BASED AFFINE SPACE AND CLUSTER ALGEBRAS

SACHIN GAUTAM

CONTENTS
1. Problem of tensor product multiplicities 1
2. Some easy examples 2
2.1. G=C* 2
2.2. G=S8Ly(C) 3
3. Review of the theory of simple Lie algebras 3
3.1. Glossary 3
3.2. Rank 2 case 4
4. Examples of SLy(C), SL3(C) and Sp(4) 5
4.1. Model algebra: the based affine space 6
42. G=S85L;3(C) 6
43. G=5p4) 7
5.  Cluster algebras 8
5.1. Definition 8
5.2. Model algebra as cluster algebra 9
6. Example of Sp(4) revisited 9
7. Appendix: review of the theory of simple Lie algebras 12
7.1. Lie’s Theorem 12
7.2. Simple Lie algebras and Root systems 13
7.3. Root systems and Dynkin diagrams 13

1. PROBLEM OF TENSOR PRODUCT MULTIPLICITIES

Let G be a group. A representation of G is a vector space V over the field of
complex numbers C, together with a group homomorphism

p:G— GL(V)

The terms V' is a G-module, G acts linearly on V are also used to mean that we
have a representation of G on V. If V is a G-module such that every sub-G-module
of V' is either (0) or V, then we say V is irreducible.

We will only consider the groups which satisfy an additional condition (called
linear reductivity):
(x) : Every G-module is isomorphic to direct sum of irreducible G-modules

Let Q¢ be set of isomorphism classes of irreducible G-modules. The problem of
tensor product multiplicities (TPM for short) is to compute the numbers cg’W for
1
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every triple V, W, U € Qg which is number of times U occurs in the decomposition
of V. ® W into irreducible representations.

Vew = @ vt
UeQa

The following is an application of Schur’s lemma (which asserts that under the
assumption (*), for every VW € Qg¢, the space of homomorphisms Homg(V, W)
is either one dimensional (in case V' and W are isomorphic) or zero dimensional
(otherwise)):

& = dim (Homg(U,V @ W))

Equivalently, under the canonical identification Hom(M, N) = M*®N for vector

spaces, we can rewrite
Y = dim (U* @ Vo W)°

Here and henceforth, we will use the notation V¢ for the subspace of V consisting

of vectors which are fixed under G-action

VE ={veV]gw=uVgecG}

From now on, we will only consider groups which are defined by polynomials, i.e,
there exists fi1,..., fr € Clz;; : 1 < 4,5 < n] such that G = {z € M, (C)|f;(z) =
0,2 =1,...,r}. Such groups are called linear algebraic groups. For such groups we
restrict ourselves to representations which are given by polynomials.

2. SOME EASY EXAMPLES

In this section we consider a few examples of linearly reductive groups where the
problem posed in previous section is trivial

2.1. G = C*. Prof. Weyman’s Invariant Theory: Homework 1, problem
1Let p: G — GL,(C) be a representation of G. Consider the set

S = {2/ . knel}cq

consisting of elements of finite order in G. Clearly under the map p elements of S
are mapped to certain n X n matrices of finite order (hence diagonalizable) which
pairwise commute. Thus we know that p(S) can be simultaneously diagonalized.
Assuming this done, p maps S to the subgroup of GL, consisting of only diag-
onal matrices D,,. The assumption of representation being regular implies that
p(G) C D,,. Thus p = p; ®...® p, where for each i, p;(z) = z* is a representation
of dimension 1.

Thus if for each m € Z we define p,, : G — GL1(C) = C* by z —— 2™, then
Q¢ ={pm :m € Z} and
an@Dpn = Pm+n
One can consider the algebra A = C[z,27!] together with G acting on z by

multiplication. Then
A=@er =P,
newL neZ
So the solution of the problem stated in last section is:
- 1 if . p=m-+n
m,n 0 otherwise
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2.2. G = SLy(C). Prof. Weyman’s Invariant Theory: Homework 1, prob-
lem 5Now take G to be group of 2 x 2 matrices of determinant 1. One natural
choice of representation of G is V = C? and p : G — GL2(C) is just inclusion. Let
A = Sym(V), i.e, if x,y is a basis of V then A = Clz,y]. Let Ay be the space of
degree d homogeneous polynomials from A. Tt is known (and we will see a proof in
next section) that in this case

Qg ={A4:d € Z>o}
and we have following decomposition of tensor product (assuming d > d’)
Ai®@ Aw = Agvar © Adrar—2 © Adyar—a® - & Ag—ar
Therefore the problem TPM has solution (Clebsch-Gordon rule)

Cdu _ 1 if d+ d —d’ & QZZO and d”’ > |d — dl|
d,d’ 0 otherwise

3. REVIEW OF THE THEORY OF SIMPLE LIE ALGEBRAS

3.1. Glossary. For a simple Lie group G, g will always denote its Lie algebra, h will
be the Cartan subalgebra of g (CSA for short) R C h* will denote the root system,
IT a base of root system, R4 positive/negative roots. We will always enumerate

I={ag,...,an}

The elements of II are called simple roots. s; = s,, € Aut(h*) called simple
reflections and W C Aut(h*), the group generated by s;s is called the Weyl group.
g is generated by elements {f;, ks, €; }i=1,... n together with following relations

(his hj] =0, [hi,e;] = aijej, [hi, f;] = —aij f5, leq, fi] = dijhi

(ad(e:)' =" (e;) = 0

We choose w; € h* by requiring w;(h;) = J;; (called fundamental weights). Set
P = ®,;7Zw; and QQ = ®;Za; called weight lattice and root lattice respectively. For
any representation V' of g we denote

V(v) = {v € Vlh.v = v(h)vVh € b}
called weight space of V' of weight v € h*. It is easy to check that
eV(y) CV(y+a), fiV(y) CV(y—a;)

We define an ordering on P by saying A > p if A\—p € Q4. This justifies the names
“raising operators” for e;s and “lowering operators” for fs.

In this case the finite dimensional irreducible representations of G are parametrized
by Py, ie, Qg = Py. The correspondence maps every A € P, to unique fi-
nite dimensional irreducible representation V) which is characterized by requiring
Va(p) # 0 implies p < A (that is, A is highest weight).
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3.2. Rank 2 case. Let us work out the rank 2 cases. Let R be irreducible rank
system of rank 2. Choose two linearly independent vectors «, 3 € R at an acute
angle with each other (exist since R spans R? and is invariant under reflections

through o). Set
2||8]| cos 8
k= A, = WPHCSY 4 e
27 ol e

Then 0 < kl = 4cos? 6 < 4. Assuming | < k, we have following possibilities:
(A2) 1 =1,k =1 The Cartan matrix is

a=(43)

«

with root system

a1 + Qo

./
/\

—0p — Qg —Q2

—aq

In this case the Weyl group W is generated by two reflections s; and so
modulo relations: s? = s3 = (s182)% = 1. The corresponding Lie group is
SLj3 and Lie algebra sl3. A concrete realization of these basis elements is
given in next section. In this case the fundamental weights are computed
as:

2001 + g a1 + 20
W) =——", wWg=—7"

! 3 2 3

(B2) 1 =1,k =2. The Cartan matrix is
2 =2
=(47)
% a1+ as 201 + a2

I

720[1 — Q2 —Q1 — Q2 — Q2

And root system is:

The Weyl group is generated by s, s modulo the relations: s = s3 =

(s152)* = 1. The corresponding Lie group is Sp(4) with Lie algebra sp(4)
A concrete realization in this case is given in next section. The fundamental
weights are computed as:

1
w1:a1+§a2, wy = a1 + Qg
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ot

(G2) 1 =1,k = 3. The Cartan matrix in this case is:

2 =3
(47
And the root system is:

30(1 + 20&2

Qg o + as 2001 + s 3a1 + as

— Q7 . (65}

—3a1 — as —201 — aip —Q1 — Qg —aQg

—30[1 — 20(2

The Weyl group is again generated by si, so modulo relations: s
(s152)® = 1. The fundamental weights are computed as:

w1 = 20&1 + Ao, Wy = 30&1 + 20[2

4. EXAMPLES OF SL3(C), SL3(C) AND Sp(4)

First we finish the proof in the case of G = SLs. Its Lie algebra is g = sl
consisting of 2 x 2 matrices of trace 0, which has basis

() =G h) =)

together with relations

[h,e] =2e, [h,fl=-2f, [e,f]=h
If V is a representation of g then first we can choose a non-zero eigenvector v,
of h with eigenvalue ¢ € C. One can easily check that e.v. = veq2 and fv, = ve_s.
Thus the subspace of V' consisting of eigenvectors of h is a subrepresentation of V.
In case V is irreducible, this means that h acts by diagonal matrix on V. Moreover
choose (maximal) part of basis of V' given by iterated action of e:

Vd %e Vd—2 e %e Vd—21
It is easy to check that this is subrepresentation of V' and hence equal to V. More-

over | +1 = dim(V). Finally the commutation relations among f, h, e yield that
d =1, in particular d € Z>.

In the example constructed in section 2.2, one can choose a basis x,y of C? such
that

ex=y, ey=0, fa=0, fy==z, ha=—-z,hy=y
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and the action of g is extended to A = C[z,y] by Leibniz identity, making A, an
irreducible representation of dimension d + 1 as follows:

f/d f/(d-1) f
yd = xyd’1 = nyd72 e — .’Ed
€ e/2 e/d

Now the decomposition Ay Q@ Ay = Agra & Agrar—2® -+ S Ag—q is easy to check.

4.1. Model algebra: the based affine space. To this end, it is clear that in
order to attack the problem TCM, one must follow following steps (this approach
was initiated by Gel'fand and Zelevinsky in “Canonical basis in irreducible repre-
sentations of gl; and its applications” in Group theoretical methods in Physics - II
(1983))

e Construct an algebra A together of G-action such that A breaks into direct
sum of irreducible G modules, each with multiplicity one (the term model
algebra is used sometimes to describe such an algebra)

e Construct a “nice basis” of this algebra.

For simple Lie groups, it is well known that (as right G-modules)

CINT\G] = @ Vi

AEP,
That is, the algebra of regular functions on G which are invariant under left mul-
tiplication by elements of N~ is the required “model algebra”. Thus we have to
come up with a “nice basis” of C[G]V .
4.2. G = SL3(C). In this case g = sl3 has basis
hi = En1 — B, ha = Eag — Es3,e1 = Er,e2 = Eog, [e1, €3] = Ei3

and f; = el'. Here E;; is matrix with 1 on (4, j) position and zeros everywhere else.

1 0 0
N~ = a 1 0 |labceC
b ¢ 1

The algebra A = C[G]"  in this case consists of polynomials in entries of ma-
trices from G which are unchanged by row operations which change a row by some
linear combination of previous rows. Hence A is generated by following functions:

Di(A) =a1:(1=1,2,3), Ajj = a0 —aqa2;(1 <i<j<3)
with only one relation
D1Ag3 — DaAyz + D3Aa =0
g acts on A by following:

D2;>D1

~

D3
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A12

Hence the answer can be computed as: number of times A + v — 7y appears in
Vi ® V, is number of positive integer solutions to following system (together with
constraint that nomis = 0)

Aos

€1

ny1 + ng + n3g = Ay, mio + mi3z + Moz = Ag
ng +n3 + maz + (g — miz) =2y — 72
ng + miz + maoz — (N2 —miz) = 2y2 — M

ng +meoz < vy, Mz +ng < 1o

4.3. G = Sp(4). Prof. Weyman’s Invariant Theory: Homework 1, prob-
lem 3 c) Consider a vector space V = C* together with bilinear form defined by
matrix

0 0 0 1
0 0 -1 0
7= 0 1 0 O
-1 0 0 O

The group G = Sp(4) is defined to be the group of automorphisms of V' preserving
the bilinear form, i.e

G={AcGLM4)|ATJA=TJ}
More explicitly G consists of 4 x 4 matrices A satisfying
o 1 if (i,7) = (1,4)
0  otherwise

Therefore the Lie algebra g = sp(4) consists of all matrices X such that X7J =
—JX. The basis of this Lie algebra can be taken to be:

hi = E11 — Eag + E33 — Eyq,ha = Egy — E33
e1 = Eig + E34,e3 = Eng, [e1,e2] = E13 — Eag, [e1, [e1, e2]] = —2FE14
and f; = el.
Similar to previous case, N~ invariant polynomial functions on G are generated
by
and we have A1y = Aos. g acts on these functions by:

D, <" D,

N

D4<TD3
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A12

N\

Agy <—— Ay <=— Ag3

.

Ay
Moreover there are following relations among these functions
(Vl <1 <j <k< 4) DiA]‘k — Dink +DkA” =0
ApAsy + AT, = A3Asy

5. CLUSTER ALGEBRAS

5.1. Definition. Let m > n be two non-negative integers. Let F = Q(u1, ..., un)
be field of rational functions in m variables. A seed in F is a tuple ¥ = (x, B)
where
- Xx={x1,...,Tm} is a set of m free generators of F over Q.
- B = (b;;) is m x n matrix with integer entries, such that the square subma-
trix B = (b;j)1<i,j<n Obtained by taking first n rows (called principal part
of B) is skew symmetrizable (i.e, there exist n positive integers di,...,d,
such that diagonal(dy,...,d,).B is skew symmetric).
For each k, 1 < kNS n, we define mutation of ¥ in direction k as another seed
¥ = () if ¥ = (x/, B') where
- x' = (a,...,2.) are given by
rp=x;ifi#k

I+ + I [=bir]+

’ [bik
TrpTy = =17 i=17;

here we use the notation [b]+ = max(0,b).

- The matrix B’ = (b};) is given by

Yo — —byj if i=korj=k
| bij + sgn(bik) [bikbrj]+  otherwise

It is well known (and easy to check) that a) the principal part of B’ is again
skew-symmetrizable; and b) mutation is an involution (i.e, ug(ux(X)) = X). This
allows us to define equivalence relation: two seeds ¥ and ¥/ in F are mutation
equivalent if there exists a sequence (k1, ..., k;) such that X' = ug, ... ug, (2).

If ¥ = (X,B) is a seed of F, then the set X is called eztended cluster, x =
{z1,...,2,} is called cluster and x;, 1 < i < n are called cluster variables.

Note that by applying mutations we only change the functions z; 1 < ¢ < n.
Therefore if ¥ is mutation equivalent to ', then z; = x; for every n < j < m.
We refer to z; with n < j < m as coefficients. We fix the ground ring R as some
subring of Z[mf :n < j < m] containing Z[z,; : n < j < m, i.e,

Z[xni1y. -y xm] CRC Z[xfﬂ, e ,xi]

m
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Define the upper cluster algebra A(X) as subring of F consisting of functions

f € F such that for every ¥’ ~ X, f can be expressed as Laurent polynomial in
cluster variables of ¥/ with coefficients from R.

We define cluster algebra associated to seed ¥, denoted by A(X) as R-subalgebra
of F generated by all cluster variables belonging to seeds ¥’ ~ ¥. The following
result is known as Laurent phenomenon

A®) c AX)

5.2. Model algebra as cluster algebra. In this section I will describe a combina-
torial procedure to define cluster algebra structure on the model algebra C[N ~\G].
It is clear from previous part that we only need to define a matrix B to have a
cluster algebra. This matrix is computed in following steps:

(1) Choose areduced expression i = (41, ..., i,) of the longest element wy € W.

(2) Construct a valued graph I" whose vertices are {—r, —r+1,...,—1,1,2,...,n}.
There are two types of arrows in I'. To describe them we use the notation
[k]* for the smallest index [ larger than k such that iy, = 4; (for 1 < k < n).
For k < 0 the notation [k]T means the smallest index I (1 <1 < n) such
that il = —k.

(Horizontal arrows) k — I (no valuation) if I = [k]T.
(Vertical arrows) k < [ if k <1 < [k]* < [I[]T; together with valuation |bx| = |a].

Let B be the adjacency matrix of this valued graph, with rows labeled by vertices
of T' and columns labeled by vertices {i : 1 < ¢ < n, itexists}

The description of N~ invariant functions on G corresponding to each cluster
variable is slightly more involved and is skipped here for simplicity.
6. EXAMPLE OF Sp(4) REVISITED

In this section we illustrate the constructions of previous part in the case of
G = Sp(4). In this case the Weyl group has following presentation

W =< 51, 89|87 = 53 = (5182)* =1 >

Thus the longest element has two reduced expressions: iy = (1,2,1,2) and iy =
(2,1,2,1). The T for the fist reduced expression is:

-1—1—=3
—2—2—4

where the arrows between top and bottom rows are valued so as to have following
exchange matrix

0 -2
1 0
= 1 0
B= -1 1
-1 2

0 -1
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The isomorphism between cluster algebra with above exchange matrix and C[G]V
is given by
X_1 = D4, X1 = Dg, X3 = D1
X o=A3, Xo=Ay3, Xy=Ap
Let us denote this seed in C[N~\G] by £
In this case one can compute all the clusters, by using the relations for Sp(4):

e 11(X): The exchange matrix is encoded in following graph

—]1=<=—1=<=——-3

/|

<2 —>4

and all the functions except for the one at 1 remain unchanged. We compute
XD g
1 :
1) _ XoX 1+ X 2X5 _ DyAq3 + DAy —A
X, Ds 14
where last equality follow from relations described in section 4.3
e uop1(X): The exchange graph is given by:

X;

—1l<=—1<—3

I\

—2——2<—14
And the function at vertex 2 is obtained by

@ (Xl(l))Q + X_9X3 _ Aﬂ + A12Azy _
Xy = = = Ay
Xo AVE!

o uypopy(X): again we write the exchange matrix in the following form:

-1—1—-=3

RNAN

22— 92——>4
and the function X £3) is computed as:
_ XQ(Q)X;g + X3 X4 Aoy Dy + A12Dy

x® = = =D
! X{l) Ay ?

o fiopupapn (X):

—1l<~—1—>3

N

—2<—2<—14

2 2
The function X2(4) ends up being equal to DQA%MD“M which we compute

as:
D3A34 = Do(D3Agy — DyAs;)
D3A13 = Dy(DaArs — D1Aygy)
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Therefore, X\* = D,D3 — D1 Dy.
o pupioprprop (X):

-1—1<—3

L/

—2<—2<—14

and the function can be easily computed to be X{m = Ds.
e Finally one can check that (uapq)?(X) = X.

So as canonical basis of Sp(4), one can take monomials in X i(j ), such that no
monomial contains functions not belonging to same cluster (called cluster monomi-
als).
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7. APPENDIX: REVIEW OF THE THEORY OF SIMPLE LIE ALGEBRAS

In this section I will describe (very roughly) the major constituents of classifi-
cation theorem of simple Lie groups (simply connected). The classification takes
place in following steps:

e Lie’s Theorem
e The bijection between simple Lie algebras and root systems (irreducible)
e The bijection between root systems and Dynkin diagrams

7.1. Lie’s Theorem. For a Lie group G, one can define its Lie algebra g as tangent
space to G at identity, or equivalently as space of left invariant vector fields on G.
For our purposes (when G is defined as set of matrices satisfying certain polynomial
conditions), its Lie algebra can be computed by substituting x;; — t.;; + d;; in
the polynomial conditions and taking coefficient of ¢ as defining equation. That is,
if f(x) =0 for every & € G then set

d
fly) = £|t20.f(1n+ty+t2y2/2+'”)

Thus, if G is defined (as subset of M,,(C)) by equations f; = ... = f,. =0, then g
is defined (again in M, (C)) by fi=...= fr =0.

For instance G = SL,,(C) is given by X = (z;;) € SL, if and only if
d@t(X) = Z Sgn(o—)zla(l)IQU(Q) <o Tpo(n) = 1

ocES),

replacing x;; by tz;; + d;; in above expression yields
i

Thus its Lie algebra, denoted by sl, consists of matrices X = (x;;) such that

The Lie algebra comes equipped with bilinear map g x g — g denoted by
(x,y) — [z,y] which satisfies:
o [z,z] =0foreveryx €g
o [z,[y,2]] + [y, [2, 2] + [z, [z,y]] = O for every z,y, z € g.
Thus a finite dimensional vector space g over C together with bilinear map [., ]
satisfying above conditions is defined to be a Lie algebra.

Lie’s theorem asserts that, as long as we restrict ourselves to simply connected
Lie groups, the whole group is completely determined by its Lie algebra. Moreover
representation theory of Lie groups goes parallel to representation theory of g.

A representation of Lie algebra g is a linear map p : g — End(V) such that

p([z,y]) = p(x)p(y) — p(y)p(x)
We can obtain a representation of g starting from a representation of the group G
as:

d
exptX.v|i—o

Xo=2
YT
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7.2. Simple Lie algebras and Root systems. A root system R of rank n is a
subset of n-dimensional Euclidean space V' (i.e, a real n-dimensional vector space
together with inner product (.,.)) satisfying:

(R1) 0 € R, |R| < oo and R spans V.

(R2) For every «, 3 € R, we have

2(ev, 8)
A = Y/
" aga) ©
(R3) For every a € R, define s, € Aut(V) as
_ . 2na)
3(1(7) - (a’ Oé)

Then s, (R) C R.
We say R is reducible if V= V; & Vo and R; = RNV, gives R = Ry U Rs.
Otherwise R is said to be irreducible.

Given an irreducible root system of rank n, one can define a Lie algebra g as:

o= ()

where h = V* ®g C and each g, is one dimensional complex vector space. The
bracket on g is defined as:

[h,8a] =< a,h > ga, [8a,058] = Gats, [b,0] =0

One of the important results in theory of simple Lie algebras states that every
simple Lie algebra is obtained this way.

7.3. Root systems and Dynkin diagrams. In this section I will outline the
classification of irreducible root systems. Let R be an irreducible root system of
rank n. Firstly we can choose a base of R, denoted by II, such that II is a basis of V'
and every element of R can be written as linear combination of elements of II with
either all non-negative integer coefficients, or all non-positive integer coefficients.
To prove that such a subset of R exists, set H, = a- and choose some v € Upe pHy .
Choose one connected component C' of R\ H, and define Ry = RN C. II can be
taken to be elements of R, which cannot be written as positive combination of
other elements of Ry. Let
m={ay,...,an}
Set A = (a;;) defined by

2(04@, Otj)
(ai; o)

called the Cartan matriz. Define Dynkin diagram of R, I' as a valued graph with

A5 = €7

vertices {1,...,n} and a;;a;; arrows connecting ¢ with j. The notation ;<=3
indicates that a;ja;; = 2 and «; is longer than «;. Thus the root system is com-
pletely determined by corresponding Dynkin diagram. Finally following is the list
of all Dynkin diagrams:

An(n>1)1 2 3 n

B,(n>2)1 2 n—1l<—n
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Cn(n23)1 2 n—1=—n
D,(n>4)1
3 4 n
2
Fs 1 2 3 4 5
6
E71 2 3 4 5 6
7
Eg 1 2 3 4 5 6 7
8
Ff1—2=——3—14
Gy l=—==2
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