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Assume 1 < g < p < w0 and let r be such that 1/r = /g — 1/p. Define

1Y |l(q.p) = inf {ZHAiH%HZinHBz'!% Y =Y (Ai®I)Zi(B; ®I)} :

If p < g, define

I(AQ )Y (B ®I)||q}
Ylpa) = '
1Y lw.a) i}}g{ [A]|2r || Bl2r

Theorem. Let Y,W € M,, ® M,,, and p’, ¢’ be such that 1/p + 1/’ = 1 and
/g +1/¢ = 1. Then

a) triangle inequality: ||Y + W|| < [|[Y|| + [|W];
b) Holder’s inequality: |tr(YW)| < [[Y[l(p) Wl (.03
c¢) duality:

HY”(p,q) = SUp{|tr(YW)| : ||W||(p/7q/)
HY”(‘LP) = Sup{|tr(YW)| : ||W||(q’,p’)

<1}
<1}
d) Y1 ®@Yallpg) = [IY1llplY2llg:

e) HY”(p,p):HYHp;

f) if Y is diagonal, then [[Y]|(, 4 = (tri(tra [Y'|2)¥a) e,



Proof. a) If p<gq,
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HYH(p,q) + HWH(p,q)

If ¢ < p, 4A;, B;, Z; such that

N

Y = Z(Ai®I)Zi(Bi®I),
then
1Y ) + € = D I Aillel| Billar | Zill = S1.
Similarly 3C;, D;, X; such that
W =Y(Ci®DNX{(Di®1),

then
Wl + €= D IC: 20 | Dill2r | Xl =2 Sa-

(2

Hence

”YH(q,p) + HWH(qm) +2e=25+85 = HY + W|’(q7p).

b) Let ¢ < p. For any decomposition

W = Z(Ai ®1)Z(B;®1),



we have

[tr(YW)| =

(ZYA@I B®I)

Zm (A ®1)Z;(B;®1))| =

:2|tr (Bi® DY (A; @ 1)Z;)| <
ZH (Bi@DY (A ®@1)|qll Zillg <
\leAiHzrllBillerYll(p,q)HZinf-

Now observe that
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and ¢ < p implies p’ < ¢'; therefore
[ tr(Y W) < Y Nl o) Wl ) -

There is no need to check the case p < ¢ since both norms appear in
the inequality.

c) Let p < q. It follows immediately from the definition that
1Y ll(p,q) = ZUE{H(AC@I)Y(B@I)Hq [ All2r < 1,[|Bll2r < 1}

Using duality for the ¢ norm, we get
1Y lp.q) = ;lépz{ltr((A@ﬂ)Y(B@I)Z)l N Zlg < L IAll2r < L [1Bll2r <1} <
< swp {{u(Y(A@DNZBN): [ AlllIBlarlZlly < 1} =

= ASlépZ{ltr(YW)l W =(ARNZBI),[|AlBllZlly <1} <

< sup{[ tr(Y W)= Wl gy < 1)

and the last inequality holds since the condition involving the (p',q")
norm allows for more decompositions of W. Now, from Holder’s in-
equality, we have

[ tr (YW < Y Nl o) W ll 7.



hence
stlvp{ltr(YW)l Wy <13 < 1Y llpgy-

Therefore, combining the two inequalities, we obtain

1Y lipay = sup{lex(Y W) Wl g < 1}

Now consider the case ¢ < p. Again using Hélder’s inequality, we
deduce

sup{ e (VW) [Willeg ) < 1} < ¥ lg)-

Thus it is sufficient to find W such that
[ tr(YW)[ = Y[l (qp W ll (¢ p1)-

Consider the space Mpy, with the |-[|(;,) norm. Y € M, so, by a
corollary of Hahn-Banach theorem, there exists a linear functional f :
M — C such that f(Y) = [[f[[[[Y|(4,)- But every linear functional
f on My, can be written as f(Z) = tr(ZW) for some W € M.
Hence we have

171 = sup{£(2)] 12l < 1} =
= sup{[tx(ZW) ¢ |21 < 1} = W )

where the last equality holds by the previous duality statement. Fi-
nally observe that

[tr(YW)| = |f(Y)] = ||f||”Y||(q,p)

to get the desired equality.

Consider the sup norm first.
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For /s = 1/q+1/p, we have [|[YW||s < [|Y||¢||W]|,. We use this property
for the three matrices in the numerator of the fraction above:

[A@ ||| Y |lpl| B @ 1o }
Y < sup{ = |Y]p.
| H(p’p) A,B [ Alloo | Bl oo ¥l

)




On the other hand, choosing A = I and B = [ yields

Y
==Y,

”YH(;D,P) Z 1.1

therefore we have equality. Now consider the inf norm.

Yl gppy = inf {Z||Ai||00”ZinHBiHOO Y =) (Ai®1)Zi(B; ®I)} :

For any decomposition of Y

Y1, <Y IA@DZi(B;@ D), <
< D WAool Zillp | Billoo < 1Y 1l -

On the other hand, for the decomposition Y = (IQI)Y (I ®I) we get
Y e < 1-1Ylp -1 = 1Y lp,

therefore we have equality.

O]

Let p > ¢. Using the equality [|Y||(,,) = [|Y], from the theorem above, we
can rewrite the (p,¢) norm as

9

(A DY (BRI (4 }
Yl pg) i= |
1Y || (,0) SAUE{ | All2r || Bll2r

similarly, the (¢, p) norm becomes

1Yl(g,p) := inf {ZHAinrHBz’H%HZi||(p,p) Y =) (Ai®I)Zi(B; ®I)} :

Notice that, in the first case, the pair (p, ¢) on the left hand side is decreased
to (g, q) in the definition; in the second case, (g, p) is increased to (p, p).
We now proceed to generalize the norm to the product of three spaces us-
ing the observation above. Consider the space M, ® M,, ® M} and set
||Y||(p7p’p) :=||Y||p. Let p > q. If we change (q,q,p) to (p,p,p), we set

1Y [(g,q,p) := inf {ZHAi ® Bill2+|1C; @ Dillon | Zill pppy 1 Y = D (4 ® Bi ® 1) Zi(Ci ® D; ®I)} ;

b}



if we change (p,p, q) to (¢,q,q), we set

sy {UASEODVCEDE Diigns)
ol [A®BlAC® Dl
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HY”(PJMJ) =

if we increase ¢ to p in (q,p, s), we set

1Y (g,p,s) = inf {2||Ai||2r\|3i!2r||Zz'||(p,p,s) Y =) (A®IQIZi(B; ®I®1)} ;

finally, if we decrease p to ¢ in (p, q, s), we set

HARIQDY(BRI®I)| (44
Y :: bh- & .
1Y [lp,q,5) ?41,1}9){ || All2-]| B2~ }

This process gives a norm that satisfies Holder’s inequality and duality. In
the same way one can generalize to a product of more than three spaces.




