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Abstract

Mixing is an operation which yields subgroups generated by involutions of a
larger group of the samekind. When it is applied to the product of the automor-
phism groups of two regular polytopes, one talks about the mix of the polytopes.
This paper is concernedwith conditions under which the mix of two regular poly-
topes is again a regular polytope. In the important special caseof a mix of a
polytope with one of its faces, fairly generalresults about the polytopality of the
mix are obtained. In particular, the casewhen the mix is isomorphic to the original
polytope is characterized.

1 Introduction

In recen years,the classicalnotion of a regular polytope hasbeengeneralizedo abstract
regular polytopes (see Coxeter [4], Grunbaum [8], Danzer-Stwulte [6] and McMullen-
Sdwlte [13]). Thesepolytopesare conbinatorial structures with a distinctive geometric
and topological Ravour, which resenble the classicalregular polytopes.

In the modern abstract theory, the mixing of polytopesor groupsare important oper-
ations. The techniqueis extremely versatile,and many constructionsof regular polytopes
which have appearedin the literature can be subsumedunder its heading (for example,
see[11,12,13]).

"MSC 1991: 51M20, Polyhedra and polytopes; regular bgures,division of space.
Partially supported by NSA grant MDA904-99-1-0045
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In the presen paper, we introduce the notion of a mix of two regular polytopes,and
study conditions under which this mix is again a regular polytope. In the important
special caseof a mix of a polytope with one of its faces,we obtain somefairly general
results about the polytopality of this mix. In particular, we characterizethe casewhen
the mix is isomorphicto the original polytope.

After reviewing basicnotions in Section2, we illustrate mixing operations and debne
the mix of two regular polytopesin Section3. In Section4, we then discussproperties of
the mix of aregular polytope with aface. Finally, in Section5, we endwith someremarks
about the connexionsbetweenmixing of abstract polytopes,and blending of realizations
of abstract polytopesin euclideanspacegsee[9]).

2 Basic notions

We follow the terminology of [13] (and [12]). An (abstact) polytope of rank n, or simply
an n-polytope, is a partially orderedset P with a strictly monotonerank function whose
rangeis {" 1,0,...,n}. The elemertts of rank j are called the j-faces of P, or vertices
edgesandfacetsof P if j = 0, 1or n" 1, respectively. The Bags(maximal totally ordered
subsets)of P ead cortain exactly n+ 2 faces,including the unique minimal face F; ; and
unique maximal face F,, of P. Further, P is strongly Bag-connected Finally, if £ and G
arean (j" 1)-faceand an (5 + 1)-facewith F' < G, then there are exactly two j-facesH
suh that ' < H < G.

An n-polytope P is regular if its (automorphism) group I'(P) is transitive on its 3ags.
Let ® .= {F 1, Fo,...,Fn 1, F} be a bxedor base Bag of P. The group I'(P) of a
regular n-polytope P is generatedby distinguishal geneators po, ..., pni 1 (With respect
to @), where p; is the unique automorphism which keepsall but the j-face of ¢ bxed.
Thesegeneratorssatisfy relations

(pip)? =¢ (i,7=0,...,n" 1), (2.1)

with
pi =1 pj=pi! 26@# ), pp=2if " g 2 (2.2)

The numbersp; := pji1j (= 1,...,n" 1) determinethe (Schkfii) type {p1,...,pn 1}
of P. Further, I'(P) has the intersection property (with respect to the distinguished
generators),namely

S0 | i %I& $oi | i %J&= $pi | i %I J&forall I,J( {0,....,n" 1}. (2.3)

By a (string) C-group, we meana group which is generatedby involutions sud that
(2.1), (2.2) and (2.3) hold. The group of a regular polytope is a C-group. Conversely
given a C-group, there is an assaiated regular polytope of which it is the automorphism
group (see[13, Section 2E]). In verifying that a given group is a C-group, it is usually
only the intersection property which causesdilcult y. Note that Coxeter groups with
string diagramsare examplesof C-groups.



3 Mixing

The ideaof a mixing operation is very general. Let A be a group generatedby involutions,
sy A = $g,...,0n 1& usually, but not necessarily A will be a C-group. A mixing
operation then derivesa new group " from A, by taking asgeneratorspy, . . ., pmi 1 for I
certain suitably chosenproducts of the i, so that I" is a subgroupof 4; it is denotedby

(00,---som1) ¥ (po,-- -, pmi 1)

We naturally wish I' to be a string C-group, but unfortunately there are few general
circumstanceswhich will guarartee this, and it is often the casethat the intersection
property hasto be addressedirectly.

What we shall do in this sectionis illustrate mixing operations by meansof a number
of examples,and introduce the notion of the mix of two regular polytopes.

In our initial example, A is the group of a regular n-polytope P. The operation

(00y.-.y0m 1) ¥ (000204888, 010305889 = (po, p1),

which results in the two products of alternate generatorsof 4, yields a dihedral group,
which isthat of the Petrie polygonof P (see[4, p.223]and [13, Section 6C]). Recall that,
inductively, a Petrie polygon of an abstract n-polytope, is an edge-pathsud that any
n" 1 consecutie edgesput no n, belongto a Petrie polygon of a facet; herewe beginthe
induction by declaringthat the Petrie polygon of a polygon (2-polytope) is the polygon
itself.

For the secondexample,let A = [4,3" 2] be the group of the regular n-cube {4, 3" 2}
(seel4, p.123]). The n-th operation

(007 <oy 0nt 1) 7 (007010305?3\5‘37020406%3 = (Povﬂl,ﬂz)

yields CoxeterOsegular polyhedron {4, n|4'2* 1} (see[3, p.57] and [13, Section 7.6]).
The polyhedron sharesits 2" vertices and 2" n edgeswith the n-cube, and its 2" 2,
squarefacesoccur amongthose of the cube; its vertex-bgureis the Petrie polygon{n} of
the vertex-bgure{3"' 2} of the cube.

Figure 1: The Coxeter diagram of Eg.

Our next examplesarise from the Coxeter group A = Eg = [3*21], and certain of
its subgroups(see[4, p.200]). Here, we have A generatedby oy, ..., o, with relations
(oioj)Pi = ¢, wherep; = 1fori=20,...,7,p; = 3forj= i+ 1withi=0,...,6and



{7,7} = {4,7}, and p; = 2 otherwise. (SeeFigure 1 for the Coxeter diagram of Eg, in
which a label j indicatesthe generatoro;.) The mixing operation is

(00,...,07) F (0006, 0105, 0204, 0307) = (po, p1, P2, P3)-

It may be veribed(seeMonson[14]) that $oo, . .., ps&is isomorphicto the group [3, 3, 5] of
the regular 600-cell{ 3, 3,5} (see[4, p.153]); excluding pg = ogoe €xhibits how to obtain
the group [3, 5] of the icosahedron{ 3,5} from Bg = [3*1!] by an analogousoperation.

We next considera construction which is often useful, but which unfortunately does
not alwaysyield apolytope. Letm " n,andlet I’ = $9,...,0m 1&Nd A = $rp, ..., 71 1&
be string C-groups. If we debne

pj = (o7,71) %I+ A,
forj=0,...,n" 1,with 73 := ¢ for j ! m, then the group
I'' A= &0,...,@1! 1& (31)

is called the mix of I" and A. In [12, p.270], we introduced a more generalconstruction
in the context of amalgamations;in that terminology, the mix is actually the 0-mix. Of
course,we can expressthe mix asa mixing operation

(O'(),...,O'n! 1,705+ -5 Tm! 1))' (0’07’0,...,0’n! 1Tn! 1) =. (po,...,pn! 1).

This certainly yields a group satisfying the relations (pipj)? = e for0" i < j" 1" n" 2,
but it will not generallybe a C-group.

We brst give an example which illustrates the latter point. Let P = {3,3,3} be
the 4-simplex,and let Q := {{ 5,3}5,{3,5}s} be the self-dual 4-polytope with 57 hemi-
dodecahedralfacets{ 5, 3} s and 57 hemi-icosahedralertex-pgureq 3, 5} s descrikedin [5].
Debnel’ := I'(P) and A := I'(Q). Now we have

(000102)4 = €= (707172)5-
Within I, we have

020100 Q0201 Q0q0102 = 020102 Q0q010001 o>
— 02010201 é.O'oO'z
= 01020002

= 010p.

Similarly,

020100 é0'00'1 é.O'oO'lo'z 02000102 = 000102071.

Thus, if a := ggo102 = (09010)°, then

(0100)! 3(0100)! !

01020100 éO'oO'l

(0201)! 2(0102)!

0102.



However, within A, the analogouscalculationswith 3 := (7om172)° = ¢ yield
(7'27'1)"2(7'17'2)" = 7T @miT = €.
Hence,if v := (pop1p2)°, then

2
(Pzpl)# (01,02)# = (0102,¢€),

sothat (o102, ¢) %%, p1, p2& Analogouscalculations(in e"ect, the sameonesapplied to
the dual) show that (o102,¢) % %1, p2, p3& But it is clearthat (o102,¢) % %1, p2& and
hencewe have the required violation of the intersection property in I'! A.

Finally, we introducethe notion of the mix of two regular polytopes. When " := I'(P)
and A := I'(Q) for someregular polytopesP and Q, then we debne

P! Q:=P(I"! A), (3.2)

whetheror not I'! A is a C-group, and call it the mix of P and Q. Here,P(I'! A)
denotesthe poset(indeed, pre-polytope) determinedby I'! A (see[13, Section 2E]). (A
pre-polytope may not be strongly Rag-connectedput the other debning properties are
the sameasfor a polytope; see[13, Section 2D].) Clearly, P! Q is polytopal if and only
if I'! AisaC-group. But, aswe have just seen,the mix of two regular polytopesneed
not itself be a polytope.

4 The mix with a face

A particularly interesting caseis that of a mix of a regular n-polytope with an m-face.
The casesn = 1andm = n" 1 are straightforward.

Theorem 4.1 Let P be a regular n-polytope, and let Q be the m-face of P. Then, at
leastin thecasesm = landm=n" 1, themix P! Q is polytopal.

Proof: The proof is easy Using the notation for the groups employed above, we just
considerthe surjective homomorphismz of A := I'(P)! I'(Q) onto I'(P) inducedby the
mappings
pi = (05,1)F o

forj=0,...,n" 1, and appeal to the quotient criterion of [13, Theorem 2E17]. Note
that = is the restriction to A of the natural projection of the direct product I'(P) + I'(Q)
onto its brstfactor I'(P). If m = 1, the homomorphismis one-to-oneon the group of the
vertex-bgure,and if m = n" 1, then it is one-to-oneon the group of the facet. By [13,
Theorem 2E17],this proves that the mix is polytopal. "

We can say more about the casem = 1, whereQ is a segmeh (1-polytope).

Theorem 4.2 Let P be a regular n-polytope and Q a segment. Then I'(P ! Q) = I'(P)
if all edge-circuits of P are even;otherwisel' (P! Q) = I'(P) + (5.



Proof: Using the notation of Theorem4.1, we write ead relation in I°'(P) in the form
oo(1009Q2 éééﬂoak =g,

with aq,...,ax %%, ...,0n 1& the group of the vertex-bgureof P. It is shavn in [11,
Theorem?2.5](seealso[13, Theorem2F4]) that this relation correspndsto an edge-circuit
in P of length k. Sincep; = (oj,¢) fori! 1, we have

poBrpolz &épofk = (ooanooas 888oga, 78) = (&, 78

inA=T'P! Q) with G = («j,¢). Clearly, this is the identity in A if and only if &
is even. It follows at oncethat A = ['(P) if and only if all edge-circuitsof P are ewen;
otherwise (e, 7) %A, and A = I'(P) + Cb. "

The result of Theorem 4.1 no longer holds in full generaliy whenl1l < m < n" 1.
Newerthelessiit is still possibleto obtain somefairly generalresults about polytopality of
the mix in this case.

We brst discussthe casewhen the mix is isomorphicto the original polytope. Recall
from [12, p.266] (or [13, Section 4E]) that a regular n-polytope P, with group I'(P) =
%9, ...,0m 1& hasthe FAP (Rat amalgamationproperty) with respect to its m-facesif

F(P)E Nl;l $70,...70m! 1&
where N}, := $o' Loy | i! m, ¢ %I'(P)& Then we have

Theorem 4.3 Let P be a regular n-polytope, and let Q be the m-face of P. ThenP ! Q
is isomorphicto P if and only if P hasthe FAP with respct to its m-faces.

Proof: Recall that two regular n-polytopes are isomorphic if and only if there is an
isomorphismbetweenthe groups mapping the distinguished generatorsof the brst group
onto those of the second.

Consider again the surjective homomorphismz: I'(P) ! I'(Q) =: A * I'(P), which
is the restriction to A of the natural projection of I'(P) + I'(Q) onto I'(P). We now
investigatewhen 7 is an isomorphism.

Let p == pi,pi, 8880, = (p,7) be an elemen in A, where ¢ = 0,0, 880, and
T = 7,7, &aan,. Now considery modulo N,,. First note that a generatoro; of I'(P)
either belongsto %, ...,0m 1&if 7" m" 1,0rto N, if j! m. Then we have

@Nn-'; = O—ilo—i2ééé0—ikNrT1 = HIO—iINrjr—H

wherethe product is takenover all [ sud that 7, " m" 1. Sincer; = ¢if j! m, wealso
have 7 = [],7n,, wherethe product is taken over the sameindices!.

Now supposethat P hasthe FAP with respect to its m-faces,sothat I'(P) is the
semi-directproduct of N, by $v9,...,0m 1& If pisin the kernel of r, then ¢ = ¢, and
hence[], oi, = ¢, sincethe latter is the componert of ¢ in $oy, ..., om 1& But then also
7 = [, 7, = ¢, sincethis product represems the sameelemen in I'(Q) as the former
product. It followsthat p = ¢, and hencer is an isomorphism.



Conversely let 7 be an isomorphism. Then its kernel is trivial; that is, if (¢,7) % A,
then 7 = . To prove the FAP we show that the trivial elemen in I'(P) admits only
the trivial decompsition as a product of an elemen in $q,...,0n 1&with an elemer
in Ny,. Let e = w102, Wherep; %%y, ...,0m 1&and v, % N,,. Write ; asa product
of generatorso; with j " m™" 1, and ¢, as a product of conjugatesof generatorso;
with j ! m by elemetts in $9,...,om 1&(every elemen of I'(P) hasa decompsition
of this kind; see[12, Lemma 3.6] or [13, Lemma 4E7]). Let ¢1 = 0,0, &é0;, and
Y2 = 0i,,,0i,,, 880, (s&), and considerthe elemen p = p pi, 888p;, = (¢, 7) In A
Then ¢ = p19p2 = €, and hencealso 7, 77, &an, = 7 = ¢, becauser is an isomorphism.
On the other hand, we alsohave 7, 7, ., &ér, = ¢; indeed,if we replaceead generator
gi, in p, by 7, and usethe fact that 5; = ¢ if j ! m, then we arrive at the trivial
elemen. But then alsor, &4an, = ¢, and henceo;, 88a0;, = ¢, becauseboth wordsin the
generatorsrepresen the sameelemen in 7'(Q). It follows that p; = ¢, and hencealso
p2 = €. This proves the FAP. "

The sulciency of the FAP in Theorem 4.3 can also be obtained by applying [12,
Theorem 4.3]with P, := P, K := Q, and P; := (2€ )$, the dual of the power complex
2¢' of the dual K® of K (see[7] and [13, Sections8C, 8D]). Then P is the vertex-bgureof
the polytopein [12, Theorem4.3], and inspection of the proof shows that this is just the
mix P! Q. Hence,if the FAP holds, then the mix is isomorphicto the original polytope.

We next discussconditions which guarartee polytopality of the mix. We begin with
the following

Lemma 4.4 Let n! 3and1" m " n" 1. Let P be a regular n-polytope of type
{p1,...,pm 1}, and let Q be the m-face of P. For 0" " m debneliy, = %i,...,0m&
wherwe again I'(P) = $09,...,0n 1& If eachgroup Ii, with 1" 7" m is genented by
the conjugatesof o, in I, thenthe mix P! Q is polytopal. If the condition also holds
fori=0,then’(P! Q)= I'(P)+ I'(Q).

Proof: We brst prove the polytopality statemert by induction on n, assumingthat the
condition on I, holdsfori = 1,...,m. Then,if m = 1or m = n" 1, we can directly
appealto Theorem4.1. In particular, this settlesthe casen = 3.

Nowletn! 4andl < m < n" 1. Thenwecanmakethe obviousinductive assumption
that the facet and vertex-bgureof the mix P! Q are polytopal. Indeed,the condition on
the groups i, is hereditary, and thus holds for the facet and vertex-bgureof P, so that
the inductive assumptionfor rank n" 1 yields polytopality of the facet and vertex-pgure
of the mix.

We now verify a restricted intersection property for the group A := I'(P) ! I'(Q) of
the mix. Set An! 1 .= $Oo, ey P & /10 = $01, ey P 1& and AO,n! 1 .= $01, ey P &
whereagain p; := (oj,7), I'(Q) = $n,...,7m 1& and 7 := ¢ for j ! m. Then we know
that Aisa C-groupif Ay 1" Ao = Agni 1 (See[13, Proposition 2E16])).

Now, from the debnition of the mix, it is clear that the two groups A, 1 and Ay
are cortained in the direct products $og, ..., on 2&+ $r9, ..., 7 1&and $oq, ..., on1 1&+
$r1, ..., 7Tm 1& respectively, andsoA, 1" Agisasubgroupof$oy, ..., o0 2&+%F1, ..., T 1&
by the intersection property of I'(P). We now useour hypothesison [;n,, with i = 1,
to concludethat I + $&is a subgroup of Agn ;. First, note that Aqn ; cortains
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pm = (om,e) and all its conjugatesby elemers in $4,...,pm 1& and that ead suth
conjugateis of the form (p,¢) with ¢ %I ,. But by assumption I}, is generatedby
the conjugatesof o, in I, and sowe can achieve every ¢ %17 m.

We now know that Agn 1 cortains all the elemens (oi,¢) fori = 1,...,n" 2, and
hencealso (¢, 7)) fori = 1,...,m" 1, sincethe latter is the product with p;. It follows
that Apni 1= $1, ..., 00 2&+ $r,...,7m 1& But then A, 1" Ag is clearly a subgroup
of Aoni 1, becauseit is cortained in the direct product. Sincethe opposite inclusion is
trivial, this now proves that the mix is polytopal.

Now assumethat the condition on I, alsoholdsfor i = 0. In the above we canthen
replaceAqn 1 by the group A, 1 of the facet and concludesimilarly that it must cortain
I'om + ¥£&asa subgroup. But then A cortains all the elemetts (oj,¢) fori = 0,...,n" 1,
and hencealso(e, 7)) fori = 0,...,m" 1. It followsthat A= I'(P) + I'(Q).

Theorem 4.5 Let n! 4, let P be a regular n-polytope of type {p1,...,pn 1}, andlet Q
ke the m-face of P. If p,,...,pn are odd, then the mix P! Q is polytopal. If p; is also
odd,thenI'(P! Q)= I'(P) + I'(Q).

Proof: We apply Lemma 4.4, and use the simple obsenation that the distinguished
generatorsof a dihedral group D, are conjugatein D, if p is odd. Then, if p,,...,py are
odd, the two generatorsof $v;, 1,07 &(= Dy, ) are conjugatein $o;, 1,07&for j = 2,...,m,
and henceany two consecutie generatorsof /i, = $,...,on&are conjugatein I, for
1" 4" m. But then ead generatorof I, is conjugateto oy, and so [, is generated
by the conjugatesof o, In i, . By Lemma4.4, this proves polytopality of the mix.

If p1 is odd as well, then we can apply the sameargumern to the larger group /oy, =
%9, ...,0m& to shaw that it is also generatedby the conjugatesof o,. Then appealing
againto Lemma4.4yieldsI'(P ! Q) = I'(P) + I'(Q). "

Before we give an exampleof a polytope whosemix with a faceis not polytopal, we
mertion the following interesting special case.(This alsoadmits a generalizationto higher
ranks m).

Theorem 4.6 Let P be a regular n-polytope of type {p1,...,pn 1}, and let p, be odd if
n! 4. Let r be a multiple of p; (including » = - ). Thenthemix P! {r} is polytopal.

Proof: We appeal to the quotient criterion. There is a natural covering

Pl {r}. P! {p}.

The latter is polytopal by Theorem4.1 (with n = 3) or Theorem4.5(with m = 2), andthe
covering mapping is one-to-oneon the vertex-bgure,which is the mix of the vertex-pgure
of P with a segmefy seeTheorem4.1. HenceP ! {r} is polytopal. !

We now descrike aregular4-polytope P whosemix with a 2-faceis not polytopal. Then
the ertry p, in its Sdlal3i symbol must necessarilybe even. (Note that, whenrealizedas
a suitable section, this polytope will alsogive exampleswith n > 4 and m > 2.)

Indeed, if P is a regular 4-polytope with facets{3, 6} o) and vertex-Pgures{6, 3} o
with s, ¢t odd, then the intersectionproperty fails andthusthe mix P! {3} is not polytopal.
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Examples of suth polytopes P are obtained by the methods of [10, Section 6] and [13,
Theorem 11H7] (seealso Colbourn-Weiss[2] and Weiss[15]). The debningrelations for
facetsand vertex-pguresnow yield

(prp2pap2)' = ((01020302)',71) = (g, 71)

and
(pop1p2p1)® = ((00010201)°,75) = (€, 7o),
and hencealso
POPl(POPlpzpl)sﬂlpo = (¢, 70m707170) = (€, 71).

But then $oq, p1, p2&= $0, 01, 028+ 39, m&and $p1, p2, p3&= $71, 02, o3&+ $r1& and these
groupsintersectin $o1,0,&+ $&= Dg + C3). On the other hand, the latter group is
twice aslarge asthe dihedral subgroup$o:, p.&= Ds) of the mix. It follows that the mix
cannot be polytopal.

Let us alsoobsene that more generalmixes of the kind discussedn [12, p.270]need
not be polytopal either. A trivial exampleis provided by {3,3} ! 1 {}. Let =, be an
involution, setr; = ¢ for j = 0 and 2, and debnep; := (oj,7) for j = 0,1,2. Then

(e,71) = (pop1)® = (p1p2)® %%00, 11& %01, P2&

but clearly
(g, 71) YP$01&

Hencewe do not obtain a polytope.

5 Mixing and blending

It is appropriate to end with someremarks about the connexionsbetween mixing of
abstract polytopes, and blending of euclideanrealizations of abstract polytopes. The
point of view in [9] and [13, Chapter 5] was OirternalO;that is, we looked at a realization
of a regular polytope, and asked whether it was a blend in a non-trivial way, or, in other
words, whether its symmetry group was reducible. The subject of this paper, however, is
mixing, which may be regardedas an Oexternal@onstruction. In a senseblending and
mixing are the geometricand conbinatorial sidesof the samecoin; neerthelessthere are
important distinctions betweenthe two concepts.It should particularly be bornein mind
that mixing is a conbinatorial operation, which appliesto di"erent regular polytopes,
whereasblending, on the other hand, is a geometricoperation, which appliesto di"erent
realizations of the sameregular polytope.

As a simple exampleof this distinction, if p! 3isan odd integer, then (combinatori-
ally) {2p} = {p}! {}. This mix, which is not isomorphicto either componernt, haspure
faithful realizations, as well as blendedones(seethe description of the realization space
of a polygonin [9] and [13, Section5B]).

We saw above that the mix of two polytopes (even of the samerank) neednot be
polytopal. However, the examplewe gave, namely

{37373} ! {{ 573}57{375}5}7
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can be Orealized@aithfully in E®, as follows. Take the simplex realizations of the two
componert polytopesin E* and E®®, respectively, with corresmnding groups$So, . . ., S3&
and $lp, ..., T3&(thus S; correspndsto o; and 7 to 7; in the notation usedearlier). By
this, we meanthat we realizethe polytopesin sud a way that their vertex-setsare those
of the correspnding regular simpliceswith the samenumbers of vertices. We then copy
the construction of the blend; that is, for j = 0,..., 3, we set

R =S +T | E*+ E*®=E®

and apply Wytho" @ construction to (u, v), with u, v the initial verticesof the two poly-
topes. Sinceboth {3,3,3} and {{ 5, 3}s,{3,5}3} are covered by the (inPnite) universal
polytope {15, 3,15}, this construction will yield a realization of the latter which is not
itself polytopal (that is, its symmetry group is not a C-group).

In [13, Section 7E], we actually have the following situation. There will be blended
realizationswhosesymmetry groupsare C-groups,and the groupsof the componerts will
also be C-groups, which are often non-isomorphichomomorphicimagesof the original.
The natural identibcations induced by the projection mappingswill then give coverings
(again not usually isomorphisms)of polytopal componerts by the original realization.
In this case,the realization is then also the mix of these componertsNcertainly in the
combinatorial sensethat this holds of their symmetry groups. In sud circumstances,it
is, perhaps,pardonableto confusemixing and blending, although oneshouldtry to avoid
doing so. Our attitude is, aswe said above, that blending is a geometricoperation, while
mixing is combinatorial.

References

[1] F. Buekenhout and A. Pasini, Finite diagram geometriesextending buildings. In
Handhook of Incidence Geometry (ed. F. Buekenhout), Elsevier Publishers(Amster-
dam, 1995),1143D1254.

[2] C.J. Colbourn and A.l. Weiss,A censusof regular 3-polystroma arising from honey-
conbs. Discrete Math. 50 (1984), 29D36.

[3] H.S.M. Coxeter, Regularskew polyhedrain 3 and 4 dimensionsand their topological
analogues.Proc. London Math. Sac. (2) 43 (1937), 33b62(Reprinted with amend-
merts in Twelve Geometric Essays Southern lllinois University Press(Carbondale,
1968),76D105.)

[4] H.S.M. Coxeter, Regular Polytopes (3rd edition), Dover (New York, 1973).

[5] H.S.M. Coxeter, Ten toroids and bfty-seven hemi-dadecahedra.Geom. Dedicata 13
(1982),87D99.

[6] L. Danzerand E. Scwlte, Regukre Inzidenzlkomplexe,l. Geom. Dedicata 13 (1982),
295D308.

[7] L. Danzer, Regular incidence-complexesnd dimensionally unbounded sequence®f
sudh, I. Annals Discrete Math.. 20 (1984),115b127.

10



[8] B. Grunbaum, Regularity of graphs,complexesand designs.In Probemescombina-
toire et theorie desgraphes Coll. Int. CNRS No0.260(Orsay, 1977),191D197.

[9] P. McMullen, Realizationsof regular polytopes.AequationesMath. 37 (1989), 38D56.

[10] P. McMullen and E. Schulte, Hermitian forms and locally toroidal regular polytopes.
Advanes Math. 82 (1990),88b125.

[11] P. McMullen and E. Schulte, Regular polytopesin ordinary space.Discrete Comput.
Geom. 17 (1997),449D478.

[12] P. McMullen and E. Schulte, Flat regular polytopes.Annals Combinatorics 1 (1997),
261D278.

[13] P. McMullen and E. Sdulte, Abstract Regular Polytopes Cambridge University Press
(monograph,to appear).

[14] B.R. Monson, A family of uniform polytopeswith symmetric shadavs. Geom. Dedi-
cata 23 (1987), 355D363.

[15] A.l. Weiss,An inbnite graph of girth 12. Trans. Amer. Math. Scc. 283 (1984),575b
588.

11



