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Abstract. The convergence rate for a non-parametric estimation of two distinct

smooth trajectories based on pairs of their non-assigned noisy measurements is

studied using the kernel estimates for two symmetric functions of observations and

the roots of the corresponding parabolic equation. Some simulation results showing

the performance of our method are presented.
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1. Introduction and outline of the problem

1.1. Simplified examples

To explain the novelty of the setting and the ideas proposed, we start
with a related simplified problem (of interest in the Reliability theory
[4]). Suppose, we toss 2 indistinguishable generally biased coins simul-
taneously, and unknown probabilities of heads in a long sequence of
independent trials are p1, p2 respectively. Suppose that only the total
number of heads σ(i) in trials i = 1, . . . , N , are known. We outline now
the Symmetric Functions of Measurements (SFM) method to estimate
the set {p1, p2} of unknown parameters in this and related problems.

Denote s := p1 + p2, π := p1p2 and notice that the set of roots
to the quadratic equation z2 − sz + π = 0 is exactly {p1, p2}. Next,
s(N) :=

∑N
i=1 σ(i)/N and N2/N :=number( outcome 2)/N estimate

consistently respectively s and π. Hence the set of roots to the equation
z2 − s(N) + N2/N = 0 estimates consistently the set {p1, p2} as the
number of trials N → ∞. The rate of convergence of the SFM estimates
for the set of head probabilities is found in [4] for arbitrary number n
of indistinguishable coins flipped simultaneously. If the total number
of heads in each of N trials is corrupted by random errors, we can
generally propose only the methods based on the EM-algorithm (see
[7]) to estimate consistently the set of head probabilities.

A next static MultiTrajectory estimation example simplifies the one
dealt with in [6]. Suppose in each of N independent experiments we
observe 2 real or planar points. Each of them is the noisy measurement
Yi = ai+ei of one of fixed centers ai, i = 1, 2 on the line (or on the plane)
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but no information is available on assigning random measurements to
the centers. How to estimate the set of the centers consistently?

Introduce s := a1 + a2, π := a1a2 and notice that the set of roots to
the quadratic equation z2 − sz + π = 0 is exactly {a1, a2} considered
as complex numbers. Denote σ(j) :=

∑2
i=1 Yi(j), π(j) :=

∏2
i=1 Yi(j).

Under, say, symmetric gaussian independent errors ei(j) of j-th mea-
surement s(N) :=

∑N
j=1 σ(j) and ΠN :=

∑N
j=1 π(j)/N estimate con-

sistently respectively s and π. Hence the set of roots to the quadratic
equation z2 − s(N)z + Π(N) = 0 converges to the set {a1, a2} . The√

N rate of convergence is easy to prove given that the centers are
different. A more complicated case of multiple roots is treated in [2].
A more general set up of parametric family of trajectories observations
corrupted by noise and clutter is studied using a robust version of the
EM-algorithm in [7].

1.2. Outline of our method

In this paper we extend the SFM method to the problem where one has
noisy observations of two smooth trajectories. An intuitive initial idea
is to approximate the trajectories by piecewise constant ones. Then the
values of trajectories on the intervals of constancy may be estimated as
before. However, such a method has poor convergence properties. To
improve the rate of convergence, the moving window (kernel) estimation
replaces this naive piecewise approximation approach. More compli-
cated is the estimation of both trajectories near their crossing points,
where the roots of the quadratic equation (similar to that considered
above) are close to each other. To keep the convergence rate of the
method almost the same as for the case of disjoint trajectories, we can
first estimate their derivatives by the kernel method applied to SFM,
and then restore the trajectories by integration in small neighborhoods
of intersection points.

Remark. The SFM method was applied to estimate parameters
of MultiTrajectories of fixed or moving (according to a polynomial
regression model) targets in [1], [3]. The stepwise algorithm of these
papers uses asymptotically infinite divergence of polynomial trajecto-
ries, and will likely fail, if the trajectories stay permanently close to
each other. The EM-approach of [7] (enabling in addition to estimate
the parameters of the random targets-to-observations assignment) and
the approach of the present paper seem to be free of this deficiency.
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2. Nonparametric setting, non-intersecting trajectories

Here we introduce the MSF estimates in a nonparametric MultiTrajec-
tory setting and estimate their rates of convergence.

Consider the model

Yi1 = f1(ti) + εi1,

Yi2 = f2(ti) + εi2, i = 1, . . . , n. (1)

Here f1(·) : [0, 1] → R, f2(·) : [0, 1] → R, are unknown smooth func-
tions, ti = i/n, and εi1, εi2 are random variables such that ε11, · · · , εn1

are i.i.d., ε12, · · · , εn2 are i.i.d., and the vectors of random variables
(ε11, · · · , εn1) and (ε12, · · · , εn2) are mutually independent.

We are given unordered pairs of observations (Y11, Y12), · · · , (Yn1, Yn2),
such that for each pair of values (Yi1, Yi2) we do not know which
value is Yi1 and which is Yi2. More accurate estimation would take
into account and estimate the parameters of the random assignment
mechanism which we will not pursue in this paper. Our problem is to
estimate the functions f1(·), f2(·) given these observations. We suppose
that f1(·), f2(·) are smooth, as stated in the following assumption.

Assumption 1. Let β > 0, L > 0 and C0 > 0 be finite con-
stants. We assume that the functions f1(·), f2(·) belong to Σ(β, L, C0),
where Σ(β, L, C0) is the class of all functions on [0, 1] bounded in ab-
solute value by C0 and such that their derivative of order bβc satisfies
(β − bβc)-Hölder condition with constant L, where bβc is the maximal
integer that is strictly less than β.

Denote by fn1(x), fn2(x) the roots of the quadratic equation

Z2 − sn(x)Z + πn(x) = 0, (2)

if these roots are real, and set fn1(x) = fn2(x) = 0 otherwise. Here
sn(x), πn(x) are symmetric functions of measurements introduced be-
low such that, under appropriate conditions

sn(x)
P→ f1(x) + f2(x), πn(x)

P→ f1(x)f2(x), as n → ∞.

Hence the quadratic function in (2) converges in probability to the
function F (Z) = Z2−(f1(x)+f2(x))Z +f1(x)f2(x) (uniformly in Z on
every bounded interval). Clearly, the equation F (Z) = 0 has the roots
f1(x) and f2(x). The roots of (2) converge to f1(x), f2(x) in probability
as n → ∞ (cf., e.g. [2]) .

Now we define our method. Consider the estimation of f1, f2 at
arbitrary fixed point x ∈ (0, 1). Define the statistics

sn(x) =
n∑

i=1

(Yi1 + Yi2)Wni(x), πn(x) =
n∑

i=1

Yi1Yi2Wni(x), (3)
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where Wni(x) is a weight function such that
∑n

i=1 Wni(x) = 1 or
∑n

i=1 Wni(x) = 1 + o(1), as n → ∞. In the following we consider the
kernel weights

Wni(x) =
1

nh
K

(
ti − x

h

)

where K : R → R is a kernel and h > 0 is a bandwidth, but one can
also consider other weight functions Wni(x) used in nonparametic esti-
mation problems (see e.g. [5]). We will need the following assumption.

Assumption 2. The random variables εi1, εi2 are normal with E(εi1) =
E(εi2) = 0 , E(ε2

i1) = σ2
1 < ∞ , E(ε2

i2) = σ2
2 < ∞.

Theorem. Let Assumptions 1 and 2 be satisfied, and let K(·) be a
compactly supported Lipschitz continuous function such that for l = bβc
we have

∫

umK(u)du = 0, m = 1, . . . , l,

∫

K(u)du = 1 (4)

(i.e. K is a kernel of order l). Set h = αn−
1

2β+1 for some α > 0. If

|f1(x) − f2(x)| ≥ t0n
−

β

2β+1 log n for some t0 > 0, then

sup
f1,f2∈Σ(β,L,C0)

Ef1,f2(fnj(x) − fj(x))2 ≤ Cn
−

2β

2β+1 , j = 1, 2,

where C > 0 is a finite constant. Here Ef1,f2 denotes the expectation
with respect to the joint distribution of (Yi1, Yi2, i = 1, . . . , n) in model
(1).

Sketch of proof. Repeating standard argument of nonparametric
regression estimation for sn(x) (see, e.g., [5]), we obtain

sup
f1,f2∈Σ(β,L,C0)

Ef1,f2

(

(sn(x)− [f1(x) + f2(x)])2
)

= O(n−
2β

2β+1 ), n → ∞.

(5)
For πn(x) consider separately the bias and variance term. Using the
Taylor expansion, the bias of πn(x) can be evaluated as follows

Bias = Ef1,f2(πn(x)) − f1(x)f2(x)

=
1

nh

n∑

i=1

f1(ti)f2(ti)K

(
ti − x

h

)

− f1(x)f2(x)

=
1

nh

n∑

i=1

[

f1(x)f2(x) + (f1f2)
′

(x)(ti − x) + · · ·

+
(ti − x)l

(l − 1)!

∫ 1

0
(f1f2)

(l)(x + τ(ti − x))(1 − τ)l−1dτ
]

K

(
ti − x

h

)

− f1(x)f2(x)
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=
1

nh

n∑

i=1

(ti − x)l

(l − 1)!
K

(
ti − x

h

) ∫ 1

0
(f1f2)

(l)(x + τ(ti − x))(1 − τ)l−1dτ + O

(
1

nh

)

= O

(

hβ +
1

nh

)

where we used that the derivatives (f1f2)
(m), m ≤ l, are uniformly

bounded for f1, f2 ∈ Σ(β, L, C0) and that
∣
∣
∣
∣
∣

1

nh

n∑

i=1

(
ti − x

h

)m

K

(
ti − x

h

)

−
∫

umK(u)du

∣
∣
∣
∣
∣
= O

(
1

nh

)

.

The variance of πn(x) has the form

V ar = Ef1,f2

(

(πn(x) − Ef1,f2 [πn(x)])2
)

=

E([
1

nh

n∑

i=1

ξi1f2(ti)K(
ti − x

h
︸ ︷︷ ︸

Z1

)+

1

nh

n∑

i=1

ξi2f1(ti)K(
ti − x

h
)

︸ ︷︷ ︸

Z2

+ +
1

nh

n∑

i=1

ξi1ξi2K(
ti − x

h
)

︸ ︷︷ ︸

Z3

]2.

The terms Z1, Z2 are treated in similar way, in particular,

E(Z2
1 ) = σ2

1

1

n2h2

n∑

i=1

f2(ti)
2K(

ti − x

h
)

= O(
1

nh
), n → ∞, since sup

x
|f2(x)| ≤ C0.

For Z3 we get

E(Z2
3 ) =

1

n2h2

n∑

i,k=1

E(ξi1ξi2ξk1ξk2)K

(
ti − x

h

)

K

(
tk − x

h

)

=
1

n2h2

n∑

i=1

σ2
1σ

2
2K

2(
ti − x

h
)

= O(
1

nh
), n → ∞.

Thus

sup
f1,f2∈Σ(β,L,C0)

Ef1,f2 [(πn(x) − f1(x)f2(x))2] (6)

= O(h2β +
1

nh
)

= O(n−
2β

2β+1 ), n → ∞.
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It follows from (5), (6) that sn(x) and πn(x) converge in probability
for any x to s(x) = f1(x) + f2(x) and π(x) = f1(x)f2(x) respectively

at the rate n
−

β

2β+1 . Hence, the discriminant (s2
n(x)/4) − πn(x) of the

random quadratic equation (2) converges in probability to the discrim-
inant (f1(x) − f2(x))2/4 of the equation F (Z) = 0 at the same rate.

Since we assume that |f1(x) − f2(x)| ≥ t0n
−

β

2β+1 log n, which is loga-

rithmically larger than the rate of convergence in probability n
−

β

2β+1 ,
we can guarantee that (s2

n(x)/4) − πn(x) > 0 with probability close to
1 for n large enough. Therefore, with probability close to 1, we have

fn1(x) =
sn(x)

2
+

√

s2
n(x)

4
− πn(x), (7)

fn2(x) =
sn(x)

2
−

√

s2
n(x)

4
− πn(x). (8)

Using (5), (6) we see that the right hand sides of (7), (8) converge in

probability to f1(x) and f2(x) respectively at the rate n
−

β

2β+1 . Finally,
a uniform integrability argument permits to obtain the convergence of
second moments and thus to complete the proof.

3. Regularly intersecting trajectories

Here we extend the above construction for a more complicated case of
two smooth (β ≥ 2) possibly intersecting trajectories. Two trajectories
will be called regularly intersecting if for all ∆ > 0 small enough the
inequality |f1(x) − f2(x)| < ∆ is satisfied only for x belonging to an
interval of length less than C1∆, where C1 > 0 is a constant. Here we
assume that the trajectories are regularly intersecting and we keep all
the conditions and notation of the previous section. This work is still
in progress. In particular, we have not yet completed the simulation of
the performance of the algorithm outlined below which we apply only
in the neighborhoods of the intersection points.

First, note that the derivatives f ′

1(x) and f ′

2(x) can be estimated
consistently at points x such that |f1(x) − f2(x)| is not too small. In
fact, acting as in the previous section, it is not hard to show that the
derivative

s′n(x) =
n∑

i=1

(Yi1 + Yi2)W
′

ni(x)
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estimates the function f ′

1(x) + f ′

2(x) with mean squared error (MSE)

of order n
−

2(β−1)
2β+1 at any point x. Quite similarly,

π′

n(x) =
n∑

i=1

Yi1Yi2W
′

ni(x)

estimates π′(x) = (f1(x)f2(x))′ = f ′

1(x)f2(x) + f ′

2(x)f1(x) with MSE

of order n
−

2(β−1)
2β+1 . Thus, f ′

1(x)(f1(x)− f2(x)) is estimated with MSE of

order n
−

2(β−1)
2β+1 by

vn(x) = s′n(x)fn1(x) − π′

n(x).

Dividing this expression by fn1(x) − fn2(x), we obtain the following
estimate of the derivative f ′

1(x):

f
(1)
n1 (x) =

s′n(x)fn1(x) − π′

n(x)

fn1(x) − fn2(x)
.

Analogously, we define the estimate f
(1)
n2 (x) of the derivative f ′

2(x).

Next, we evaluate how close is f
(1)
nj (x) to f ′

j(x), j = 1, 2, in the
situation where x = xn is such that |f1(xn)− f2(xn)| = ∆n > 0, where
∆n → 0, as n → ∞. We will do this only for j = 1, since the case j = 2
is analogous. Using the above argument and the result of the previous

section we obtain that if ∆n > t0n
−

β

2β+1 log n,

|f (1)
n1 (xn) − f ′

1(xn)| =

∣
∣
∣
∣
∣
∣
∣

f ′

1(xn)(f1(xn) − f2(xn)) + Op

(

n
−

β−1
2β+1

)

(f1(xn) − f2(xn)) + Op

(

n
−

β

2β+1

) − f ′

1(xn)

∣
∣
∣
∣
∣
∣
∣

≤
Op

(

n
−

(β−1)
2β+1

)

∆n + Op

(

n
−

β

2β+1

) .

The last expression tends to 0 in probability only if ∆n � n−
(β−1)
2β+1 . For

definitiveness, take in what follows ∆n = n
−

(β−1)
2β+1 log n. Then we get

|f (1)
nj (xn) − f ′

j(xn)| = Op

(

∆−1
n n

−
(β−1)
2β+1

)

= Op(1/ log n), as n → ∞.

(9)
We are now ready to describe our procedure. First, choose a point

xn in a neighborhood of the intersection, i.e. an xn satisfying |fn1(xn)−
fn2(xn)| ≈ ∆n, where fn1 and fn2 are estimators of f1 and f2 defined
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in the previous section. In an O(∆n)-neighborhood of xn we define new
adjusted estimators of f1 and f2 by the formula

f̂nj(x) = fnj(xn) + f
(1)
nj (xn)(x − xn), j = 1, 2.

From (9) and the result of the previous section, using the Taylor expan-
sion of fj in a neighborhood of xn (recall that β ≥ 2), we now deduce
that

|f̂nj(x) − fj(x)| ≤ |fnj(xn) − fj(xn)| + |f (1)
nj (xn) − f ′

j(xn)||x − xn|
+O

(

(x − xn)2
)

≤ Op

(

n
−

β

2β+1

)

+ Op(1/ log n)∆n + O(∆2
n)

= Op

(

n
−

(β−1)
2β+1

)

, as n → ∞.

Thus, we see that estimation of trajectories around the intersection is

possible with the rate n
−

(β−1)
2β+1 which is slightly slower than the rate

n
−

β

2β+1 obtained aside of the intersection (see the previous section).
Such a loss of accuracy seems natural because the problem is more
complicated.

4. Simulation Results

We use Java applet prepared by M. Lu to simulate the algorithm
described for various parameters of error variance and window size.
Here

f1(x) = −
(

x − 1

2

)2

+
1

4

f1(x) = −
(

x − 1

2

)2

+
5

4

K(u) =
3

4
(1 − u2)I(u),

where x ∈ [0,1] and I(u) = 1, if u ∈ [0, 1], otherwise I(u) = 0.
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Fig 1 Simulation of the Nonparametric Estimation (M. Lu)
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