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 k alg. closed field, V a k-VS of dim n

 For any nilpotent T∈ EndK(V), there is a basis 

for V in which T can be written as 

J1 0

⋱

0 Jr

with Ji =

0 1
⋱ ⋱
⋱ 1

0 pi×pi

Joint with R. Basili and A. Iarrobino

Jordan Canonical form of T

 p1 ≥ ... ≥ pr with p1 + … + pr = n      [p1,...,pr] a partition of n



Ex. n=4, J is the 4×4 Jordan block

J=

0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

J2=

0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

J3=

0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

J4=0

[4] [2,1,1][2,2] [1,1,1,1]

0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0

0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0



0 0 1 … 0
0 0 ⋱ …

0 ⋱ 1

0 ⋱ 0

0

J2 =

0 0 0 … 1
0 0 ⋱ …

0 ⋱ 0

0 ⋱ 0

0

Jn-1=...

0 1 0 … 0
0 1 ⋱ …

0 ⋱ 0

0 ⋱ 1

0

Jn =

Jn= 0

1 0 0 … 0
1 0 ⋱ …

1 ⋱ 0

0 ⋱ 0

1

In =

n×n n×n

J1 0

⋱

0 Jr

A = Ji is pi×pi , p1 ≥ ... ≥ pr

A     ≠ 0

A       = 0
p1

p1-1



Defn. For a nilp n×n matrix B with Jordan partition 
P=[p1 ,..., pr]

CB = {A ∈ Matn(k) | AB=BA}
NB = {A ∈ Matn(k) | AB=BA, An= 0}

Q. Jordan partition of a general A in NB ?

[Basili ’03] NB is an irreducible algebraic variety.

Q(P): the Jordan partition of a generic element 
of NB . Goal: Understand the map P ➔ Q(P)

Q(P) the biggest partition in NB (Order using 
orbit closure inclusion)



   If P=[n].
0 1 … 0
0 0 ⋱ …

… … ⋱ 1
0 0 … 0

Take {v1,…, vn} basis in which B is a Jordan block

If AB=BA then 0=Bv1=ABv1=BAv1 ⇒ Av1=a0v1.
ABv2=Av1=a0v1 ⇒ Av2=a0v2+a1v1.    ...

a0 a1 ... an-1

a0 ⋱ …

⋱ a1

a0

 Bv1=0, Bv2=v1, ..., Bvn=vn-1

A= ai ∈ k

B=
vn                                       v2      v1

. . . →Jn

A ∈ CJ ⇔ A=a0I+a1J+…+an-1Jn-1

A ∈ NJ ⇔ A=a1J+…+an-1Jn-1
k[x]/(xn)



Prop. [B] If B has Jordan partition P=[p1,…, pr], i.e.

A ∈ CB iff  A=

A11 ... A1r

… ⋱ …

Ar1 ... Arr

Aij is pi×pj in one of the following form

Jp1

⋱

Jpr

B=

s.t.

aii0 aii1 ... aiipi-1

aii0 ⋱ …

⋱ aii1

aii0

aij0 aij1 ... aijpj-1

aij0 ⋱ …

⋱ aij1

aij0

0 ... ... 0

… …

0 ... 0 aij0 aij1 ... aijpi-1

… aij0 ⋱ …

… ⋱ aij1

0 ... 0 aij0

i=j i<j (pi ≥ pj) i>j (pi ≤ pj)



a0 a1 ... ap-1

a0 ⋱ …

⋱ a1

a0

:=αqp
Ip

0

∈ Homk(kp,kq)

q×p

 αqp (a0Ip+a1Jp+…+ap-1Jpp-1)

=(a0Iq+a1Jq+…+ap-1Jqp-1) αqp

:=βpq ∈ Homk(kq,kp)
p×q

0 Ip

a0 a1 ... ap-1

a0 ⋱ …

⋱ a1

a0

q×p

p×q

 βpq (a0Iq+a1Jq+…+ap-1Jqp-1)

=(a0Ip+a1Jp+…+ap-1Jpp-1) βpq

p≤q

If p=q then αqp= βpq= I



. . .

. . .

1q 2

Kq

J βα

Kp

. . .

. . .

αβ= J αβ = J

q>p



. . .

. . .

1q 2

Kq

J βα

Kp

αβ = Jq αβ = Jp

βJ = β J αJ = αJ

q-p q-p



v

A6v = sw,  s a scalar 

 P=[4,3]

A7 = 0

w

β α

Q(P) = [7]

highest non-vanishing power of A ↔ longest path

size of the biggest part of Q(P)

V=V4⊕V3

A ∈ NB generic



 P=[4,3,3,1]
V=V4⊕V31⊕V32⊕V1

A9 ≠ 0
A10 = 0 Q(P)= [10,1]

 P=[3,1]

β α

J3

A2 ≠ 0
A3 = 0

V=V3⊕V1

Q(P)= [3,1]

A ∈ NB generic

A ∈ NB generic



 Thm. [B] Any partition P can be written as a union of  
almost rectangular sub-partitions. The minimum number of 
almost rectangular sub-partitions needed is equal to the 
number of parts of Q(P).  

Number of parts of Q(P)

 P=[p1,...,pr] is called “almost rectangular” if p1-pr ≤ 1

Ex. [3,2] , [3,3,3,2,2,2,2,2], ...

Ex. P=[5,4,3,3,2,1]

P=[5,4,3,3,2,1]
P=[5,4,3,3,2,1] 

So Q(P) has 3 parts.



[5,4,3,3,2,1][5,4,3,3,2,1]

 Q(P) has three parts.
 Q(P)=[12,-,-]

Oblak Conj: Q(P)=[12,5,1]

Oblak Conjecture



Ex (Oblak Conj. for Q(P))

P=[5,2,1,1] Q(P)=[6,3]P=[5,4,3,2,1] Q(P)=[9,5,1]



 P=[4,3], Q(P)=[7]

J4 f(J4) α h(J3)

l(J3) β J3 g(J3)
Agen=

0 cα

 dβ 0
Aad=

 P=[3,1], Q(P)=P

β α

J3

Ker Adim =2

A an n×n matrix 
with Jordan 
partition Q

dim Ker A= 
#parts of Q

X ∈ V4 , Y ∈ V3

Aad⎡X⎤
⎣Y⎦

⎡cαY⎤
⎣dβX⎦

=

⎡X⎤
⎣Y⎦∈ Ker Aad iff

Y=0 & X=
s
0

0
0



 P=[4,3,2] Q(P): 2 parts ( [7,2] )

α3

 β3 α2

 β2

A =

β3 α3

β2 α2

X ∈ V4 , Y ∈ V3, Z ∈ V2

A 

X
Y
Z

=
αY

βX+αZ
βY

X
Y
Z
∈ Ker A iff Y=0 and βX+αZ=0

x4 x3 x2 x1

z2 z1

X
Z

x1x2

z1

x3

z2

dim Ker A=3
A  “special”

Aad=
J2

and βY+JZ=0

⇒JZ=0⇒z2=x3=0 



  Q(P) is stable, i.e. Q(Q(P)) = Q(P).

Fix B with Jordan partition P, for any A∈NB

A and B commute and are both nilp. 
k[A,B]=k⟦x,y⟧/IA,B      (IA,B: ideal of relations)

 Artinian algebra 

 [BI] If A is generic then the Hilbert function of  
k[A,B] is the dual partition of Q(P).

 [KO] If A generic then k[A,B] is Gorenstein.

 Macaulay’s characterization of Hilb of such rings.

 [BI]Q(P)=P iff any two parts of P differ by at least two.



Currently: For Aad, k[Aad,B] is Gorenstein with Hilbert 
function dual to the expected partition according to 
Oblak conjecture. (standard basis technique) 
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 P=[p1,...,p1, ... , pr,...,pr]           p1 > ... > pr

n1 times nr times

π:CB ➔ semi-simple part ⊂ Mat (k)×...×Mat (k)n1 nr

NB= π-1(nilp)
UB= π-1(strictly upper triangular)

 UB ⊂ NB

 ∀N∈NB  ∃C∈ CB  s.t. C-1NC ∈UB



Ex. P=[4,3]

A ∈ CB  generic

a a’ a’’ a’’’ c c’ c’’
a a’ a’’ c c’

a a’ c
a

d d’ d’’ b b’ b’’
d d’ b b’

d b

π(A) = ([a] , [b]) ∈ Mat1(k)×Mat1(k)

A ∈ UB ( =NB) iff a=b=0



Ex. P=[4,3,3,1]
A ∈ CB  has the form
a * ✰ ❍ * ✰ ❍ * ✰ ❍ *
0 a * ✰ 0 * ✰ 0 * ✰ 0

0 0 a * 0 0 * 0 0 * 0

0 0 0 a 0 0 0 0 0 0 0

0 * ✰ ❍ b * ✰ b’ * ✰ *
0 0 * ✰ 0 b * 0 b’ * 0

0 0 0 * 0 0 b 0 0 b’ 0

0 * ✰ ❍ c’ * ✰ c * ✰ *
0 0 * ✰ 0 c’ * 0 c * 0

0 0 0 * 0 0 c’ 0 0 c 0

0 0 0 ✰ 0 0 ✰ 0 0 ✰ d

π(A) = a ,,
b b’

c’ c
d

A ∈ UB  iff a=b=c=b’=d=0

V=V4⊕V31⊕V32⊕V1

A9 ≠ 0
A10 = 0 Q(P)= [9,1]

∈ Mat1(k)×Mat2(k)×Mat1(k)


