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1. Let M and N be C∞ manifolds, ϕ : M → N a C∞ map. Given Xp ∈ Mp (i.e.
Xp is a tangent vector to M at p), define Yϕ(p) = dϕ(p)Xp ∈ Nϕ(p) by the formula
Yϕ(p)f = Xp(f ◦ ϕ), f ∈ C∞(N). Prove that this agrees with the definition of Yϕ(p) in
terms of curves: if γ : (−ε, +ε) → M is a smooth curve in M , such that γ(0) = p and
γ′(0) = Xp, then Yϕ(p) = (ϕ ◦ γ)′(0).

2. Let X be a smooth vector field on a compact manifold M , and let ϕ : M → M be a
diffeomorphism. Let {Xt| t ∈ R} be the flow on M defined by X, that is Xt : M → M ,
Xt(x) = γ(t;x) where t �→ γ(t;x) ∈ M is the solution of the differential equation

∂γ(t;x)
∂t

= X(γ(t;x)),

satisfying the initial condition γ(0;x) = x.

(a) Prove that the transformations Xt form a one-parametric group of diffeomorphisms of
M , that is Xt : M → M is a diffeomorphism of M onto itself for every t ∈ R, such that
(t, x) �→ Xt(x) is a smooth map R×M → M , X0 is the identity map, and Xt ◦Xs = Xt+s

for all t, s ∈ R.

(b) Let ϕ : M → N be a diffeomorphism of manifolds, and let Y = dϕ(X) be the vector
field on N , obtained by the action of ϕ on the vector fields. Prove that the flows of X and
Y are related by the formula Yt = ϕ ◦ Xt ◦ ϕ−1.

(c) Establish an explicit relation between the actions of Xt and Yt on C∞ functions.


