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Abstract

Mixing is an operation which yields subgroups generated by involutions of a
larger group of the samekind. When it is applied to the product of the automor-
phism groups of two regular polytopes, one talks about the mix of the polytopes.
This paper is concernedwith conditions under which the mix of two regular poly-
topes is again a regular polytope. In the important special case of a mix of a
polytope with one of its faces, fairly general results about the polytopalit y of the
mix are obtained. In particular, the casewhen the mix is isomorphic to the original
polytope is characterized.

1 Introduction

In recent years,the classicalnotion of a regular polytope hasbeengeneralizedto abstract
regular polytopes (see Coxeter [4], Gr¬unbaum [8], Danzer-Schulte [6] and McMullen-
Schulte [13]). Thesepolytopesare combinatorial structures with a distinctiv e geometric
and topological ßavour, which resemble the classicalregular polytopes.

In the modern abstract theory, the mixing of polytopesor groupsare important oper-
ations. The technique is extremelyversatile,and many constructionsof regular polytopes
which have appearedin the literature can be subsumedunder its heading(for example,
see[11, 12, 13]).
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In the present paper, we introduce the notion of a mix of two regular polytopes,and
study conditions under which this mix is again a regular polytope. In the important
special caseof a mix of a polytope with one of its faces,we obtain somefairly general
results about the polytopalit y of this mix. In particular, we characterizethe casewhen
the mix is isomorphic to the original polytope.

After reviewing basicnotions in Section2, we illustrate mixing operations and deÞne
the mix of two regular polytopesin Section3. In Section4, we then discussproperties of
the mix of a regular polytope with a face. Finally, in Section5, we endwith someremarks
about the connexionsbetweenmixing of abstract polytopes,and blending of realizations
of abstract polytopesin euclideanspaces(see[9]).

2 Basic notions

We follow the terminology of [13] (and [12]). An (abstract) polytope of rank n, or simply
an n-polytope, is a partially orderedset P with a strictly monotonerank function whose
range is {" 1, 0, . . . , n} . The elements of rank j are called the j-faces of P, or vertices,
edgesand facets of P if j = 0, 1 or n " 1, respectively. The ßags(maximal totally ordered
subsets)of P each contain exactly n+ 2 faces,including the unique minimal faceF! 1 and
unique maximal faceFn of P. Further, P is strongly ßag-connected.Finally, if F and G
are an (j " 1)-faceand an (j + 1)-facewith F < G, then there are exactly two j-facesH
such that F < H < G.

An n-polytope P is regular if its (automorphism) group Γ (P) is transitiv e on its ßags.
Let Φ := { F! 1, F0, . . . , Fn! 1, Fn} be a Þxed or base ßag of P. The group Γ (P) of a
regular n-polytope P is generatedby distinguished generators ρ0, . . . , ρn! 1 (with respect
to Φ), where ρj is the unique automorphism which keepsall but the j-face of Φ Þxed.
Thesegeneratorssatisfy relations

(ρiρj )pij = ε (i, j = 0, . . . , n " 1), (2.1)

with
pii = 1, pij = pj i ! 2 (i #= j), pij = 2 if |i " j| ! 2. (2.2)

The numbers pj := pj ! 1,j (j = 1, . . . , n " 1) determine the (Schl¬aßi) type { p1, . . . , pn! 1}
of P. Further, Γ (P) has the intersection property (with respect to the distinguished
generators),namely

$ρi | i %I&' $ρi | i %J&= $ρi | i %I ' J& for all I, J ( { 0, . . . , n " 1} . (2.3)

By a (string) C-group, we meana group which is generatedby involutions such that
(2.1), (2.2) and (2.3) hold. The group of a regular polytope is a C-group. Conversely,
given a C-group, there is an associated regular polytope of which it is the automorphism
group (see[13, Section 2E]). In verifying that a given group is a C-group, it is usually
only the intersection property which causesdi!cult y. Note that Coxeter groups with
string diagramsare examplesof C-groups.
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3 Mixing

The ideaof a mixing operation is very general.Let ∆ bea group generatedby involutions,
say ∆ = $σ0, . . . , σn! 1&; usually, but not necessarily, ∆ will be a C-group. A mixing
operation then derivesa new group Γ from ∆, by taking asgeneratorsρ0, . . . , ρm! 1 for Γ
certain suitably chosenproducts of the σi , so that Γ is a subgroupof ∆; it is denotedby

(σ0, . . . , σn! 1) )* (ρ0, . . . , ρm! 1).

We naturally wish Γ to be a string C-group, but unfortunately there are few general
circumstanceswhich will guarantee this, and it is often the casethat the intersection
property has to be addresseddirectly.

What we shall do in this sectionis illustrate mixing operationsby meansof a number
of examples,and introducethe notion of the mix of two regular polytopes.

In our initial example,∆ is the group of a regular n-polytope P. The operation

(σ0, . . . , σn! 1) )* (σ0σ2σ4 ááá, σ1σ3σ5 ááá) = : (ρ0, ρ1),

which results in the two products of alternate generatorsof ∆, yields a dihedral group,
which is that of the Petrie polygon of P (see[4, p.223]and [13, Section 6C]). Recall that,
inductively, a Petrie polygon of an abstract n-polytope, is an edge-pathsuch that any
n " 1 consecutive edges,but no n, belongto a Petrie polygonof a facet; herewe begin the
induction by declaring that the Petrie polygon of a polygon (2-polytope) is the polygon
itself.

For the secondexample,let ∆ = [4, 3n! 2] be the group of the regular n-cube { 4, 3n! 2}
(see[4, p.123]). The n-th operation

(σ0, . . . , σn! 1) )* (σ0, σ1σ3σ5 ááá, σ2σ4σ6 ááá) = : (ρ0, ρ1, ρ2)

yields CoxeterÕsregular polyhedron { 4, n | 4" n
2 #! 1} (see[3, p.57] and [13, Section 7.6]).

The polyhedron sharesits 2n vertices and 2n! 1n edgeswith the n-cube, and its 2n! 2n
squarefacesoccur amongthoseof the cube; its vertex-Þgureis the Petrie polygon { n} of
the vertex-Þgure{ 3n! 2} of the cube.

! ! ! ! ! ! !

!

0 1 2 3 4 5 6

7

Figure 1: The Coxeter diagram of E8.

Our next examplesarise from the Coxeter group ∆ = E8 = [34,2,1], and certain of
its subgroups(see[4, p.200]). Here, we have ∆ generatedby σ0, . . . , σ7, with relations
(σiσj )pij = ε, where pii = 1 for i = 0, . . . , 7, pij = 3 for j = i + 1 with i = 0, . . . , 6 and
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{ i, j} = { 4, 7} , and pij = 2 otherwise. (SeeFigure 1 for the Coxeter diagram of E8, in
which a label j indicates the generatorσj .) The mixing operation is

(σ0, . . . , σ7) )* (σ0σ6, σ1σ5, σ2σ4, σ3σ7) = : (ρ0, ρ1, ρ2, ρ3).

It may be veriÞed(seeMonson[14]) that $ρ0, . . . , ρ3&is isomorphicto the group [3, 3, 5] of
the regular 600-cell{ 3, 3, 5} (see[4, p.153]); excluding ρ0 = σ0σ6 exhibits how to obtain
the group [3, 5] of the icosahedron{ 3, 5} from B6 = [33,1,1] by an analogousoperation.

We next considera construction which is often useful, but which unfortunately does
not alwaysyield a polytope. Let m " n, and let Γ = $σ0, . . . , σn! 1&and∆ = $τ0, . . . , τm! 1&
be string C-groups. If we deÞne

ρj := (σj , τj ) %Γ + ∆,

for j = 0, . . . , n " 1, with τj := ε for j ! m, then the group

Γ ! ∆ := $ρ0, . . . , ρn! 1& (3.1)

is called the mix of Γ and ∆. In [12, p.270],we introduceda more generalconstruction
in the context of amalgamations;in that terminology, the mix is actually the 0-mix. Of
course,we can expressthe mix as a mixing operation

(σ0, . . . , σn! 1, τ0, . . . , τm! 1) )* (σ0τ0, . . . , σn! 1τn! 1) = : (ρ0, . . . , ρn! 1).

This certainly yields a group satisfying the relations (ρiρj )2 = ε for 0 " i < j " 1 " n " 2,
but it will not generallybe a C-group.

We Þrst give an example which illustrates the latter point. Let P := { 3, 3, 3} be
the 4-simplex, and let Q := {{ 5, 3} 5, { 3, 5} 5} be the self-dual 4-polytope with 57 hemi-
dodecahedralfacets{ 5, 3} 5 and 57hemi-icosahedralvertex-Þgures{ 3, 5} 5 described in [5].
DeÞneΓ := Γ (P) and ∆ := Γ (Q). Now we have

(σ0σ1σ2)4 = ε = (τ0τ1τ2)5.

Within Γ , we have

σ2σ1σ0 áσ2σ1 áσ0σ1σ2 = σ2σ1σ2 áσ0σ1σ0σ1 áσ2

= σ2σ1σ2σ1 áσ0σ2

= σ1σ2σ0σ2

= σ1σ0.

Similarly,
σ2σ1σ0 áσ0σ1 áσ0σ1σ2 = σ2σ0σ1σ2 = σ0σ1σ2σ1.

Thus, if α := σ0σ1σ2 = (σ0σ1σ2)5, then

(σ2σ1)! 2
(σ1σ2)! = (σ1σ0)! á(σ1σ0)! 1

= σ1σ2σ1σ0 áσ0σ1

= σ1σ2.
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However, within ∆, the analogouscalculationswith β := (τ0τ1τ2)5 = ε yield

(τ2τ1)" 2
(τ1τ2)" = τ2τ1 áτ1τ2 = ε.

Hence,if γ := (ρ0ρ1ρ2)5, then

(ρ2ρ1)#2
(ρ1ρ2)# = (σ1σ2, ε),

sothat (σ1σ2, ε) %$ρ0, ρ1, ρ2&. Analogouscalculations(in e"ect, the sameonesapplied to
the dual) show that (σ1σ2, ε) %$ρ1, ρ2, ρ3&. But it is clear that (σ1σ2, ε) /%$ρ1, ρ2&, and
hencewe have the required violation of the intersectionproperty in Γ ! ∆.

Finally, we introducethe notion of the mix of two regularpolytopes. WhenΓ := Γ (P)
and ∆ := Γ (Q) for someregular polytopesP and Q, then we deÞne

P ! Q := P(Γ ! ∆), (3.2)

whether or not Γ ! ∆ is a C-group, and call it the mix of P and Q. Here, P(Γ ! ∆)
denotesthe poset(indeed,pre-polytope) determinedby Γ ! ∆ (see[13, Section 2E]). (A
pre-polytope may not be strongly ßag-connected,but the other deÞningproperties are
the sameas for a polytope; see[13, Section 2D].) Clearly, P ! Q is polytopal if and only
if Γ ! ∆ is a C-group. But, as we have just seen,the mix of two regular polytopesneed
not itself be a polytope.

4 The mix with a face

A particularly interesting caseis that of a mix of a regular n-polytope with an m-face.
The casesm = 1 and m = n " 1 are straightforward.

Theorem 4.1 Let P be a regular n-polytope, and let Q be the m-face of P. Then, at
least in the casesm = 1 and m = n " 1, the mix P ! Q is polytopal.

Proof: The proof is easy. Using the notation for the groups employed above, we just
considerthe surjective homomorphismπ of Λ := Γ (P) ! Γ (Q) onto Γ (P) inducedby the
mappings

ρj = (σj , τj ) )* σj

for j = 0, . . . , n " 1, and appeal to the quotient criterion of [13, Theorem 2E17]. Note
that π is the restriction to Λ of the natural projection of the direct product Γ (P) + Γ (Q)
onto its Þrst factor Γ (P). If m = 1, the homomorphismis one-to-oneon the group of the
vertex-Þgure,and if m = n " 1, then it is one-to-oneon the group of the facet. By [13,
Theorem2E17], this proves that the mix is polytopal. "

We can say more about the casem = 1, whereQ is a segment (1-polytope).

Theorem 4.2 Let P be a regular n-polytope and Q a segment. Then Γ (P ! Q) ,= Γ (P)
if all edge-circuits of P are even;otherwiseΓ (P ! Q) ,= Γ (P) + C2.
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Proof: Using the notation of Theorem4.1, we write each relation in Γ (P) in the form

σ0α1σ0α2 áááσ0αk = ε,

with α1, . . . , αk %$σ1, . . . , σn! 1&, the group of the vertex-Þgureof P. It is shown in [11,
Theorem2.5](seealso[13,Theorem2F4]) that this relation correspondsto an edge-circuit
in P of length k. Sinceρi = (σi , ε) for i ! 1, we have

ρ0β1ρ0β2 áááρ0βk = (σ0α1σ0α2 áááσ0αk , τ
k
0 ) = (ε, τ k

0 )

in Λ = Γ (P ! Q), with βi := (αi , ε). Clearly, this is the identit y in Λ if and only if k
is even. It follows at oncethat Λ ,= Γ (P) if and only if all edge-circuitsof P are even;
otherwise(ε, τ ) %Λ, and Λ ,= Γ (P) + C2. "

The result of Theorem 4.1 no longer holds in full generality when 1 < m < n " 1.
Nevertheless,it is still possibleto obtain somefairly generalresultsabout polytopalit y of
the mix in this case.

We Þrst discussthe casewhen the mix is isomorphic to the original polytope. Recall
from [12, p.266] (or [13, Section 4E]) that a regular n-polytope P, with group Γ (P) =
$σ0, . . . , σn! 1&, has the FAP (ßat amalgamationproperty) with respect to its m-facesif

Γ (P) ,= N+
m ! $σ0, . . . , σm! 1&,

whereN+
m := $ϕ! 1σiϕ | i ! m, ϕ %Γ (P)&. Then we have

Theorem 4.3 Let P be a regular n-polytope, and let Q be the m-face of P. Then P ! Q
is isomorphic to P if and only if P has the FAP with respect to its m-faces.

Proof: Recall that two regular n-polytopes are isomorphic if and only if there is an
isomorphismbetweenthe groupsmapping the distinguishedgeneratorsof the Þrst group
onto thoseof the second.

Consideragain the surjective homomorphismπ:Γ (P) ! Γ (Q) = : Λ * Γ (P), which
is the restriction to Λ of the natural projection of Γ (P) + Γ (Q) onto Γ (P). We now
investigatewhenπ is an isomorphism.

Let ρ := ρi 1ρi 2 áááρi k = (ϕ, τ ) be an element in Λ, where ϕ := σi 1σi 2 áááσi k and
τ := τi 1τi 2 áááτi k . Now considerϕ modulo N+

m . First note that a generatorσj of Γ (P)
either belongsto $σ0, . . . , σm! 1&if j " m " 1, or to N+

m if j ! m. Then we have

ϕN+
m = σi 1σi 2 áááσi k N

+
m =

∏
lσi l N

+
m ,

wherethe product is taken over all l such that il " m " 1. Sinceτj = ε if j ! m, we also
have τ =

∏
lτi l , wherethe product is taken over the sameindices l.

Now supposethat P has the FAP with respect to its m-faces,so that Γ (P) is the
semi-direct product of N+

m by $σ0, . . . , σm! 1&. If ρ is in the kernel of π, then ϕ = ε, and
hence

∏
l σi l = ε, sincethe latter is the component of ϕ in $σ0, . . . , σm! 1&. But then also

τ =
∏

l τi l = ε, since this product represents the sameelement in Γ (Q) as the former
product. It follows that ρ = ε, and henceπ is an isomorphism.
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Conversely, let π be an isomorphism. Then its kernel is trivial; that is, if (ε, τ ) %Λ,
then τ = ε. To prove the FAP we show that the trivial element in Γ (P) admits only
the trivial decomposition as a product of an element in $σ0, . . . , σm! 1&with an element
in N+

m . Let ε = ϕ1ϕ2, whereϕ1 %$σ0, . . . , σm! 1&and ϕ2 %N+
m . Write ϕ1 as a product

of generatorsσj with j " m " 1, and ϕ2 as a product of conjugatesof generatorsσj

with j ! m by elements in $σ0, . . . , σm! 1&(every element of Γ (P) has a decomposition
of this kind; see [12, Lemma 3.6] or [13, Lemma 4E7]). Let ϕ1 = σi 1σi 2 áááσi r and
ϕ2 = σi r +1σi r +2 áááσi k (say), and consider the element ρ := ρi 1ρi 2 áááρi k = (ϕ, τ ) in Λ.
Then ϕ = ϕ1ϕ2 = ε, and hencealso τi 1τi 2 áááτi k = τ = ε, becauseπ is an isomorphism.
On the other hand, we alsohave τi r +1τi r +2 áááτi k = ε; indeed,if we replaceeach generator
σi s in ϕ2 by τi s , and use the fact that τj = ε if j ! m, then we arrive at the trivial
element. But then alsoτi 1 áááτi r = ε, and henceσi 1 áááσi r = ε, becauseboth words in the
generatorsrepresent the sameelement in Γ (Q). It follows that ϕ1 = ε, and hencealso
ϕ2 = ε. This proves the FAP. "

The su!ciency of the FAP in Theorem 4.3 can also be obtained by applying [12,
Theorem 4.3] with P2 := P, K := Q, and P1 :=

(
2K ! )$

, the dual of the power complex
2K !

of the dual K$ of K (see[7] and [13, Sections8C, 8D]). Then P is the vertex-Þgureof
the polytope in [12, Theorem4.3], and inspection of the proof shows that this is just the
mix P ! Q. Hence,if the FAP holds, then the mix is isomorphicto the original polytope.

We next discussconditions which guarantee polytopalit y of the mix. We begin with
the following

Lemma 4.4 Let n ! 3 and 1 " m " n " 1. Let P be a regular n-polytope of type
{ p1, . . . , pn! 1} , and let Q be the m-face of P. For 0 " i " m deÞneΓi,m := $σi , . . . , σm&,
where again Γ (P) = $σ0, . . . , σn! 1&. I f each group Γi,m with 1 " i " m is generated by
the conjugatesof σm in Γi,m , then the mix P ! Q is polytopal. If the condition also holds
for i = 0, then Γ (P ! Q) = Γ (P) + Γ (Q).

Proof: We Þrst prove the polytopalit y statement by induction on n, assumingthat the
condition on Γi,m holds for i = 1, . . . , m. Then, if m = 1 or m = n " 1, we can directly
appeal to Theorem4.1. In particular, this settles the casen = 3.

Now let n ! 4 and 1 < m < n" 1. Then wecanmakethe obviousinductiveassumption
that the facet and vertex-Þgureof the mix P ! Q are polytopal. Indeed,the condition on
the groupsΓi,m is hereditary, and thus holds for the facet and vertex-Þgureof P, so that
the inductive assumptionfor rank n " 1 yields polytopalit y of the facet and vertex-Þgure
of the mix.

We now verify a restricted intersection property for the group Λ := Γ (P) ! Γ (Q) of
the mix. Set Λn! 1 := $ρ0, . . . , ρn! 2&, Λ0 := $ρ1, . . . , ρn! 1&, and Λ0,n! 1 := $ρ1, . . . , ρn! 2&,
whereagain ρj := (σj , τj ), Γ (Q) = $τ0, . . . , τm! 1&, and τj := ε for j ! m. Then we know
that Λ is a C-group if Λn! 1 ' Λ0 = Λ0,n! 1 (see[13, Proposition 2E16]).

Now, from the deÞnition of the mix, it is clear that the two groups Λn! 1 and Λ0

are contained in the direct products $σ0, . . . , σn! 2&+ $τ0, . . . , τm! 1&and $σ1, . . . , σn! 1&+
$τ1, . . . , τm! 1&, respectively, andsoΛn! 1' Λ0 is a subgroupof $σ1, . . . , σn! 2&+$τ1, . . . , τm! 1&,
by the intersection property of Γ (P). We now use our hypothesison Γi,m , with i = 1,
to conclude that Γ1,m + $ε& is a subgroup of Λ0,n! 1. First, note that Λ0,n! 1 contains
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ρm = (σm , ε) and all its conjugatesby elements in $ρ1, . . . , ρm! 1&, and that each such
conjugate is of the form (ϕ, ε) with ϕ %Γ1,m . But by assumptionΓ1,m is generatedby
the conjugatesof σm in Γ1,m , and so we can achieve every ϕ %Γ1,m .

We now know that Λ0,n! 1 contains all the elements (σi , ε) for i = 1, . . . , n " 2, and
hencealso (ε, τi ) for i = 1, . . . , m " 1, sincethe latter is the product with ρi . It follows
that Λ0,n! 1 = $σ1, . . . , σn! 2&+ $τ1, . . . , τm! 1&. But then Λn! 1 ' Λ0 is clearly a subgroup
of Λ0,n! 1, becauseit is contained in the direct product. Since the opposite inclusion is
trivial, this now proves that the mix is polytopal.

Now assumethat the condition on Γi,m alsoholds for i = 0. In the above we can then
replaceΛ0,n! 1 by the group Λn! 1 of the facet and concludesimilarly that it must contain
Γ0,m + $ε&asa subgroup. But then Λ contains all the elements (σi , ε) for i = 0, . . . , n " 1,
and hencealso (ε, τi ) for i = 0, . . . , m " 1. It follows that Λ = Γ (P) + Γ (Q). "

Theorem 4.5 Let n ! 4, let P be a regular n-polytope of type { p1, . . . , pn! 1} , and let Q
be the m-face of P. I f p2, . . . , pm are odd, then the mix P ! Q is polytopal. If p1 is also
odd, then Γ (P ! Q) = Γ (P) + Γ (Q).

Proof: We apply Lemma 4.4, and use the simple observation that the distinguished
generatorsof a dihedral group Dp are conjugatein Dp if p is odd. Then, if p2, . . . , pm are
odd, the two generatorsof $σj ! 1, σj &(= Dpj ) are conjugatein $σj ! 1, σj &for j = 2, . . . , m,
and henceany two consecutive generatorsof Γi,m = $σi , . . . , σm&are conjugatein Γi,m for
1 " i " m. But then each generatorof Γi,m is conjugateto σm, and soΓi,m is generated
by the conjugatesof σm in Γi,m . By Lemma 4.4, this proves polytopalit y of the mix.

If p1 is odd as well, then we can apply the sameargument to the larger group Γ0,m :=
$σ0, . . . , σm&, to show that it is also generatedby the conjugatesof σm. Then appealing
again to Lemma 4.4 yields Γ (P ! Q) = Γ (P) + Γ (Q). "

Before we give an exampleof a polytope whosemix with a face is not polytopal, we
mention the following interestingspecialcase.(This alsoadmits a generalizationto higher
ranks m).

Theorem 4.6 Let P be a regular n-polytope of type { p1, . . . , pn! 1} , and let p2 be odd if
n ! 4. Let r be a multiple of p1 (including r = - ). Then the mix P ! { r} is polytopal.

Proof: We appeal to the quotient criterion. There is a natural covering

P ! { r} . P ! { p1} .

The latter is polytopal by Theorem4.1(with n = 3) or Theorem4.5(with m = 2), and the
covering mapping is one-to-oneon the vertex-Þgure,which is the mix of the vertex-Þgure
of P with a segment; seeTheorem4.1. HenceP ! { r} is polytopal. "

Wenow describea regular4-polytopeP whosemix with a 2-faceis not polytopal. Then
the entry p2 in its Schl¬aßi symbol must necessarilybe even. (Note that, when realizedas
a suitable section,this polytope will alsogive exampleswith n > 4 and m > 2.)

Indeed, if P is a regular 4-polytope with facets{ 3, 6} (s,0) and vertex-Þgures{ 6, 3} (t,0)

with s, t odd, then the intersectionproperty fails and thusthe mix P ! { 3} is not polytopal.
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Examplesof such polytopes P are obtained by the methods of [10, Section 6] and [13,
Theorem 11H7] (seealso Colbourn-Weiss[2] and Weiss[15]). The deÞningrelations for
facetsand vertex-Þguresnow yield

(ρ1ρ2ρ3ρ2)t = ((σ1σ2σ3σ2)t , τ t
1) = (ε, τ1)

and
(ρ0ρ1ρ2ρ1)s = ((σ0σ1σ2σ1)s, τ s

0 ) = (ε, τ0),

and hencealso
ρ0ρ1(ρ0ρ1ρ2ρ1)sρ1ρ0 = (ε, τ0τ1τ0τ1τ0) = (ε, τ1).

But then $ρ0, ρ1, ρ2&= $σ0, σ1, σ2&+ $τ0, τ1&and $ρ1, ρ2, ρ3&= $σ1, σ2, σ3&+ $τ1&, and these
groups intersect in $σ1, σ2&+ $τ0&(= D6 + C2). On the other hand, the latter group is
twice as large as the dihedral subgroup$ρ1, ρ2&(= D6) of the mix. It follows that the mix
cannot be polytopal.

Let us also observe that more generalmixes of the kind discussedin [12, p.270]need
not be polytopal either. A trivial example is provided by { 3, 3} ! 1 { } . Let τ1 be an
involution, set τj = ε for j = 0 and 2, and deÞneρj := (σj , τj ) for j = 0, 1, 2. Then

(ε, τ1) = (ρ0ρ1)3 = (ρ1ρ2)3 %$ρ0, ρ1&' $ρ1, ρ2&,

but clearly
(ε, τ1) /%$ρ1&.

Hencewe do not obtain a polytope.

5 Mixing and blending

It is appropriate to end with some remarks about the connexionsbetween mixing of
abstract polytopes, and blending of euclidean realizations of abstract polytopes. The
point of view in [9] and [13, Chapter 5] was ÒinternalÓ;that is, we looked at a realization
of a regular polytope, and asked whether it was a blend in a non-trivial way, or, in other
words, whether its symmetry group was reducible. The subject of this paper, however, is
mixing, which may be regardedas an ÒexternalÓconstruction. In a sense,blending and
mixing are the geometricand combinatorial sidesof the samecoin; nevertheless,there are
important distinctions betweenthe two concepts.It shouldparticularly be borne in mind
that mixing is a combinatorial operation, which applies to di"erent regular polytopes,
whereasblending, on the other hand, is a geometricoperation, which appliesto di"erent
realizationsof the sameregular polytope.

As a simple exampleof this distinction, if p ! 3 is an odd integer, then (combinatori-
ally) { 2p} = { p} ! { } . This mix, which is not isomorphic to either component, haspure
faithful realizations, as well as blendedones(seethe description of the realization space
of a polygon in [9] and [13, Section5B]).

We saw above that the mix of two polytopes (even of the samerank) need not be
polytopal. However, the examplewe gave, namely

{ 3, 3, 3} ! {{ 5, 3} 5, { 3, 5} 5} ,
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can be ÒrealizedÓfaithfully in E60, as follows. Take the simplex realizations of the two
component polytopesin E4 and E56, respectively, with corresponding groups$S0, . . . , S3&
and $T0, . . . , T3&(thus Sj correspondsto σj and Tj to τj in the notation usedearlier). By
this, we meanthat we realizethe polytopesin such a way that their vertex-setsare those
of the corresponding regular simpliceswith the samenumbers of vertices. We then copy
the construction of the blend; that is, for j = 0, . . . , 3, we set

Rj := Sj + Tj / E4 + E56 = E60,

and apply Wytho" Õs construction to (u, v), with u, v the initial verticesof the two poly-
topes. Sinceboth { 3, 3, 3} and {{ 5, 3} 5, { 3, 5} 3} are covered by the (inÞnite) universal
polytope { 15, 3, 15} , this construction will yield a realization of the latter which is not
itself polytopal (that is, its symmetry group is not a C-group).

In [13, Section 7E], we actually have the following situation. There will be blended
realizationswhosesymmetry groupsare C-groups,and the groupsof the components will
also be C-groups, which are often non-isomorphichomomorphic imagesof the original.
The natural identiÞcations induced by the projection mappingswill then give coverings
(again not usually isomorphisms)of polytopal components by the original realization.
In this case,the realization is then also the mix of thesecomponentsÑcertainly in the
combinatorial sensethat this holds of their symmetry groups. In such circumstances,it
is, perhaps,pardonableto confusemixing and blending, although oneshould try to avoid
doing so. Our attitude is, aswe said above, that blending is a geometricoperation, while
mixing is combinatorial.
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