codimension two Chow groups
injectively. Also, Raskind and Spiefl [14] have shown that, for smooth
elliptic curves E, E’ defined over a p-adic field k, there is a surjective
map of Ks(k)/n onto the mod n Albanese kernel in CHy(E x E’)/n for
n prime to p.

We recall some well-known facts on the Tate parametrization of el-
liptic curves in §1. In §2 we introduce the Steinberg curve, and show
that it parametrizes the Steinberg relation in CHg(Ey X Ep). We then
consider CHy(E x E'), with at least one of E, E’ smooth, and show
that the 0O-cycle in the Albanese kernel corresponding to a point u of
the Steinberg curve is non-torsion in CHy(E x E’) (outside of countably
many points u). In §3, we list our axioms for the complex I'(2),,, and
show that the “Steinberg relation” holds in H*(E,, x E/ ,T(2)a). In
84, we consider the problem of constructing a non-torsion cycle which
vanishes in both H*(X,,, B(2)) and in the absolute Hodge cohomology
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H?(X, Q?)(/Q). We give such an example for X = F x Ey, E # Ey, but
we are not able to handle the smooth case.

1. TATE CURVES AND LINE BUNDLES

For a scheme X over C, we let X,, denote the set of C-points with
the classical topology. We let Oy, denote the sheaf of holomorphic
functions on X,,.

We begin by describing a construction of the universal analytic Tate
curve over C. We first form the analytic manifold C* as the quotient
of the disjoint union U ___U;, with each U; = C?, by the equivalence
relation

(2.y) € U\ {Y = 0} ~ @,azy?) € Ui \ {X = 0}.

The function 7(x,y) = zy is globally defined on C*. Letting D C C be
the disk {|z| < 1}, we define C* = 7~!(D), so 7 restricts to the analytic
map 7 : C* — D. We let 0 : D — C* be the section z — (z,1) € U.

Let D* C D be the punctured disk z # 0. Since the map (z,y) —
(;»2y?) is an automorphism of (C*)?, the open submanifold 7~ (D)
of C* is isomorphic to (C*)?, and the restriction of the map 7 is just
the map (x,y) — xy. Thus, the projection p, : (C*)*> — C* gives an
isomorphism of the fiber C; := 7~!(¢) with C*, for t € D*.

The fiber 771(0), on the other hand, is an infinite union of projective
lines. Indeed, define the map f; : CP' — Cg by sending (a : 1) €
CP!' \ o to (0,a) € U;, and oo = (1 : 0) to (0,0) € U1, and let
C; = f;(CP'). Then 7=*(0) = UX__C;, with co € C; joined with
0 € Ciy1. Note in particular that the value 0(0) of the zero section
avoids the singularities of 771(0).

Define the automorphism ¢ of C* over D by sending (z,y) € U; to
(x,y) € U;_1. This gives the action of Z on C*, with n acting by ¢™. It
is easy to see that this action is free and proper, so the quotient space
£ := C*/7 exists as a bundle 7 : & — D. The section 0 : D — C*
induces the section 0 : D — £.

Take t € D*. Identitying C; with C* as above, we see that ¢ restricts
to the automorphism z +— tz. Thus, the fiber & := 7~ 1(¢) for t € D*
is the Tate elliptic curve C*/t%, with identity 0(t). On Cg, however, ¢
is the union of the “identity” isomorphisms C; — C;_;. Thus ¢(c0 €
C;) = 0 € C, so the restriction of Cf — & to Cy identifies & with
the nodal curve CP!/0 ~ co. We let x € & denote the singular point.
Then 0(0) € & \ *.
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The map (t,w) € D x C* — (L, w) € Uy gives an isomorphism
D xC"— Uy \{Y =0} over D. The composition

DxC* —U\{Y =0} cc L&

defines the map p: D x C* — &£ over D, with image & \ {*}.
Take u € C*. We have the local system on &

Ly, =C"xC/(z,\) ~(p(2),ur) — &,

and the associated holomorphic line bundle £" on £.

Let E; be the algebraic elliptic curve associated to the analytic va-
riety &, let L,(t) and L2"(t) denote the restriction of £, and £2" to
&, and let L¥8(t) be the algebraic line bundle on E; corresponding
to L2"(t) via [16]. The restriction of p to ¢ x C* defines the map
pe : C* — Ey,. For t # 0, p; is a covering space of Fy,,. The map
po : C* — Epyan is the analytic map associated to the algebraic open
immersion

P'\ {0,00} LP' — P'/0 ~ 0o = Ey.

If F is an elliptic curve over C, then E,, = C/A, where A C C is
a lattice spanned by 1 and some 7 in the upper half plane. Taking
t = e2™7 gives the isomorphism E,, = &, so each elliptic curve over C
occurs as an Fy for some (in fact for infinitely many) ¢ € D*.

Sending u € C* to the isomorphism class of L¥5(t) defines a homo-
morphism p; : C* — Pic(E;). We denote the identity 0(¢) € E; simply
by 0 if ¢ is given.

Lemma 1.1. For allt € D, ¢;(L¥8(t)) = (ps(u)) — (0).

Proof. We first handle the case t # 0. Let ¢ : C — E := E; be the
map ¢(z) = p(e*™*), let 7 € C be an element with ™" = ¢, and let
A C C be the lattice generated by 1 and 7. The map ¢ identifies £ with
C/A, and L,(t) with the local system defined by the homomorphism
p:A—C* pla+br)=ul

There is a unique cocycle 6 in Z'(A, H*(C, O )) with (1) = 1,
O(1) = e"?™=; let L be the corresponding holomorphic line bundle on
E. Computing ¢{’*(L) € H?*(E,Z) by using the exponential sequence,
we find that deg(L) = 1. By Riemann-Roch, we have H°(E, L) = C;
let ©(z) be the corresponding global holomorphic function on C, i.e.,

O(z+1)=0(2), Oz +7) = e *™0O(2),
and the divisor of © on F is (), with L = Og(x).
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Take v,w € C with u = €*™ and q(w) = z. Let f(z) = %.
Then
fe+1)=f(2), flz47)=uf(2),
and Div(f) = (p(u)) — (0). Thus, multiplication by f defines an iso-
morphism
xf 1 Op,, ((p(w) = (0)) — L™
The proof for Ey = P'/0 ~ oo is essentially the same, where we

replace Gg(ji”;;) )

with the rational function ))g:ll‘ O

Thus, the image of p; in Pic(E;) is Pic’(E). After identifying the
smooth locus of E? of E, with Pic’(E,) by sending z € E? to the class
of the invertible sheaf Op, ((x) — (0)), we have p; = p;.

2. THE ALBANESE KERNEL AND THE STEINBERG RELATION

Let X be a smooth projective variety. We let CHg(X) denote the
group of zero cycles on X, modulo rational equivalence, F'*CHgy(X)
the subgroup of cycles of degree zero, and F?CHgy(X) the kernel of the
Albanese map ay : F'CHy(X) — Alb(X). The choice of a point 0 € X
gives a splitting to the inclusion F'CHy(X) — CHy(X).

Let E, E' be smooth elliptic curves. As Alb(E x E') = E x E,
the inclusion F?CHy(E x E') — F!CHy(E x E') is split by sending
(z,y) — (0,0) to (x,y) — (z,0) — (0,y) + (0,0). Thus F*CHy(FE x E')
is generated by zero-cycles of the form (z,y) — (x,0) — (0,y) + (0,0).
Choosing an isomorphism F = FE;, E' = E., we have the covering
spaces p: C* — E,,, p' : C* — E’_, and the map

(2.1) pxp : C*®@C* — F*CHy(E x E')
u®v = plu) *p'(v) =
(p(u), p'(v)) — (p(u),0) — (0,p'(v)) + (0,0).

By the theorem of the cube [11], the map p*p’ is a well-defined group
homomorphism, and thus is surjective.

In case one or both of E, E’ is the singular curve Ey, we will need to
use the the theory of zero-cycles mod rational equivalence defined in [7].
If X is a reduced, quasi-projective variety over a field k with singular
locus Xging, the group CHy(X) (denoted CHy (X, Xsing) in [7]) is defined
as the quotient of the free abelian group on the regular closed points
of X, modulo the subgroup generated by zero-cycles of the form Div f,
where f is a rational function on a dimension one closed subscheme D
of X such that
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1. No irreducible component of D is contained in Xgyg.
2. In a neighborhood of each point of D N Xy, the subscheme D is
a complete intersection.

3. f is in the subgroup Op pnx,, of k(D)".

It follows in particular from these conditions that Divf is a sum of
regular points of X.

For X a reduced curve, sending a regular closed point z € X to
the invertible sheaf Ox (z) extends to give an isomorphism CHy(X) =
Pic(X).

We extend the definition of F*CHy to E x E' with either £ = Ej,
E' = Eyor E = E' = Ey, by defining F1CH(E x E’) as the subgroup of
CHy(E x E') generated by the differences [z] —[y], and F*CHy(E x E')
the subgroup generated by expressions [(x, y)]—|[(z, 0)]—[(0, )]+[(0, 0)],
where x is a smooth point of E and y a smooth point of E’. The
surjection p x p’ : C* ® C* — F?CHy(FE x E') is then defined by the
same formula as (2.1).

Proposition 2.1 (The Steinberg relation). Take E = E' = Ey. Then
1. There is an isomorphism CHg(Ey x Ey) = Z@® (C* x C*) @ K»(C),
sending F?CHy(FEy x Ey) onto the summand Ky(C).
2. p(u) x p(1 —u) =0 in CHo(Ey x Ey) for allu e C\ {0,1}.

Proof. Let X be a quasi-projective surface over a field k. By [8], there
is an isomorphism ¢ : H%(X,Ky) — CHy(X). The product O% @0% —
Ko gives the cup product

HY(X,0%) @ H'(X,0%) = H*(X,K,).

In addition, let D, D" be Cartier divisors which intersect properly on
X, and suppose that supp D Nsupp D' N Xgng = 0. Then

(2.2) ¢(Ox(D)UOx(D")) = [D - D],

where - is the intersection product and [—| denotes the class in CHy.
Since L8 = Op, (p(u) — 0), (2.2) implies

plu) % p(1 — u) = plpi L U pLEE,).

so to prove (2), it suffices to show that p*L28Ups L8 = 0 in H2(E, x
Eo, ICQ) B

Write X for Ey x Ey. Let Ky be the image of Ky in the constant
sheaf K5(C(X)). By Gersten’s conjecture [13, §7, Theorem 5.11], the
surjection 7 : Ky — Ky is an isomorphism at each regular point of X,
hence 7 induces an isomorphism on H?2.

Let ¢ : P! — E, be the normalization, giving the normalization
gxq:PtxP' — X. Let i : x — Ej be the inclusion of the singular
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point. We have the exact sequence of sheaves on Fj

(2.3) q:/Cq LR iK1 (C) — 0

and the exact sequence of sheaves on X:

(2.4) (g x Q)2 = (i % q) Ko @ (¢ x 1)Ky — (i x 1), K5(C) — 0,

with augmentations ¢; : K; — (2.3), €3 : Ko — (2.4). The various cup
products in K-theory give the map of complexes

(2.5 Pi(2:3) @ p3(2.3) — (2.4),
compatible with the cup product
(2.6) iK1 @ piky — K.

The augmentation €; : K; — ker 3 is an isomorphism. The augmen-
tation €, : Oy — kera is an injection, and the cokernel is supported
on x X *. Indeed, by [6, lemma 1.15 and corollary 1.16], there is an
isomorphism of sheaves on X \ {* x x},

I/IQ ® (q X q)*Q%qu)71(Xsing)/Xsing = ker 04/162’

where 7 is the ideal sheaf of Xy, Since (¢ X ¢) ™ (Xsing) — Xsing 18
étale away from x x %, the relative differentials vanish, verifying our
claim. Thus, € : o — ker o induces an isomorphism on H?2, and the
complexes (2.3) and (2.4) give rise to maps

by 1 Ko(C) — H*(X, kera) = H*(X, Ky) = H*(X, Ky)
51 : C* = Kl((C) — Hl(Eo,lcl).
The compatibility of (2.5) with (2.6) yields the commutativity of the

diagram

C* @ C* = K»(C)

51®51J l(sz

Hl(Eo,Icl) ® Hl(Eo,ICl) M H2(X’ ,CQ)

Since L& = §,(v) for each v € C*, we have
PrLEE Ups LTS, = 65({u, 1 —u}) = 0.
completing the proof of (2). Similarly, since
PiLLE U P LY = 65({u, v}),

we see that F2CHg(X) is the image of K»(C) in H*(X, Ky).
For (1), we have the isomorphisms

H*(P' x P', o) 2 Z, H' (P!, K,) = C,
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the generator of H?(P! x P!, K5) being the class of a point in CHy (P! x
P!), and the map C* — H'(P!, K5) being induced by the Gysin map
C* = H°(SpecC, K;) — H'(P', Ks,) for the inclusion of a point (this
follows from the projective bundle formula for C-cohomology). Using
Gersten’s conjecture loc. cit. and the Gersten resolution of ICy [13, §7,
Proposition 5.8], we have

Ri(gxq)Cy=0=R(i xq).Ko; j>0
and
HI (P IC) =0; j>1.
Fix a smooth point y of Ey. The inclusion y x y — X induces the

map Z — CHy(X). The inclusions Ey x y — X, y x Ey — X induce
the map

C'xCr = FICHo(E()) X Fcho(Eo) — CH()(X),

one checks that these maps correspond to the terms H?(P' x P ICy)
and H'(P!, KCy) x H* (P!, K5) in the spectral sequence arising from the
resolution (2.4) of ker . Thus, this spectral sequence gives the exact
sequence

HY(X kera) 5 HY(P' x P*, k) — Z @ C* x C* @ K,(C)
— H*(X,KCy) — 0.

To complete the proof of (1), we need only show that ~y is surjective.

Let # = ¢ '(y), giving the inclusions #; : P! x  — P! x P!, 4y :
r x P! — P! x PL. By the projective bundle formula, H'(P! x P!, k)
is isomorphic to C* @ C*, with each C* given as the image under Gysin
of the maps

i C*=H(P',KC,) — H'Y(P' x P'Ky); j=1,2.
We can factor say i1, as the composition
C* = HO(SpecC, K1) =5 HY(PY, o) 22 HY(P x P, KCy).
Since y is a smooth point of Fy, we have
H,(Eo, K2) = Hy (P!, Ky) = H (2, K1),
so we have the Gysin map H°(SpecC, K1) T, H'(Ey, Ky) with ¢* o
Gy« = iz Also, the map

(q X Q)* opsy : Kogy — Koprypr

factors through ker a. Thus, we see that the factor i;,(C*) of H'(P! x
P!, KCy) is in the image of y. The factor i, (C*) is handled similarly. [
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In contrast to Proposition 2.1, the Steinberg relation is not satisfied
in CHo(E x E') if at least one of E, E’ is smooth. To show this, we
first require the following lemma:

Lemma 2.2. Let s: C\ {0,1} — E x E' be the analytic map s(u) =
(p(w),p’ (1 —u)). Then s(C\ {0,1}) is not contained in any algebraic
curve on B x E', except in case E = E' = Ej.

Proof. We first consider the case in which both £ and E’ are smooth
elliptic curves, £ = F;, E' = Ey, where t and t’ are in C* and |t| < 1,
|t'] < 1. We have the maps

p:C"—E, p:C"— F,

which are group homomorphisms with ker p = t%, ker p’ = t'“.

Suppose that s(C*) is contained in an algebraic curve D C E x E'.
For each x € E, (xx E')ND is a finite set, hence, for each u € C\{0, 1},
the set of points of C* x C* of the form (t"u, 1 — t"u) has finite image
in £ x E’. Thus, for each u, there are integers n, m and p, depending
on u, such that n # m and

(2.7) 1—t"u=t"(1—t"u).

Since there are uncountably many u, there is a single choice of n, m
and p for which (2.7) holds for uncountably many u. But then

(2.8) (Pt — "™ )u =t — 1.

If ¢7t" —t™ = 0, then |¢’| = 1, contradicting the condition |t'| < 1. If
t'Pt" — ™ # 0, then we can solve (2.8) for u, so (2.7) only holds for this
single u, a contradiction.

If say E' = Ey, then p' : C* — FE’ is injective, and we have the
infinite set of points p/(1 — t"u) in the image of s, all lying over the
single point p(u). O

Theorem 2.3. Let E = FE;, E' = Ey, with at least one of E, E’
non-singular. Then, for all u outside a countable subset of C\ {0,1},
p(u) * p'(1 — u) is not a torsion element in F*CHy(E x E').

Proof. We first give the proof in case F and E’ are both non-singular.
For a quasi-projective C-scheme X, we let S”X denote the nth sym-
metric power of X. For X smooth, we have the map

pn: S"X(C) x S"X(C) — CHy(X)

(Z%Z%) — [Z%‘ - Zyj]-
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For each integer n > 1, we have the morphism
¢n: Ex E — S™Ex E')x S™E x E)
(@,y) = (n(z,y) + n(0,0),n(z,0) + n(0,y)),

By [15, Theorem 1], (p2, © ¢,) 1(0) is a countable union of Zariski
closed subsets of £ x E'.

On the other hand, since py(E x E') = 1, the Albanese kernel
F?*CHy(E x E') is “infinite dimensional” [10]; in particular, F2CHg(E x
E")g # 0. Since F?CHy(F x E') is generated by cycles of the form
p(u) *p(v), it follows that (ps, 0 ¢, )~1(0) is a countable union of proper
closed subsets of £ x E’. If D is a proper Zariski closed subset of
E x F’, then, by Lemma 2.2, s71(D) is a proper closed analytic subset
of C\ {0,1}, hence s7'(D) is countable. Thus, the set of u € C\ {0,1}
such that p(u) * p'(1 — u) is torsion is countable, which completes the
proof in case both F and E’ are non-singular.

If say E' = Fy, we use essentially the same proof. We let X be
the open subscheme F x (Ey \ {*}) of £ x E;. We have the map
pn 2 S"X(C) x S"X(C) — CHy(FE x Ey) defined as above. By [7,
Theorem 4.3], (p2, © ¢,,)"*(0) is a countable union of closed subsets D;
of X. By [17], we have the similar infinite dimensionality result for
CHy(F x Ey) as in the smooth case, from which it follows that each D;
is a proper closed subset of X. Thus, the closure of each D; in F x Ej
is a proper algebraic subset of £ x Ey. The same argument as in the
smooth case finishes the proof. Ol

3. INDETECTABILITY

The zero-cycle p(u) * p(1 —u) is indetectable by cohomology theories
based on the sheat OF ., . We first consider the following abstract
situation. -

The exponential sequence

exp

0—7Z(1) =C = C* — 1
defines a projective resolution of the group C*, so the complex
c (1) &4 ceCr
represents the derived tensor product C* @ C*. Let I'y(2) be the
complex:
ZIC\{0,1}]®C*(1) = CxC"
(u,2min ® z) +— log(l —u) @ u + 2Tin ® z,
with C® C* in degree two (we make some choice of log(1 — u) for each

ue C\{0,1}).
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Let X = Ex E', and let I'(2),, be a complex of sheaves on X,,, with
the following properties:

(3.1)

1. There is a group homomorphism cl : CHy(X) — H*( X0, T'(2)an)-

2. There is a map p : O ®" O% [-2] — I'(2)a, in the derived
category of sheaves D(Shy,, ).

3. The composition

C* " C* -2 — 0%, ®" 0% [-2] = ['(2)an

extends to a map ['g(2) — I'(2),, in D(Shy,,).
4. The composition

Pic(X) ® Pic(X) & H' (Xan, O%..) ® H' (Xan, O%.)
2 H2 (Xon, O, @Y O% ) 5 HY (X an, T(2)an)
agrees with the composition
Pic(X) ® Pic(X) -5 CHp(X) 5 H*(Xan, T(2)an).

Remark 3.1. To justify the axioms above, at least in case X is smooth,
we note the following: Let Y be a scheme smooth and of finite type
over a field k. There is a complex of sheaves I'y(q) on Yz, whose
hypercohomolgy computes the motivic cohomology of Y,

H?(Y,Z(q)) = HP(Yzar, Tx(q)).

The complexes I'y(q) have products T'y(q) @ T'y(¢) — Ty(q + ¢)
in the derived category, and the assignment Y — T'y(q) extends to a
functor from smooth C-schemes of finite type to the derived category
of sheaves on the big Zariski site of smooth schemes of finite type over
C. T'y(0) = Zy,,, and I'y(1) = O3 [—1] in the derived category. For
details, see e.g. [19].

Suppose we have complexes of sheaves on Yo, I'y (q)an, for ¢ = 1,2,
functorial in Y, with natural products 'y (1)an @ Ty (1)an — Ty (2)an,
and with I'y(1) = O§. . Suppose in addition we have maps in the
derived category of sheaves on the big Zariski site of smooth quasi-
projective C-schemes

0, : F(,)(q) — Re.I'(=)(q)an; ¢ = 1, 2,

where € is the change of topology morphism, such that the 6 are com-
patible with the products. Finally, suppose that #; is the canonical
map adjoint to the inclusions €* O3 — O3, . Then I'(2)an := I'x(2)an
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satisfies the axioms above. Indeed, since Ko(C) = H?(Spec C,Z(2)) =
H?(Tspecc(2)) (see [12], [18]) the product map

C* @ C*[~2] — Tspecc(2)

extends to a map I'g(2) — T'specc(2). Composing this with the map
P% ¢ Dspecc(2) — I'x(2) given by the structure morphism, and then
with 65(X), verifies axiom (3). The remaining axioms follow from the
isomorphisms

HY(X,Z(1)) = CH'(X) = Pie(X), H'(X, Z(2)) = CH*(X),
compatible with the various products.

Theorem 3.2. Let E = E; and E' = Ey, and let T'(2)a, be a complex
of sheaves on Ea, x E!_ satisfying the conditions (3.1). Then cl(p(u) *
p(l —u)) =0 for allu e C\ {0,1}.

Proof. We give the proof in case both F and E’ are non-singular; the
singular case is similar, but easier, and is left to the reader.
Since

plu) % p(1 —u) = [pie(L®)] 0 [pher (L12,)],
it follows from (3.1)(4) that we need to show that p([L2*|U[Li",]) = 0.
The class [L2"] € H'(Ea, O}, ) is the image of [L,] € H'(E,,, C*)
under the map of sheaves C* — O3 , and similarly for L;_, and
L3~ . Thus, by (3.1)(3), it suffices to see that pf[L,] U p3[L1-.] €
H?(E,, x E. ,C*®F C*) vanishes in H*(E,, x £’ ,To(2)).
The Z-covers p : C* — E = FE;, p/ : C* — E' = Ey give natural

maps

a: H*(Z,H°(C*,C*)) — H*(E,,, C),

B H*(Z,H(C*,C*)) — H*(E.,, C").

Similarly, the Z2-cover px p’ : C* x C* — E x E’ gives the natural map
v H*(Z?, HO(C* x C*,To(2))) — H*(Eun x E.,,To(2)).

Letting ¢+ : C* @ C*[—2] — T'¢(2) denote the natural map, the maps
above are compatible with the respective cup products:

vo(afa)U b)) =youaUb).

Each v € C* gives the corresponding homomorphism v : Z — C*,
v(n) = v Since [L,] € HY(F.,C*) is a(u : Z — C*) and [L,_,] €
HYE! ,C*) is B(1 —u : Z — C*), it suffices to show that t(pju U

p5(1—w)) =0 in HYZ? Ty(2)), where piu, p5(1 —u) : Z*> — C* are the
respective homomorphisms (a,b) — u?, and (a,b) — (1 — u)’.
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We have the spectral sequence
EST = HP(Z?, H(Ty(2))) = H'T(Z*,To(2)).
Since Z? has cohomological dimension two, and since H%(T'5(2)) = 0 for
q # 1,2, it follows that the natural map H*(Z?,T'4(2)) — H*(Z* H*(Tx(2)))
is an isomorphism. Since H?*(T'¢(2)) = K5(C), we need to show that
the image of pju U p3(1 — u) in H*(Z?, K3(C)) is zero.
By definition of the cup product in group cohomology, we have

=u"® (1 —u)??,
which clearly vanishes in K5(C). O
As an immediate consequence of Theorem 3.2, we have

Corollary 3.3. Let E, E' and I'(2)a, be as in Theorem 3.2. Then the
composition

C' @ C 2% CHy(E x E') % HY(Eu x E.,, T(2)an)
factors through the surjection C* @ C* — K,(C).

Ezample 3.4. In [3], S. Bloch defines a quotient complex B(2)x of the
analytic complex O% (1) LNG) Xon ® O fulfilling H'(B(2)) = 0 for

i £1,2,
H(B(2)) = Im(r : Ky ina(C) — C/Z(Q)) —: A*(1),

where r is the regulator map, and H?*(B(2)) = Kgan. He shows in the
same article that r(K34,4(C)) = r(K3ua(Q)), thus A*(1) is a countable
subgroup of C/Z(2), and also that B(2) maps to the complex Z(2) —
Ox,. — Q% which computes the Deligne cohomology H7(X,2) when
X is projective smooth over C. In fact, the cycle map CH*(X) —
H$(X,2) is shown to factor through H*(X,,, B(2)) [5]. Bloch asked in
[4] whether the cycle map CH?*(X) — H*(Xa,, B(2)) could possibly be
injective. The computations of this article show that it is not. Indeed,
the complex B(2)x is defined as

B(2)x = O, (1) ©5 Ox,, ® O%,, /e(Z[C\ {0,1})),
where € : Z[C \ {0,1}] — C ® C* is the map defined on generators
ae C\{0,1} by

€(a) =log(l —a)®a— 21 ® exp<2_—1, /Oa log(1 — t)%)]

Yy’
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Let us take ['(2)., = B(2). We now verify the conditions 3.1. The

complex O% (1) L, Oxn ® O%.. represents O ®@" O% | so the

evident surjection of complexes gives us a map O% @“O0% — B(2)x.
Also, the complexes B(2)x are clearly contravariantly functorial in X,
so to verify (3), it suffices to extend the map C* @” C* — B(2)specc to
a map I'g(2) — B(2)specc. We have the evident surjection

(C*(1) = CoC) = B(2)specc;
which we extend to the map I'g(2) — B(2)specc by using the map
€:Z|C\ {0,1}] — C*(1) defined on generators by

-1 [ dt
f(a) = 2ri @ exp (5 | log(1-1)7).
é(a) = 2mi @ exp 27Ti/0 og( ) ;

The condition (1) is given by [5]. Indeed, one computes the Leray
spectral sequence associated to a : X,, — Xy and the first term
entering H*(B(2)) is

E2,2 — H2

Zar

(R*0.B(2)) = H*(K».2),

dlog Adlog
_—

HQ(C/Z(Q))). Then the cycle
map cl is induced by Ky — Ky 7 on Xyz,,, which is obviously compatible
with the product in Pic. Thus we have (4).

Hence we can apply Theorem 2.3 to yield a 0-cycle p(u) *p(1 —u) on
E x E', where both E and E’ are smooth elliptic curves, which is non-
torsion in the Chow group CHy(FE x E’), but which dies in H*(B(2))
by Theorem 3.2.

In [9], S. Lichtenbaum constructs an étale version I'(2) of S. Bloch’s
analytic complex B(2), the cohomology of which contains CH?*(X).
This contrasts with the examples discussed above.

Over a p-adic field, W. Raskind and M. Spief ([14]) show that the
Albanese kernel modulo n of a product of two Tate elliptic curves is
dominated by Ky(k)/n. This result is not immediately comparable to
ours, but is obviously related.

where Koz = Ker(oz*ICz,an

Remark 3.5. Since, K5(Q) = 0, it follows from Corollary 3.3 that
cl(p(u) x p(v)) = 0 in HY(E,, x E.,,T(2)a) for all u,v € Q*, and all
I'(2)an satisfying the conditions (3.1), in particular for I'(2)., = B(2).
It would be interesting to know if p(u) * p(v) € F?CHy(E x E') is

non-torsion for some u, v € Q*.

4. THE RELATIVE SITUATION

In this section, we study the cycles constructed in section 2 on X =
Ex Ey, where as there, E' is smooth, and FEj is a nodal curve. We extend
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the definition of Bloch’s complex B(2) to this case by using a relative
complex B(2), and use Theorem 3.2 to show that the cycles p(u) *
p(1 —u) die in H*(X,,, B(2)). Using some results from transcendence
theory, we are able to construct examples of non-torsion cycles on X
which not only die in H*(X,,, B(2)), but vanish as well in the absolute

Hodge cohomology H?(X, Q?X/Q).

Let v=1x q: E xP' — X be the normalization. We define
(41) ,C_2 = Ker(u*ng M) IC2|E>

Lemma 4.1. One has
CHo(X) = HQ(Xa 162)7
and the Chow group CHy(X) fits into an ezxact sequence
0 — H'(E,K3) 2 CHo(X) 5 CHo(E x P') = Pic(E) ® Pic(P') — 0.
Moreover, the map v is defined by
VY @A) = Y (x,p0(N)) — (x,0).
zeED) xeEQ)

Proof. As in the proof of Proposition 2.1, the map v* : Ky — Ky
is surjective, and the kernel is supported in codimension 1. Thus v*
induces an isomorphism on H?.

On the other hand,

HYE x P ICy) = HY(E,Ky) © H'(E,K,) U (O(1)).

The term H'(E, ;) maps to 0 € H'(E, Ky) via the difference of the
restrictions to £ x 0 and E x co, while ¢;(O(1)) restricts to 0 to either
E x0or E x oco. This shows the long exact sequence associated to the
short one defining /C,.

Finally, the value y(x ® A;) of the map is given by the boundary
morphism C* — H'(X, 0%) induced by the normalization sequence

0— 0% — ¢.0p Joml= o

on the right argument \,. The formula for ~ thus follows from Lemma 1.1.
O

Let Nm : H'(E, Ky) — C* be the norm map, defined by

(4.2) Nm( 3 x®)\z> = I[ »

xeE1) zcE1)
We set

(4.3) V(E) = KerNm.
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One has

Lemma 4.2. F?CHy(X) = 7(V(E))

Proof. By the definition given in §2, F?CHy(X) is generated by the
expressions [(z,y)] — [(x,0)] —[(0,y)] +[(0,0)], with z € E(C) and y €
Ey(C)\ {*}. By the formula for v given in Lemma 4.1, this expression
is y(x®@y—0®y), after identifying y € C* with py(y) € Fo(C). Clearly
V(E) is generated by the elements of H'(F, K3) of the form z@y—0®y,
whence the lemma. O

Next, we want to map CHy(X) to a relative version of S. Bloch’s
analytic motivic cohomology. So we define

(4.4) B(2) = Ker(nB(2) 2=, B(2)| ).
In particular, B(2) is an extension of
I€2,an = Ker (V*’CQ,an M ICQ,an|E>7

placed in degree 2, by A*(1), placed in degree 1. In other words, B(2) is
the pull-back of B(2) via the map v* : Ky an — I€Q7an, and in particular,
it receives the complex I'y(2) as explained in the example 3.4.

Considering again the Leray spectral sequence attached to the iden-
tity a : Xon — Xoar, we see that

(4.5) Ko = Ker (a*zég,an - H?(@/Z(z)))
receives ICy and that the first map of the spectral sequence is then
(4.6) H*(X,Kyz) — HY(Xan, B(2)).
In conclusion, we have shown
Lemma 4.3. One has a cycle map

x : CHo(X) — H'(Xan, B(2))
compatible with the cycle map

Ypxpr : CHo(E x PY) — HY((E x P")u0, B(2))

on the normalization. Moreover, 1x fulfills the conditions described in
3.1.

Proof. We just have to verify the condition 4 of 3.1. From the normal-
ization sequence

|E><07 E X
0— 0% - 1.0 p1 ———— OF — 0,
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one has a natural map
O}an ® O}an - IEQ’a’n
which obviously fulfills 3.1(4). O

Now we can apply Theorem 3.2 to conclude

Theorem 4.4. The 0-cycles defined by the Steinberg curve on E X Ej
die in the analytic motivic cohomology H( X, B(2)).

Let K be a subfield of C. We next consider for any algebraic variety
7 defined over K, the cycle map with values in the absolute Hodge
cohomology
(4.7) H™(Z,Ky) T2 g (2,902 )

induced by the absolute dlog map

dlog

This cycle map is obviously compatible with the map -, and with
extension of scalars.

Let £ — Spec K be an elliptic curve over a subfield K of C. We
have the exact sheaf sequence

which induces a two-term filtration F*Q2 1o of 02 Jo With F?Q2 0=
Op ® Q3% /- This gives us the natural maps

We have the norm map Nm : H'(E, Ky) — HO(K, K1) = K* as in
4.2, but over K; we let V(E) C H'(E,K;) be the kernel of Nm (see
(4.3)).

Lemma 4.5. Let K be an algebraically closed subfield of C, E —
Spec K an elliptic curve over K. Then the cycle map with values in ab-
solute Hodge cohomology maps V(X)) to the subgroup vo|H'(E,Op) ®

E/Q] of H' (E, Q2E/Q>

Proof. The kernel of the composition
Pic(E) = H'(E,K)) =% H'(E,Qk ) — H'(E, QL ) 2 K
is the composition

Pic(E) 2% 7 K,
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hence the dlog map sends Pic’(E) to the subgroup v, [H'(E,Op) ®
Qe o) of HY(E, Q)

Take 7 € Pic’(E), v € H'(E,K;) = K*, and let £ = TUwu €
H'(E,K5). Then

dlog(§) = dlog(T) Udlog(u).

Since dlog : K* — Q}{/Q is just the absolute dlog map, we see that
dlog(¢) lands in the image of the cup product map

[HY(E,Op) ® Q}(/@] ® Q}K/Q — HY(E, Q?E/Q),

which is 12 (H'(E, Op) ® Q% )-

Since K is algebraically closed, the cup product Pic(F) @ K* —
H'(E, K,) is surjective, from which one sees that the cup product maps
Pic’(E) ® K* onto V(E). Combining this with the computation above
completes the proof. O

From the surjectivity of the cup product Pic’(E) @ K* — V(E) for
K algebraically closed, we see that the injection H'(E, Ky) — CHg(X)
sends V(E) isomorphically onto F?CHy(X).

Let K be a subfield of C. We say that an element & of CHy(X) is de-
fined over K if there is an K-scheme X an element £° of CHy(X") and
an isomorphism « : X2 — X such that £ = a,(£2). From Lemma 4.5
and the compatibility of dlog with extension of scalars, we have

Lemma 4.6. Take K = C, and let £ be an element of F?CHy(X) =
V(E). If £ is defined over a field of transcendence degree one over Q,
then & vanishes under the cycle map to absolute Hodge cohomology.

Corollary 4.7. If E is an elliptic curve with complex multiplication,
then there are non-torsion cycles ¢ € F*CHy(X) dying in the analytic
motivic cohomology as well as in absolute Hodge cohomology.

Proof. By the remark above, we may replace F?CHy(X) with V(E).

Let £ be a model for E, with equation y?> = 42° — ax — b defined over
a number field K C C. Let w = df be the standard global one-form on

E.
Choosing an isomorphism Er = E¢ defines the period lattice L, C C
for w. Choose a basis for L, of the form {Q, 7Q}, and let ¢ = e*™7. Let

P.C — CP!

be the Weierstrafl P-function for the lattice L.
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The map x@_l : C — C gives rise to the isomorphism of Riemann
surfaces o, : B — E making the diagram

l exp

(P,P") C*

I

an Etan

C Qan

commute, i.e.,

We let
a:FEc— E,

be the corresponding isomorphism of algebraic elliptic curves over C.
By [1, théoreme 1], P(s-logu) has transcendence degree 1 over Q
for all w € N, w > 2. (We thank Y. André for giving us this reference).
Fix a u > 2, let K be the algebraic closure of the field Q(P(5xlogu)),
and let z € E(K) be the point (P(5%logu), P'(3%logu)). Then z is a
generic point of E over Q.
We take

€ := p(u) * p(1 — ).

By construction, £ = a(&x x xC), where £ € HY(E, Ky) is the element
[((z) — (0)] U [1 — u]. Here [(x) — (0)] denotes the class in Pic(E) =
HY(E,K;), and [1 — u] denotes the class in H°(E,K;) = K*. Since
K has transcendence degree one over Q, the class of ¢ in the absolute
Hodge cohomology of E vanishes, by Lemma 4.6. By Theorem 4.4, £
dies in the analytic motivic cohomology of E as well. It remains to
show that ¢ is a non-torsion element of H'(Ex, Ks).

We give an analytic proof of this using the regulator map with values
in Deligne-Beilinson cohomology.

Let Y be a smooth projective surface over C, and let NS(Y') denote
the Néron-Severi group of divisors modulo homological equivalence.
Then Hodge theory implies that

NS(Y) = {(z,¢) € (H*(Yan, Z(1)) x F'H*(Ya,C)), 2 ® C = 9o},

and that
NS(Y) N EF?H?,(Y) = 0.
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We note that the map Pic(Y) ® C* — H3(Y,Z(2)) induced by the cup
product in Deligne cohomology factors through NS(Y) @ C*, and that
the induced map ¢ : NS(Y) @ C* — H3(Y,Z(2)) is injective. Indeed,

Hp(Y,Z(2)) = H*(Yan, C/Z(2)) | F*.

Now take Y = F x E, and let U C E be the complement of a non-
empty finite set X of points of E. Let [E x 0] be the class of F x 0 in
NS(Y), and let v : C* — NS(Y) ® C* be the map y(v) = [F x 0] ® v.
Let

w NS(Y)® C* — H)(E x U, Z(2))

be the composition of ¢ with the restriction map Hp (Y, Z(2)) — Hy(Ex
U,Z(2)). We claim that the sequence

C* LNS(Y) @ C* % HE(E x U, Z(2))
is exact. Indeed, we have the localization sequence
Daes HS(E x 5,Z(1)) 25 HA(Y, Z(2)) — Hi(E x U,Z(2)) —,
the isomorphism HL(FE X s,Z(1)) = C* and the identity
ts(v) = 7(v), v e,

which proves our claim.

In particular, let [Z] = [A — {0} X E] ® v, where A is the diagonal, v
is an element of C* which is not a root of unity, and [A —{0} x E] is the
class in NS(Y). Since [A — {0} x E] is not torsion in NS(Y')/[E x {0}],

we see that [=] has non-torsion image [E¢g)] in

HY(E xc C(E),Z(2) == lim H}(E x U,Z(2)),
0AUCE

where the limit is over non-empty Zariski open subsets U of F.

Let = be the image of (A —0 x E) ® v in H(Y,K3). Then [Z] is
the image of = under the regulator map H (Y, Ky) — H3(Y,Z(2)).
Similarly, letting Z¢(z) be the pull-back of Z to E x¢ C(F), [Ecm))
is the image of Z¢(p) under the regulator map H'(E x¢ C(E),Ks) —
H}(ExcC(E),Z(2)). Thus, Zc(g) is a non-torsion element of H'(E x¢
C(E), Ks) for each non-torsion element v € C*.

Let A be the diagonal in £ x E, let € be the image of (A—0x E)®(1—
u) in H'(E,K;), and let &gy be the image of € in H'(E xgQ(E), Ks).
Clearly, after choosing a complex embedding Q C C, o) (forv=1-

> C(E)
u) is the image of {gx) under the extension of scalars Q(E) — C(£) =
C(E), hence &g is a non-torsion element of H'(E x5 Q(E), Ks).

2
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Since x is a geometric generic point of F over Q, there is an em-

bedding ¢ : Q(E) — C such that x : SpecC — F is the compo-
sition SpecC — Spec Q(E) — E. Thus, ¢ is the image of ¢ under
(id x z)* : HY(E xg E,Ky) — H'(E,K,), and hence ¢ is the image
of &y(p) under the map id x o, : H'(E xg Q(E),Ky) — H'(E,K,)
induced by the extension of scalars o.

Since the kernel of id x o, is torsion, it follows that £ is a non-torsion
element of H'(F, KCy), as desired. O

Remark 4.8. Going back to X = E x E’, where both elliptic curves are
smooth, we are lacking the transcendence theorem which would force
the existence of a cycle 0 # & = p(u) * p(1 — u) € F2CHy(X) dying
both in H*(X, B(2)) and in absolute Hodge cohomology.
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