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Homework assignment no. 4
(due October 7)

1. Let M be a compact manifold, dim M = d, and we are given a C* map f: M — R,
f(x) = (fi(z),..., fa(z)), © € M, where the functions f; € C*°(M), j = 1,...,d, define
the components of the vector function f. Let p € M be a point where f; attains its
maximum. Prove that p is a degeneracy point of the map f, i.e. the differential

d
(df)p : Mp — Rf(p)
is not injective (or, equivalently, not surjective).

2. Let us consider the system of differential equations
g_; = fl(xayauav)
8_Z = f2(37,y,U, U)
% = 91(35797“,@)

( )

ov __
oy =0g2\r,Y,u,v

with the initial conditions

U(Ioayo) = o

{U(wo»yo) = U

where f1, f2, g1, g2 are C*° functions with respect to (z,y,u,v) € U, where U is an open
set in R*, (0, yo, uo,v0) € U, v = u(z,y) and v = v(z,y) are C> functions defined in a
neighborhood V of (g, 10) in R?, such that (x,y, u(z,y),v(z,y)) € U for all (z,y) € V.

(a) Using the Frobenius theorem, establish necessary and sufficient conditions for the
following existence statement to be true: for every point (g, yo, ug, vg) € U there exists a
solution (u,v) defined in a neighborhood V of (zg,%o) in R? such that
(x,y,u(z,y),v(z,y)) € U for all (x,y) € V.

(b) Prove that such a solution is unique: if two solutions with the same initial condi-
tions are defined in a connected neighborhood V of (zg,yo), then they coincide in V.



