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Focusing mKdV Equation on R x R

w = w(z,t) (x,t) e R xR
wt + wzwx + Wz = O
w(z,0) = wo(z) € CT(R)
S B
wo(x) ~ Y72 ga; - (£x)Pk as x — oo
° a:,alz eR
e freR
® O > Or+1

e 3. — —0c0 asS k — oo

e Bo<3



The Spaces S#(R x I) and SP(R)

6 e R, I C R interval, feC®RxI).

f(z,t) € SB(R x I) if there exists a pair of
formal power series where g = 8

oo

> ap () ()P
k=0
asymptotic to f(x,t) as x — *oo.

i.e. for every J C I compact, N,i,5 > O
there exists Cj; ; > 0 such that

< Cy N,y lo)PN+177
k=0

0104 (f(w,t) IO (iw)ﬂ’f)

forany x> 1 and t € J.

o f(z) € SA(R) if the a; are independent
of t.



Main T heorem

e For any 3 < 5 and for any wg € S#(R)
there exists 7' > 0 and a unique solution
w(z,t) € SP(R x [0,T]) of the focusing
MKdV equation.

2
wi + wwg + Wegre = 0

w(z,0) = wo(z)

e If 5 is the smallest index such that
a;" =0 (resp. a; #= 0) then the
coefficient aj_(t) ( resp. aj_(t) ) in
the asymptotic expansion of the
solution is a nonvanishing continuous
function of ¢t and all preceeding
coefficients are identically zero.

w(z,t) ~ a()-(£2)% + Y af(t)-(xz)
k=j+1

as r — o0



The Spaces FA(Ry x I) and FBA(RL):

B eR, I CRinterval.

@)

FP(RixI) = { S aif () (£2)0% | ay, By, satisfy
k=0

o a(t) € C®(I)

® fo=2p0

® Ok > Br+1

o 3, — —00 as k — oo

f(z) € FP(Ry) if the a5 are constants.



Formal Solutions

A pair of series fi € FB(R4 x I)
with f+(-,0) € FA(R4) that are
solutions is called a formal solution.

If fr =02 gaib(t) (£2)% is a
formal solution then

ft+f2f:c+f:c:v:vzo

A
00 00 5, oo
> ap() e + ( > ax(t) :vﬁk) ( > ag(t) By xﬁk—l)
k=0 k=0 k=0
+( 2 @ BB~ 1) (B - 2% 3) =0
k=0

By comparing coefficients of x5k

a, = P(ag, a1, ..., ax)

where P, is a polynomial.



Asymptotic Solutions

e ST°(R x I) is the space of functions
asymptotic to O.

e ST°(R) is the space of Schwarz
functions.

o f(x,t) € SB(R x I) is called an
asymptotic solution if

frd F2fo+ foze = g € ST®R x I)
f(x,0) —wo(z) = wuplx) € STC[R)

Asymptotic solutions are constructed from
formal solutions by a standard procedure
found in WDO theory,

F? — g

@)

> ap(®) 2% — f(a,1)

k=0



Genuine Solutions

o If

©.@)
Fo, )~ S aE (D) o

k=0
and u(z,t) € ST°(R x I) then

@)

u+f~ > a];t(t) 2k

k=0

o If f(z,t) € SP(R x I) is an asymptotic
solution and w(xz,t) = u(x,t) + f(x,t)
IS @ genuine solution then

2
wi + wwg + Wegre = 0

SN
ut + UQUCB + Ugzxr + (UQf)x + <f2u)x +g = 0
u(z,0) = ug(x)
e g(z,t) € ST®°(R x R)

e up(z) € ST(R)



Obtaining a Solution by Discretization

Take h,k € (0,1) and let x,, := nh, tj 1= 71k
for n,j € Z, and u(zn,t;) := u, ;.
Define discrete derivative operators,

uw(xz + h) — u(x)

Dyu(x) =

h
Du(z) = u(z) — Z(w — h)
Dou(z) = uw(xz + h) —u(x — h)

2h

Discretize the new equation

2 2
Dt yunj + up jDotnj41 + DI D—up jp1 +
+ 2fn jun,jDotn, j+1 + 2fn j(f2)n jun,j+1 +

(foIn,jtn,junj+1 + fio D041 + gnj = O



e Define
Qju = u%jDou -+ D?|_D_u + 215, jun,jDou +

2fn i (fednju + (Fo)njunu + f2:Dou
o Pju:= (I—I— kQJ> u.

e Discrete mKdV becomes

Pjuj+1 = uj — kg;

e After several estimates

(Puu)g > 5l

which implies Pj IS invertible at least for
a finite amount of time T

o (wv)g, = (@u,(@)v); +

<+ ((:13> D?l_u, (x) D:O’I_v) L2 <+ <D;E’|_u, D:E’I_v) L2



e [ he discrete solution satisfies the esti-
mate

|27 (1Y uC )] 2 < Oxvm

for t; € [0,T].

Smoothing Operator: Stummel (1967)

(Ipu) (x) = Z w(z;) (Sin 7(x) — x))

[=—00 %(wl - z)

Properties: If w = u(zn) € L2 and [u:=U
then

o U c C®(R)

e U(xp) = u(xp) if xn =nh for n € Z.

12



Apply I to v in £ and in t to obtain a
family of smooth functions Uk
for h,k € (0,1).

The estimates imply that the family is
equicontinuous and uniformly bounded
in h,k.

By Arzela-Ascoli Theorem there is a
convergent subsequence and a limit
function U.

By taking limit of discrete equation we
see that U satisfies the equation.

The discrete Schwarz estimates and
smoothing operator estimates imply that
U lies in ST (R x [0,T]) Q.E.D.



Related Results

Theorem: Kappeler, Perry, Shubin, Topalov
(2007)

Global existence and uniqueness is true for
the defocusing mKdV equation

2 —
wt — W wWg + Wrgr = 0

with w(z,t) € SB(R xR) for 8 < % and

a,oi IS independent of ¢t.

Theorem: Bondareva (1985)
Global existence and uniqueness is true for
the KAV equation

W + wwg + Wege = 0

with w(z,t) € SB(R x R) for 8 < 1 and

a,olL IS independent of t.

Theorem: Menikoff (1972)
Global existence is true for KdV in a class
larger than S°(R x R) with 8 < 1.



Another Related Result for KdV

Theorem: Kenig, Ponce, Vega (1997)
If

wo = az” +ap_12" 14 +ajz+ag+ f(@)
k is odd, a; > 0, f - Schwarz function,
then the KdV equation has a unique global
solution w(z,t) € C*°(R x [0,00)) satisfying
the condition:

For any T > O there exists Cp > 0 such that
for (z,t) e R x (0,T)

|
L. Ju(z,t)| < Cp+ E
2. |Opu(z,t)| < Cr+ 1
3.

/T (/OO (1 +1et) 0%u(w,t>\2dw) dt < Cr;

0] — 00

for y =2,3,...

N|—



Future Work

1. Prove global existence for focusing mKdV,
i.e. construct a solution

w(z,t) € SPR x R)

for ﬁ<%.

2. Use the same method to solve other
equations, e.g. NLS .



