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1. DEFINITIONS

Let sly be the Lie algebra of 2 x 2 traceless matrices with complex entries. sly
has the following basis:

(00) (3 %) (0 )

The following commutation relations can be easily verified:

[hve] =2e [hvf] :_2f [eaf] =h

Definition 1.1. Let g be a Lie algebra over C. g[z,27!] := g®¢ C[z, 271] is called
the loop algebra, with bracket:

(XofYeg=[XY]e/fg

The same formula defines a structure of Lie algebra on g[u] := g ®c C[u] which is
called the current algebra. The current algebra has natural N grading by defining
deg(u) = 1. We have the following Lie algebra homomorphism:

exp : gz, 27"] — g[u]]
which maps X.z" to X.e™ for every r € Z.

Proposition 1.2. Let I be the ideal in U(g[z,27']) defined as the kernel of the
following algebra homomorphism:

Ulglz, z71)) —= Ug

Then exp : Ulglz,271]) — U(g[[u]]) respects the following filtrations on the
algebras:

a) Filtration on U(g[z, 27 ]) defined by the ideal I.
b) Filtration on U(g[[u]]) defined by the N grading on glu].
Moreover the extended exponential map on the level of completed algebras is an
isomorphism.
1
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The following are the main objects of study in this talk:

Definition 1.3. The quantum loop algebra of sly, denoted by UyLsly (or just U),
is a unital associative algebra over C(q) generated by K*', H,.(r € Z\ {0}) and
By, Fy, for k € Z, subject to the following relations:

(QL1) The generators K+, H,.(r € Z\{0}) commute. Let U° be the commutative
algebra generated by these generators. Define vy, ¢, € U° for each k € N,
another system of generators, defined by the following equations:

W(2) =Y P =Kexp | (g—q ")) Hpz"

k>0 r>1

¢(z) = Z@Lkzk =K 'lexp|—(¢g—q7") ZH,T,ZT

k>0 r>1
(QL2) For each k,l € Z we have:
By, )] = Mﬂm
q—4q
where we employ the convention that ¢_j = ¢, = 0 for each k& > 0.
(QL3) For each r € Z\ {0} and k € Z we have:

KE, K '=¢*E, KE,K'=q%F,

2r 2r
[HraEk} = %E’l’drk [HraFk] = _¥Fk+r

(QL4) For each k,l € Z we have:

Ew41E — E\Eyy1 = ¢*EREj11 — Ei By,
Fyi1F— q ?FiFyi1 = ¢ 2FeFiq — Fi By
Definition 1.4. The Yangian of sls, denoted by Yjsle (or just Y) is a unital

associative algebra over C[h] generated by h,, e,, f (r € N), subject to the following
relations:

(Y1) The generators h,. : 7 € N commute. Let Y'Y be the commutative subalgebra
generated by these generators.
(Y2) For each r € N we have:

[hanr} = 267" [h07fr] = _2fr
(Y3) For each r, s € N we have:
[erv fs} = hr+s

(Y4) For each r, s € N we have:

[hr+1a 65] - [hr7 65-&-1] = h(hres + eshr)

[hr—O—la fs] - [hr7 fs+1] = *h(hrfs + fshr)

(Y5) For each 7, s € N we have:
(eres + esey)

(frfs + [sfr)

[er+17 es] - [€r7 es+1]

=h
[fT+17fs] - [frafs+1] =h
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The Yangian has natural N grading by: deg(h) = 1 and deg(z,.) = r for each
e e fh}.

Proposition 1.5. At ¢ = 1 U,Lsly is isomorphic to U(slay[z,271]). Similarly at
h =0 the Yangian Yusly is isomorphic to U(sla[u])

PROOF

Let us write the defining relations of U(sly[z,27]) and U(slz[u]). These algebras
are generated by x.2* and z.u” respectively, where = € {e, f,h} and k € Z, r € N.
We claim that at the classical limit X, — z.2% (for the case of quantum loop
algebra) and x, — x.u" (for the case of the Yangian). This claim can be easily
verified using the definition of these algebras, which proves the required assertion.

CQFD

Definition 1.6. Let ¢ € C*. The specialization of U; at ¢ = € is denoted by Uk.
Similarly Y'sly denotes the specialization of Yysly at A = 1.

When we work with U,Lsly; and Ypsla, both ¢ and h are considered as formal

variables related by ¢% = e”.

2. REPRESENTATIONS OF QUANTUM LOOP ALGEBRA AND YANGIAN

Definition 2.1. Let V be a finite dimensional representation of U.Lsly. Let A =
(I : k € Z) be a collection of complex numbers. A non zero vector v € V' is said to
be highest weight vector of highest weight A if:

(1) Eyv =0 for every r € Z.

(2) v =1xv and ¢p_gv =l_v for every k > 1 and i € I. Also Yov = lpv and

Pov =1 L.
We say that V is a highest weight representation if there exists a highest weight

vector v € V' which generates V' as a U.Lsls module.

Similar to the construction of Verma modules for semisimple Lie algebras, one
can construct a universal highest weight module M (A) for any collection of complex
numbers A. Let V(A) denote its unique irreducible quotient. The following theorem
classifies all finite dimensional irreducible representations of U, Lsls:

Theorem 2.2. FEvery finite dimensional irreducible representation of U.Lsly is a
highest weight representation. Moreover given A = (I : k € Z), the irreducible
representation V(A) is finite dimensional if and only if there exists a polynomial
(called Drinfeld polynomial) (P(u) € Clu]);er, normalized so as to have P(0) = 1
such that:

- Plel/z) T
r _ _deg(P) _ 1 r
2 b =Ty Sl ) L
r>0 r>1

This polynomial determine the finite dimensional irreducible representation uniquely.

Definition 2.3. Let V be a finite dimensional module over Ysly. Given a collection
h = {¢,. € C: r € N} of complex numbers and a non zero vector v € V, we say v is
highest weight vector of highest weight h if:

(1) e,v =0 for every r € N.

(2) &wv = hyov for every r € N.



4 SACHIN GAUTAM

Again let M(h) be the Verma module over Ysly corresponding to the weight
h, and let V(h) be its irreducible quotient. The finite dimensional irreducible
representation of Ysly are classified in the following theorem.

Theorem 2.4. FEvery finite dimensional irreducible representation of Ysly is a
highest weight representation. Moreover V (h) is finite dimensional if and only if
there exists a monic polynomial (again called Drinfeld polynomial) P(u) € Clu]
such that

P(u+1)
1 r —r—1 —
+ Z& u P(u)
r>0
This polynomial uniquely determine the representation V (h).

In order to summarize the results stated above we have the following:

(2.1) Irr(Y) Irr(U)

|_|N20 CN/GN

Uyzo(C)Y/Sn

3. STATEMENT OF PROBLEM

In this section I will state the main problem(s) which form the foundation of the
bridge between Yangians and quantum loop algebras.

Formal setting: Does there exist an algebra homomorphism ® : U,Lsly — Yjsly
(completed with respect to N grading), such that ®|,—¢ = exp (see Proposition?

Numerical setting: Does there exist a functor F' : Rep(Y) — Rep(U) which
enlarges the diagram (2.1)) in the following sense?

(3.1) Rep(Y)— —————— — — > Rep(U)

Irr(Y) Irr(U)

UNZO CN/GN I UNZO((CX)N/GN

Some remarks are in order before we go to the solution of these problems.
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Remark 3.1. (1) The solution to the counterpart of the formal problem in fi-

nite dimensional setting is constructed using cohomological methods. More
explicitly, using the machinery of Hochschild cohomology, one can show
that there exists an algebra isomorphism between the quantum group Upg
and the enveloping algebra Ug[[A]] for semisimple Lie algerba g. However
this isomorphism is very hard to write down.

There is yet another (and better) analogue of the formal problem, which
arises in the study of affine and degenerate affine Hecke algebras. In this
analogous setting an algebra homomorphism was constructed by G. Lusztig
in early 1980’s.

The formal problem also has a geometric viewpoint (which also exists for
the Hecke algebras setting). Namely both the quantum loop algebra and the
Yangian admit geometric realizations (as defined by V. Ginzburg) using the
quiver varieties. This result was proved by H. Nakajima (for the quantum
loop algebra case) and M. Varagnolo (for the Yangian case). We will not
have enough time to go into the details of this beautiful area of mathematics
during this talk, however (commercial break!) V. Toledano Laredo will be
supervising a reading course on geometric representation theory in Fall
2010.

An affirmative answer to the numerical problem is believed to exist by
several mathematicians. As a matter of fact, the existence of F'is a “folklore
theorem”. However no explicit functor F' exists in literature.

4. SOLUTION FOR THE FORMAL CASE

In this section we state (and hopefully prove) an affirmative answer to the formal
question. More precisely we aim at constructing an algebra homomorphism @ :

UgsLsly — Y/ﬁs\[g which satisfies the following two natural constraints:

®|p—0 = exp as given in Proposition
|0 : UY — YO respects the Drinfeld polynomials (see below).

Let us begin by making precise the second constraint. Define the Drinfeld ho-
momorphisms:

Definition 4.1. Let N € N be a fixed positive integer. Define:

D%:

S(N) = (C[qilleil? e 7T]$1]6N

R(N) = (C[ha tla e >tN]GN
U° — S(N) is define by the following formal equation:

N

—1
qz—q T}
() =[] " =)
. zZ — Tj
Jj=1
Similarly DY : Y° — R(N) is defined by the following formal equation:
N
—ti+h
hw) =1+ 1S b=t = [ 2
>0 =1 v tj

Now the second constraint can be rephrased as requiring the commutativity of
the following diagram for each N € N.
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U

(4.1) 0 — 2N L S(N)

|
| \LCXP
A
0 R(N
Y T (N)
Theorem 4.2. Define d, € Y for each r € N by comparing the coefficients of the
following:
d(u) :=h» _deu”" " = log (h(u))

r>0

The ®° : U0 — Y0 defined by the following formulae makes the diagram
commute:

K— eﬁdo/Q

h rk

Hyr— o= > iy
k>0

Geometric Ansatz: In order to extend ®° as defined in Theorem 4.2l to an
algebra homomorphism ®, we impose an additional requirement, to be referred to as
geometric ansatz. We require that there exist g% (u) € Y°[[u]] such that ¢*(0) =1
and

e
P(Ey) = e
=t m!

_fm

o(Fy) = m
= m!

The origin of this ansatz lies in geometric representation theory (see Remark

51).

We are now in position to state the main theorem:

Theorem 4.3. There exists an algebra homomorphism of geometric type ® : U, Lsly —
Yislo. Moreover we have:

(1) @|p=0 = exp.
(2) If @' is another algebra homomorphism of geometric type, then there exists

—\ X
& e (YO) such that
O'(X) = £o(X)¢!
(3) Let J C UyLsly be the kernel of the following algebra homomorphism:

U, Lsl Ulsly[z, 271)) —= Usly

Then ® respects the filtration on U,Lsly defined by J (and the N-filtration

on }7;15\[2) Moreover ® extends to an isomorphism of completed algebras
(see Proposition for the classical counterpart).
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