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Joint with R. Basili and A. Iarrobino
@ K alg. closed field, V a k-VS of dim n

@ For any nilpotent Te Endk(V), there is a basis

for V in which T can be written as

Ji O 0. d
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Jordan Canonical form of T

>prwithpr+ "+ pr=n [p1,....pr] @ partition of n
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Defn. For a nilp nXn matrix B with Jordan partition

P=[p1,..., pr]
Cs = {A € Mat(k) | AB=BA}

Ng = {A € Matn(k) | AB=BA, A"= 0}

Q. Jordan partition of a general A in Ng ?

@[Basili ‘03] Nz is an irreducible algebraic variety.

@Q(P): the Jordan partition of a generic element
of Ng . Goal: Understand the map P = Q(P)

@Q(P) the biggest partition in Ng (Order using
orbit closure inclusion)




If P=[n]). Take {vi,"**, va} basis in which B is a Jordan block

0. 1. -ust
B=|0 O

Bvi=0, Bvz=vj, ..., Bvp=Vnai

| n V2 Vi

. ) e L@

If AB=BA then O=Bv;=ABv;=BAv; = Av;=apVi.
ABv2=AvVi=aoV:i = AV2=aoV2+a;Vi.

do Qi st “Anlt

A & CJ' &~ A:doI.'.alJ.l_-.._l_an_lJn_l

AE N & A=a;T++an1J"!




Prop. [B] If B has Jordan partition P=[p;,***, pr], i.e. B=

A
A e Giff A=

Arl

Alr

Arr

s.t. Ajj is piXp; in one of the following form

i<j (pi2 p)) i>j (pi < pj)

Clijo




qxp

Ogp (aoIp+aiTp+: +ap1TpP ) Bpq (a0Iq+aiTq+  +ap-1TP)

=(aolq+aiJq+ " +ap-1TP") Ogp =(aoIp+aiJTp+- " +ap-1TpP) Ppq

If p=q then Otgp= Ppq= I










@ P=[4,3] V=V,DVs3
A € Ng generic

Vv wW
A®v = sw, s a scalar A“A‘ \‘/ \‘/

A" =0
Q(P) = [7]

highest non-vanishing power of A < longest path

size of the biggest part of Q(P)




@ P=[3,1] V=V3:DV;

A € !Ng generic
A% £ 0

@ P=[4,3,3,1] : ‘ 3 ;
V=V, BV3 V3BV \T/ \1/ \[/

A € !Ng generic

A +0
A0 =0

Q(P)= [10,1]




Number of parts of Q(P)

P=[py,....pr] is called “almost rectangular” if p,-p- < 1

E_x° [312] ’ [313/3/2/212/2/2]/ oo

Thm. [B] Any partition P can be written as a union of
almost rectangular sub-partitions. The
needed is equal to the

Ex. P=[5,4,3,3,2,1]

p=[ 1313121 ]

So Q(P) has arts.
P=[5,4,3,3.2,1] g




Oblak Conjecture

[5,4,3,3,2,1] [5,4,3,3,2,1]
\.\/\/\ i \\. A,
IR \ 1\1
& #4

@ Q(P) has three parts.
o Q(p)z[lzl_l_]

Oblak Conj: Q(P)=[12,5,1]




Ex (Oblak Conj. for Q(P))

@ P=[5,4,3,21] Q(P)=[9,5,1] @ P=[5,2,1,1] Q(P)=[6,3]
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o P=[4,3], QP)L7] | o P-(3.1], Q)P

A an nXn matrix

NI

#parts of Q

34 F(J4) [0 h(J3)

Xevi,veVvs [Xe kerau

Xell 2 Ecourdee
R Y1 ™ Lagx 0 B




Q(P): 2 parts ( [7,2] )

AVAVAV
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XeV,,YeVs;, ZeV;

X
Z

X xY
Y BX+az

g BY dim Ker A=3
A “special”

€ Ker A iff Y=0 and BX+xZ=0




Fix B with Jordan partition P, for any A€Ns

A and B commute and are both nilp.
k[A,Bl=k[X,y1/Iaz (Ing: ideal of relations)
Artinian algebra

@ [BI] If A is generic then the Hilbert function of
k[A,B] is the dual partition of Q(P).

@ [KO] If A generic then k[A,B] is Gorenstein.

Macaulay's characterization of Hilb of such rings.

@ [BI]Q(P)=P iff any two parts of P differ by at least two.

@ Q(P) is stable, i.e. QQ(P)) = Q(P).




Currently: For Aqd, K[Add,B] is Gorenstein with Hilbert
function dual to the expected partition according to
Oblak conjecture. (standard basis technique)
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P:[P1,...,P1, N Pr,...,Pr]

n; times n. times

M: (s = semi-simple part ¢ Mat, (k)X...xMat, (k)

Ng= m(nilp)

U= mrY(strictly upper triangular)

@ Us C N3
@ VNeNs dcCe (; s.t. C'INC €Us




Ex. P=[4,3]

A € (3 generic

m(A) = ([d] , [b]) € Mati(k)xMati(k)

A € Us (=Ng) iff a=b=0




Ex. P=[4,3,3,1]
A € (g has the form A € Us iff a=b=c=b'=d=0
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€ Mati(k)xMatz(k)xMati(k)




