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INTERSECTIONS OF TRANSLATED ALGEBRAIC SUBTORI

ALEXANDER I. SUCIUY, YAPING YANG, AND GUFANG ZHAO

AsstracT. We exploit the classical correspondence between finiteherated abelian
groups and abelian complex algebraic reductive groupauttyshe intersection theory
of translated subgroups in an abelian complex algebraiacte@ group, with special
emphasis on intersections of (torsion) translated subst@n algebraic torus.
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1. INTRODUCTION

1.1. Motivation. In this note, we study the intersection theory of translaebitori in

a complex algebraic torus, and, more generally, of traegdlaubgroups in an abelian
complex algebraic reductive group. The motivation for ttisdy comes in large part
from the investigation of characteristic varieties and btmygical finiteness properties of
abelian covers, embarked upon i} &nd [L0].

As is well-known, the jump loci for the cohomology with dheients in rank 1 local
systems on a connected, smooth, quasi-projective vaXietynsist of translated subtori
of the character torus af;(X). Understanding the way these subtori intersect gives valu
able information on the Betti numbers of regular, abeliavecs of X.

Studying the intersection theory of arbitrary subvartiea complex algebraic torus
is beyond the scope of this work. Nevertheless, the torsmintp of the intersection
of such subvarieties can be located by considering thesiet&on of suitable translated
subtori. Indeed, as shown by M. Laurent i#,[given any subvariety c (C*)", there
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exist torsion-translated subto@s, ..., Qs in (C*)" such that Tors() = U; Tors@Q;).
Consequently, in order to locate the torsion points on aitrary intersection of subva-
rieties,ViN--- NV, itis enough to find the torsion-translated sub@yj corresponding
to eachV;, and then taking the torsion points on the varietfl; Qi j)-

1.2. Pontrjagin duality. We start by formalizing the correspondence between the cate
gory of abelian complex algebraic reductive groups and &étegory of finitely generated
abelian groups. This well-known correspondence (somsticadled Pontrjagin duality)
is based on the functor Hom(C¥).

For a fixed algebraic group := H = Homgroup(H, C¥), there is a duality

— 8\

(1) Algebraic subgroups of Subgroups oH
wheree sendsW < T to ker (Homyg(T,C*) - Homgg(W, C*)), while V sendst < H
to Homyroup(H/€, C*). Both sides of 1) are partially ordered sets, with naturally defined
meets and joins. As we show in Theoreéh®, the above correspondence is an order-
reversing equivalence of lattices.

For any subgroug of H, let& := {x € H | nx € & for somen € N}; the subgroug is
called primitive if¢é = £. Under the correspondenée «v» T, primitive subgroups oH
correspond to connected algebraic subgroups.din general, the components ¥{¢)
are indexed by the “determinant groug/¥, while the identity component ¥(&).

1.3. Intersections of translated subgroups.Building on the approach taken by E. Hi-
ronaka in P], we use Pontrjagin duality to study intersections of thatesl subtori in
a complex algebraic torus, and, more generally, translstbdroups in an abelian al-
gebraic reductive group ovér. This allows us to decide whether a finite collection of
translated subgroups intersect non-trivially, and, ifgbat the dimension of their inter-
section is.

More precisely, let, ..., & be subgroups ofl, and leté be their sum. Letr: &1 x
- -x& — & be the sum homomorphism, andjeté; x- - -x& — HX be the product of the
inclusion maps. Finally, lef, ..., nx be elements i = H, andn = (1,...,m) € T

Theorem A (Theorem5.3). The intersectiorQ = n1V(£1) N --- NV (&) IS non-empty
if and only if y(n) € im(&), in which caseQ = pV(¢), for someo € Q. Furthermore, if
the intersection is non-empty, then

(1) Qdecomposes into irreducible componentfas UTEE/prV(E), and dimQ) =
dim(T) — rank¢).

(2) If n has finite order, thep can be chosen to have finite order, too. Moreover,
ord(y) | ord(p) | c- ord(p), wherec is the largest order of any elementdre.

As a corollary, we obtain a general description of the irgetisn of two arbitrary
unions of translated subgroupd, = U; V(&) andW’ = U; 7{V():

2) WnW = g mVE +€).

i,j: %, (mi.nj)eim(ai j)
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Moreover, if all the elements; andn’j have finite order, so do the elements.
In the case whehl = Z" andT = (C*)", TheoremA recovers a result front].

1.4. Exponential interpretation. Next, we turn to the relationship between the corre-
spondenced «~» T and the exponential map exp: Lie(— T.

SettingH = HY := Hom(H, Z), the exponential map may be identified with the map
Hom(H",C) — Hom(H",C*) induced byC — C*, z+ €*'Z Furthermore, ify < H
is a sublattice, theN ((H/x)") = exp ® C).

Theorem B (Theorem6.3). Let T be a complex abelian reductive group, andyeand
X2 be two sublattices off = Homyg(T, C*)".

(1) Seté = (H/x1)" + (H/x2)". We then have an equality of algebraic groups,

exple1 ® C) N explz ® C) = £/¢ - V(@).

(2) Now supposeg1 andy, are primitive sublattices off, with y1 N y> = 0. We
then have an isomorphism of finite abelian groups,

expl1 ® C) nexplo ®C) = 1+ x2/x1 + x2.

In the case wheil = (C*)", part @) recovers (via a dierent approach) the main result
from [5].

1.5. Intersections of torsion-translated subtori. In the case when all the translation
factorsy; of the subtoriV(4) appearing in Theorem are of finite order, we can say
more about the intersecticm}‘:1 niV(&). Since intersections of torsion-translated subtori
are again torsion-translated subtori, we may asskime.

Let £ be a primitive lattice iIrZ". Given a vectonl € Q", we sayA virtually belongs to
£if d-a € Z', whered is the determinant of the matri¥ [ £] obtained by concatenating
basis vectors for the sublatticégandéy = QAN Z'.

Theogr\n C (Theorem7.4). Let&; andé, be two sublattices i'. Sete = & N &, and
write /e = {exp(2riu)l;_,- Also letn; andn, be two torsion elements ir()", and
write n; = exp(2ri 4j). The following are equivalent:

(1) The varietyQ = n1V(£&1) N2V (£2) is non-empty.

(2) One of the vectorad; — A, — uy virtually belongs to the latticeZ( /)" .
If either condition is satisfied, the@ = pV (&1 + &2) for somep € Q.

This theorem provides an algorithm for checking the coaditirom TheoremA,
solely in terms of arithmetic data extracted from the lati¢; and & and the ratio-
nal vectorsil; andA,. The complexity of this algorithm is linear with respect e torder
of the determinant group/e.

1.6. Some applications. As mentioned ir§1.1, one of our main motivations comes from
the study of characteristic varieties, especially as iardg the intersection pattern of the
components of such varieties, and the count of their torpmints. TheorenmA yields
several corollaries, which provide very specific inforroatin this direction; this infor-
mation will be put to use ing, 10].
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In addition to these applications, we also consider thefgtig counting problem:
how many translated subtori does an algebraic torus haee, wa fix the identity com-
ponent, and the number of irreducible components? Usingdirespondence froni),
and a classical result on the number of finite-index subg@fija free abelian group, we
express the generating function for this counting problerteims of the Riemann zeta
function.

2. HNITELY GENERATED ABELIAN GROUPS AND ABELIAN REDUCTIVE GROUPS

In this section, we describe an order-reversing isomonptigtween the lattice of
subgroups of a finitely generated abelian gréljpnd the lattice of algebraic subgroups
of the corresponding abelian, reductive, complex algelysupT.

2.1. Abelian reductive groups. We start by recalling a well-known equivalence be-
tween two categories: that of finitely generated abeliaruggspAbFgGp, and that of
abelian, reductive, complex algebraic groupsRed. For a somewhat similar approach,
see alsof] and [4].

Let C* be the multiplicative group of units in the fiel¢lof complex numbers. Given
a groupG, letG = Hom(G, C*) be the group of complex-valued character€=ofwith
pointwise multiplication inherited fron€*, and identity the character taking constant
value 1€ C* for all g € G. If the groupG is finitely generated, the® is an abelian,
complex reductive algebraic group.

Note thatG = H, whereH is the maximal abelian quotient &. If H is torsion-free,
say,H = Z', thenH can be identified with the complex algebraic torGs)(. If Ais a
finite abelian group, theﬁis, in fact, isomorphic té\.

Given a homomorphismg: G; — Gy, let ¢: G, — G; be the induced morphism
between character groups, givend(p) = p o ¢. SinceC* is a divisible abelian group,
the functorH ~» H = Hom(H, C*) is exact.

Now let T be an abelian, complex algebraic reductive group. We cam dksociate
to T its weight groupT = Homgg(T, C*), where the hom set is taken in the category of
algebraic groups. It turns out thitis a finitely generated abelian group, which can be
described concretely, as follows.

According to the classification of abelian reductive groapsrC (cf. [8]), the identity
component ofl is an algebraic torus, i.e., it is of the forr@*)" for some integer > 0.
Furthermore, this identity component has to be a normalrswipg Thus, the algebraic
groupT is isomorphic to C*)" x A, for some finite abelian grouf.

The coordinate ring)[T] decomposes as

3) O[(C")" x A] = O[(C")'1® O[A] = C[Z'] & C[A,

whereC[G] denotes the group ring of a growp. Let O[T]* be the group of units in
the coordinate ring off. By (3), this group is isomorphic t€* x Z" x A, whereC*
corresponds to the non-zero constant functions. Takingulé&ent by thisC* factor, we
get isomorphisms

(4) T=O[T]"/C* =2 Z" x A

Clearly, maxSpedd[T]) = Homyg(C[T],C) = HomgoulT,C*) = T.
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Now let f: T; — T, be a morphism iMAbRed. Then the induced morphism on
coordinate ringsf*: O[T,] — O[T4], restricts to a group homomorphisifi,: O[T,]* —
O[T1]", which takes constants to constants. Under the identticdtom @), f* induces
a homomorphlsmc T, — T1 between the corresponding weight groups.

The following proposition is now easy to check.

Proposition 2.1. The functors Hw» H and T~ T establish a contravariant equivalence
between the category of finitely generated abelian groupsthe category of abelian
reductive groups ovet.

Recall now that the functdd ~» H is exact. Hence, the functdr ~» T is also exact.

Remark 2.2. The above functors behave well with respect to (finite) diproducts.
For instance, letr: A - C andB: B — C be two homomorphisms between finitely
generated abelian groups, and consider the homomorpftistinx B — C defined by
s(a b) = a(a) + B(b). The morphismd: C — AxB = Ax Bis then given by(f) =
(@(f), B(1)).

2.2. The lattice of subgroups of a finitely generated abelian grop. Recall that a
poset [, <) is alattice if every pair of elements has a least upper bound and a gteates
lower bound. Define operations and A on L (called join and meet, respectively) by
XVYy=supxy}andx Ay = inf{x,y}.

The latticeL is calledmodularif, wheneverx < z thenxv (yA 2 = (XVY) Az
for all y € L. The latticeL is calleddistributiveif x v (yA 2 = (XVYy) A (XV 2) and
XA(YV2=(XAY)V(XA2),forall x,y,ze L. Alattice is modular if and only if it does
not contain the pentagon as a sublattice, whereas a modittiaelis distributive if and
only if it does not contain the diamond as a sublattice.

Finally, L is said to be aanked latticeif there is a functiorr: L — Z such that is
constant on all minimal elements,is monotone (ifé; < & , thenr(£1) < r(&)), and
I preserves covering relations @f < &, but there is n@ such thatt; < £ < &, then
r(é2) =r) +1).

Given a groupG, the set of subgroups @ forms a lattice,£(G), with order relation
given by inclusion. The join of two subgroups, andy», is the subgroup generated fay
andy,, and their meet is the intersectign N y,. There is unique minimal element—the
trivial subgroup, and a uniqgue maximal element—the grGuipself. The latticeL(G)
is distributive if and only ifG is locally cyclic (i.e., every finitely generated subgrogp i
cyclic). Similarly, one may define the lattice of normal stdagps ofG; this lattice is
always modular. We refer ta’] for more on all this.

Now let H be a finitely generated abelian group, and4¢H) be its lattice of sub-
groups. In this case, the join of two subgrogpandé,, equals the suré; + &. By the
above, the lattice(H) is always modular, but it is not a distributive lattice, esgH is
cyclic. Furthermore/£(H) is a ranked lattice, with rank functign— rank¢) = dimg(¢é®
Q) enjoying the following property: rank{) + rank¢,) = rank§¢ A &) + rank§ v &).

2.3. The lattice of algebraic subgroups of a complex algebraic tws. Now letT be a
complex abelian reductive group, and l€kL(T), <) be the poset of algebraic subgroups
of T, ordered by inclusion. It is readily seen th8§4(T) is a ranked modular lattice.
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For any algebraic subgrous andP, of T, the joinP1 v P, = Py - Py is the algebraic
subgroup generated by the two subgroBpsndP,, while the meeP; A P, = P1 N Py
is the intersection of the two subgroups. Furthermore, #ém 10f a subgroug is its
dimension.

The next theorem shows that the natural correspondenceHropositior2.1is lattice-
preserving. Recall that, ifl is a finitely generated abelian group, the character group
H = Homgroup(H, C*) is an abelian reductive group ov€r and conversely, il is an
abelian reductive group, the weight groiip = Homg (T, C") is a finitely generated
abelian group.

Theorem 2.3. Suppose H: T, or equivalently, T= H. There is then an order-reversing
isomorphism between the lattice of subgroups of H and ttiedatf algebraic subgroups
of T.

Proof. For any subgroug < H, let

5) V(£) = maxSpeda([H/£])

be the set of closed points of SpEE/£]). Clearly, the varietyV(¢) embeds into
maxSpecC[H]) = T as an algebraic subgroup. This subgroup can be naturalty ide
tified with the group of characters éf/¢, that is,V(¢) = I—T/\g or equivalently,

(6) E=T/V().
For any algebraic subs®# c T, define
(7 €(W) = ker (Homyg(T, C*) » Homgg(W, C7)).

Write T = (C*)" X Zy, X - - - X Zy,, WhereZy, embeds irC* as the subgroup d&f-th roots of
unity. Using the standard coordinates Gf Y *°, we can identifye(W) with the subgroup
{1 e H :t! -1 vanishes o).

The proof of the theorem is completed by the next three lemmas m|

Lemma 2.4. If £ is a subgroup of H, thea(V(¢£)) = £.

Proof. The inclusione(V(¢£)) 2 £ is clear. Now supposg € H \ £. Then we may define
a charactep € H such thajp(2) # 1, butp(¢) = 1. Evidently,2 ¢ e(V(£)), and we are
done. ]

Given two algebraic subgroup®, and Q of T, let Homyg(P, Q) be the set of mor-
phisms fromP to Q which preserve both the algebraic and multiplicative $tmec

Lemma 2.5. Any algebraic subgroup P of T is of the form(&y, for some subgroup
ECH.

Proof. Let:: P — T be the inclusion map. Applying the functor Heggt-, C*), we
obtain an epimorphisni: H -» Homgg(P, C*). Set¢ = ker(*); thenP = V(¢). m|

The above two lemmas (which generalize Lemmas 3.1 and 32 [frp), show that
we have a natural correspondence between algebraic syisgodli and subgroups of
H. This correspondence preserves the lattice structure thnsimes. That is, i1 < &,
thenV(&1) 2 V(£2), and similarly, ifP; C Py, thene(P1) > €(P2).



INTERSECTIONS OF TRANSLATED ALGEBRAIC SUBTORI 7

Lemma 2.6. The natural correspondence between algebraic subgrougs afid sub-
groups of H is an order-reversing lattice isomorphism. Imtigalar,

V(é1+&2) = V() NV(E2) and Mé1nér) = V(&) - V(g).

Proof. The first claim follows from the two lemmas above. The two ditjea are con-
sequences of this. ]

The above correspondence reverses ranks, i.e. &aakfodimV(£) and corankf) =
dimV(¢).

2.4. Counting algebraic subtori. As a quick application, we obtain a counting formula
for the number of algebraic subgroups ofratimensional complex algebraic torus, hav-
ing preciselyk connected components, and a fixedlimensional subtorus as the identity
component. It is convenient to restate such a problem indefra zeta function.

Definition 2.7. Let T be an abelian reductive group, and Tet be a fixed connected
algebraic subgroup. Define the zeta function of this pair as

o (T, T
(1 7o 9=y 2T,
k=1

whereak(T, Tp) is the number of algebraic subgroupé < T with identity component
equal toTg and such thaV/ To| = k.

This definition is modeled on that of the zeta function of atélyi generated group
G, which is given by/(G, s) = X2, a(G)k°, whereac(G) is the number of indek-
subgroups of5, see for instanced].

Corollary 2.8. Suppose T= (C*) and Tp = (C*)", for some0 < n < r. Then
(T, To,9) = 4(9)4(s—1)---4(s—r + n+ 1), where(s) = Y2, k™®is the usual Rie-
mann zeta function.

Proof. First assumen = 0, so thatTg = {1}. By Theorem4.3, a(T, {1}) is the number
of algebraic subgroup#/ < T of the formW = V(¢), whereé < Z" and [Z : £] = k.
Clearly, this number equal(Z"), and sa/(T, {1}, s) = £(Z', ). By a classical result of
Bushnell and Reiner (se€]], we have that(Z", s) = £(s)/(s—1)---Z(s—r + 1). This
proves the claim fon = 0.

Forn > 0, we simply take the quotient of the grotipby the fixed subtoru$, to get
(T, To,s) = ¢(T/To, {1}, 5) = £(Z'", 5). This ends the proof. i

3. FRIMITIVE LATTICES AND CONNECTED SUBGROUPS

In this section, we show that the correspondence betw#et) and Lag(T) restricts
to a correspondence between the primitive subgroups ahd the connected algebraic
subgroups ofr. We also explore the relationship between the connecteghanemts of
V(¢) and the determinant groupjé, of a subgrou < H.
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3.1. Primitive subgroups. As before, letH be a finitely generated abelian group. We
say that a subgroup < H is primitive if there is no other subgrouf§ < H with & < ¢
and [’ : €] < oo. In particular, a primitive subgroup must contain the tonssubgroup,
TorsH) = {21 € H| dn € N such thaha = 0}.

The intersection of two primitive subgroups is again a ptieisubgroup, but the sum
of two primitive subgroups need not be primitive (see, fatamce, the proof of Corollary
6.6). Thus, the set of primitive subgroupstdfis not necessarily a sublattice g{H).

WhenH is free abelian, then all subgroups H are also free abelian. In this cageés
primitive if and only if it has a basis that can be extendedbasis ofH, or, equivalently,
H/¢& is torsion-free. It is customary to call such a subgroygimitive lattice

Returning to the general situation, ldtbe a finitely generated abelian group. Given
an arbitrary subgroug < H, define its primitive closurez, to be the smallest primitive
subgroup o containingé. Clearly,

(8) &={1eH:dneNsuchthani e &}.
Note thatH/¢ is torsion-free, and thus we have a split exact sequence,
f— k/ B > —_—
9) 0 2 H H/&é 0.

By definition, ¢ is a finite-index subgroup a@f; in particular, rankf) = rankg). We
call the quotient group /£, thedeterminant groupf £. We have an exact sequence,

(10) 0 H/€ H/¢ /¢ 0,

with £/¢ finite. The inclusioné < H induces a monomorphis#y¢ — H/¢, which
yields a splitting for the above sequence, showiﬂgglﬂate TorsH/&). Since the group

£/&is finite, it is isomorphic to its character grougy¢, which in turn can be viewed as a
(finite) subgroup ofd = T.

Using an approach similar to the one frof) Lemma 3.3], we sharpen and generalize
that result, as follows.

Lemma 3.1. For every subgroug < H, we have an isomorphism of algebraic groups,

(11) V() = E/€- V().
Moreover,
D) V() = Upeé_% pV(€) is the decomposition of (¥) into irreducible components,
with V(¢) as tp\e component of the identity. .
(2) V(&)/V(é) = £/&. In particular, if ranké = dimH, then &) = £/&.

Proof. As noted in§2.1, the functor Hom{, C*) is exact. Applying this functor to se-
guence {0), we obtain an exact sequenceAhRed,

(12) 0 /e H/E H/E 0.
| I
V(é) V(@)
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Since sequencel() is split, sequencelQ) is also split, and thus we get decomposition
(17). _ _ _

Now recall thatH/¢ is torsion-free; thusyY(¢) = maxSpec([H/£]) is a connected
algebraic subgroup &f. Claims (L) and @) readily follow. m|

Example 3.2. Let H = Z and identifyH = C*. If & = 2Z, thenV(¢) = {1} c C*,
whereast = H andV(¢) = {1} c C*.

Clearly, the subgrouy is primitive if and only if¢ = £. Thus,¢ is primitive if and
only if the varietyV(¢) is connected. Putting things together, we obtain the \iolig
corollary to Theoren2.3and LemmeB.L

Corollary 3.3. Let H be a finitely generated abelian group, and letTH. The natural
correspondence betweef(H) and Lag(T) restricts to a correspondence between the
primitive subgroups of H and the connected algebraic sulngsoof T.

3.2. The dual lattice. Given an abelian groug, letAY = Hom(A, Z) be the dual group.
Clearly, ifH is a finitely generated abelian group, thehis torsion-free, with rankl¥ =
rankH.

Now suppos& < H is a subgroup. By passing to duals, the projection mapl —»
H/¢ yields a monomorphism": (H/€)Y — HY. Thus, H/£)Y can be viewed in a
natural way as a subgroup Hf'. In fact, more is true.

Lemma 3.4. Let H be a finitely generated abelian group, anddet H be a subgroup.
Then(H/&)Y is a primitive lattice in H .

Proof. Dualizing the short exact sequence9¢ — H iR H/& — 0, we obtain a long
exact sequence,

7TV

(13) 00— (H/&) HY &v Ext(H/£,Z) —— 0.

Upon identifying ExtH/&,Z) = TorsH/¢) = £/¢ and setting< = coker(r"), the above
seqguence splits into two short exact sequences, (®1/¢)Y — HY — K — 0 and

(14) 0 K & 33 0.
Now, sinceK is a subgroup of", is must be torsion free. Thudi(£)Y is a primitive
lattice inH". i

Given two primitive subgroupss, & < H, their sumg; + &, may not be a primitive
subgroup oH. Likewise, although bothH/£1)" and H/&,)Y are primitive subgroups of
HY, their sum may not be primitive. Nevertheless, the follayjjemma shows that the
respective determinant groups are the same.

Proposition 3.5. Let H be a finitely generated abelian group, anddetndé&, be prim-
itive subgroups of H, witl§; N & finite. Set¢ = (H/&)Y + (H/&)Y, and leté be the
primitive closure of in HY. Then

EJE = & +&E)é + &
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Proof. ReplacingH by H/ TorsH) and& by &/ TorsH) if necessary, we may assume
thatH is free abelian, ang, andé, are primitive lattices witld; N &, = {0}. Furthermore,
choosing a splitting oHY /¢ < HY if necessary, we may assume tigat: HY, or
equivalently,&; + &, = H. Write s = ranké; andt = ranké. Thens+t = n, where
n = rankH.

Choose a basi, . . ., es} for £1. Sinceé; is a primitive lattice inH, we may extend
this basis to a basi®y, ..., e, f1,..., fi} for H. Picking a suitable basis f@p, we may
assume that the inclusian &1 + & < H is given by a matrix of the form

s |C
(15) o5,
wherels is the s x sidentity matrix andD = diag(s,...,d;) is a diagonal matrix with
positive diagonal entrieds,...,d; suchthatl=d; =--- =dpnsand 1# d; | dq | - - |

dm, forsome lIsm<t+ 1. Thené + &/ + & =Z/dnZ & - - @ 2/ Z.
Notice that the columns of the mat ig form a basis fot,. Sinces; is a primitive

lattice inH, the lastt — m columns ofC must have a minor of size— m equal to+1.
Without loss of generality, we may assume that the corredipgrrows are also the last
t — mones.

The canonical projection: H -» H/&1 + H/&> is given by a matrix of the form

X Y
as) ()
Using row and column operations, the matkxcan be brought to the diagonal form
diag(xs, ..., Xs), wherex; are positive integers with £ x3 = --- = Xg_1 and 1# Xs |
Xs-1 |-+ | Xa. Moreover, the submatrix of involving the lasts—a+ 1 rows and columns

is invertible. Taking the dual basis &f¥ = Hom(H, Z), the inclusioné = (H/&1)Y +
(H/£)" — HY is given by the matri 5 0). It follows thaté/é = Z/%Z & - - ®Z/XsZ.
Evidently, the restriction of o ¢ to &> is the zero map; hencXC = Y D. For a fixed
integerk < s, setdy = didi_1 - - - k_st ANAYk 1= XsXs-1 - - - Xk. Clearly,dy is the ged of all
minors of sizes—k+1 of the submatrix irY Dinvolving the lasts—a+1 rows and columns.
Hence,dy is also the gcd of all minors of size— k + 1 of the corresponding submatrix
of XC. Thus,6k = k. Henced; = X, ..., 0m = Xs-t+m, and 1= dp-1 = Xs-t+m-1, Which
impliess—t+ m= a. This yields the desired conclusion. ]

4. CATEGORICAL REFORMULATION

In this section, we reformulate Theoreéh8using the language of categories. In order
to simultaneously consider the category of all finitely getedd abelian groups, and the
lattice structure for all the subgroups of a fixed abeliarugrave need the language of
fibered categories froml[ §5.1], which we briefly recall here.

4.1. Fibered categories. Recall that a poset( <) can be seen as a small category, with
objects the same as the elements odnd with an arrowp — p’ in the categoryL if and
onlyif p<p'.
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Let& be a category. We denote by Slthe objects oE, and by Mot& its morphisms.
A category ovels is a categoryf, together with a functo®: ¥ — &. ForT € Ob&,
we denote byF (T) the subcategory of consisting of objectg with ®(¢) = T, and
morphismsf with ®(f) = idr.

Definition 4.1. Let ®: ¥ — & be a category ovef. Let f: v — u be a morphism in
F,and setfF:V — U) = (O(f: v— u)). Thenf is said to be &artesian morphisnif
foranyh: v — uwith ®(h: v/ — u) = F, there exists a uniqu&: v' — vin Mor ¥ (F)
suchthah = f o H'.

The above definition is summarized in the following diagram:

(17) v

V—-u

Definition 4.2. We say thatb: ¥ — & is afibered categoryf for any morphismF: V —
U in &, and any objectu € Ob(F (U)), there exists a Cartesian morphidmv — u,
with ®(f) = F. Moreover, the composition of Cartesian morphisms is reguio be a
Cartesian morphism.

We say¥ is a lattice overE (or less succinctly, a category fibered in lattices aver
if ¥ is a fibered category, and evefy(T) is a lattice.

4.2. A lattice over AbRed. We now construct a category fibered in lattices over the
category of abelian complex algebraic reductive grodaRed. Let SubAbRed be the
category with objects

(18) ObSubAbRed = {i: W< P| iis a closed immersion of algebraic subgroyps
and morphisms betweenW — P andi’: W — P’ the set of pairs
(19) {(f,g)| f: W— W andg: P — P’ suchthai’ o f =goi}.

Projection to the target,

(20) W—~p P
Ll
W/( i, S P/ P/

defines a functor fronSubAbRed to AbRed. One can easily check that this functor is
a category fibered in lattices ovAbRed, with Cartesian morphisms obtained by taking
preimages of subtori. More precisely, supp&seW — P is a morphism imPAbRed, and
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0 — Pis an object in OIsubAbRed; the corresponding Cartesian morphism is then

(21) F-1() —> ¢
W—>p

A similar construction works foAbFgGp, the category of finitely generated abelian
groups. That is, we can construct a categdmpAbGp fibered in lattices oveAbFgGp
by taking injective morphisms of finitely generated abeljoups.

4.3. An equivalence of fibered categoriesWe now construct an explicit (contravariant)
equivalence between these two fibered categories congdidbove. For any inclusion of
subgroups; — &, let

(22) V(7 = &) := (maxSpecC[¢/n]) — maxSpecC[¢])).
This algebraic subgroup is naturally identified with the gnalip of characters of/n,

i.e., the closed embedding of subtori Hath{, C*) — Hom(¢, C*).
Finally, for any algebraic subgroup¥ — P, let

(23) (W <= P) := ({1 e Hom(P,C") : t* — 1 vanishes oW} € Hom(P, C*)).

For a fixed algebraic group in AbRed, with character groupd = T, the subgroup
e(W — T) of H coincides with the subgroup(W) defined in {), and the algebraic
subgroupV (¢ — H) of T coincides with the algebraic subgroWi¢) defined in b).

Tracing through the definitions, we obtain the followinguigswhich reformulates
Theorem2.3in this setting.

Theorem 4.3. The two fibered categorieaubAbRed and SubAbGp are equivalent, with
(contravariant) equivalences given by the functors V axéfined above.

5. INTERSECTIONS OF TRANSLATED ALGEBRAIC SUBGROUPS

In Sections?2 and 3, we only considered intersections of algebraic subgroupshis
section, we consider the more general situation wherel&@ussubgroups intersect.

5.1. Two morphisms. As usual, letT be a complex abelian reductive group, and let
H = T be the weight group correspondingTo= H.

Letéy, ..., & be subgroups dfl. Seté = &1+ --- + &, and leto: &3 x--- x & — £ be
the homomorphism given byi{, . .., k) — A1+- - -+ Ax. Consider the induced morphism
on character groups,

(24) GiE—E X xEy -
Using Remark2.2, the next lemma is readily verified.

Lemma 5.1. Under the isomorphismg = T/V(&) andé = T/V(&) = T/(N; V(&)), the
morphismg- gets identified with the morphisén T/(N; V(&)) — T/V(£1) X - -XT/V(&k)
induced by the diagonal map: T — Tk
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Next, lety: & x---x& — Hx---xH be the product of the inclusion mags & — H,
and consider the induced homomorphism on character groups,

(25) ?:H\X“'XH\—>§1X---X§(-
The next lemma is immediate.

Lemma 5.2. Under the isomorphismg = T/V(&), the morphisny gets identified with
the projection mapr: TK — T/V(&1) % - - X T/V(&).

5.2. Translated algebraic subgroups.Given an algebraic subgroup € T, and an
elementy € T, denote byyP the translate oP by n. In particular, ifC is an algebraic
subtorus ofT, thennC is a translated subtorus. sjfis a torsion element of, we denote
its order by ordg). Finally, if Ais a finite group, denote bg(A) the largest order of any
element inA.

We are now in a position to state and prove the main resulti@ttction (Theorem
from the Introduction). As before, let, ..., & be subgroups off = T. Letna, ..., nk
be elements iff, and consider the translated subgro@gs. .., Qx of T defined by

(26) Q = niV(&).
Clearly, each; is a subvariety oT, but, unlesg; € V(&), itis not an algebraic subgroup.

Theorem 5.3.Seté = &1 + -+ + & andn = (g1, ..., m) € TK. Then

_jo if (1) ¢ im(6),
@ QNN Q= {pV(g) otherwise

wherep is any element in the intersection © Q; N --- N Qk. Furthermore, if the
intersection is non-empty, then

(1) The variety Q decomposes into irreducible components as @TE% ptV (&),
anddim(Q) = dim(T) — rank¢).

(2) If n has finite order, thep can be chosen to have finite order, too. Moreover,
ord(y) | ord(p) | ord(y) - c(£/¢).

Proof. We have:

QN NQ#0 = may =--- = nxa, for somea; € V(&)
= y10m1) = - = ¥(m) by Lemma5.2
— () € im(&) by Lemmas. 1

Now supposéd; N---NQx # 0. Foranyp € Q1N ---N Qy, and any I< i < k, there
is ap; € V(&) such thap = nipi; thus,p~1n; € V(&). Therefore,

pHQLN N Q) =p V(D) N - N V(W)
= p HmVE)) NN V(ED))
=V(&) NN V(&)
=V(1+- +&).
Hence,Q1 N --- N Qk = pV(&).
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Finally, suppose; has finite order. Lep be an element iff /V(¢£) such thaio{p) =
v(n). Note that ord¢) = ord(). Using the exact sequencE?] and the third isomorphism
theorem for groups, we get a short exact sequence,

(28) O—>E//\§_>T/V(E) —q>T/V(§) ——0.

Applying the Homroun(—, C*) functor to the split exactd), we get a split exact sequence,
s
— £
(29) 0 V() T T/VE) —0.
Now pick an elemenp € g 1(p). We then have(s°®) = porde) = 1, which implies

that 540 € £/¢. Hence phas finite order inl/V(£), and, moreover, ordj | ord() |
ord(p) - c(£/£). Settingp = S(p) gives the desired translation factor. m|

Whenk = 2, the theorem takes a slightly simpler form.

CoroIIa[y 5.4. Let&; andé; be two subgroups of H, and gt andn, be two elements
inT =H. Then
(1) The variety Q= n1V(&1) N n2V(&2) is non-empty if and only iflngl belongs to

the subgroup Y£71) - V(&2).
(2) If the above condition is satisfied, thdim Q = rankH — rank; + &2).

In the special case whed = Z" andT = (C*)", Theorem5.3 allows us to recover
Proposition 3.6 from7].

Corollary 5.5 (Hironaka P]). Letéy,..., & be subgroups ofC*)', letn = (71,...,1)
be an element iGC*)’¥, and set Q= n;V(&). Then

(30) QLN ---NQy # 0 = () € IM(5).
Moreover, for any connected component Q @fQ - - N Qk, we have:
(1) Q =pV(é), for somep € (C*)'".
(2) dim@Q) = r —rankg). B
(3) If n has finite order, theord(y) | ord(p) | ord() - c(£/£).

5.3. Some consequencesiNe now derive a number of corollaries to Theordr. Fix
a complex abelian reductive grodp To start with, we give a general description of the
intersection of two arbitrary unions of translated subgsou

Corollary 5.6. Let W = J;niV(&) and W = J; n]V(g]) be two unions of translated
subgroups of T. Then
(31) WAW = JmVE) NV,

N
wheren; V(&) N n]V(g]) is either empty (which this occurs precisely whe(ni, ;) does
not belong tam(d )), or equalsny; ;V(& + f}), for somey; j € T.
Corollary 5.7. With notation as above, W W’ is finite if and only if WA W’ = 0 or
rank +§]) = dim(T), for all i, |.
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Corollary 5.8. Let W and W be two unions of (torsion-) translated subgroups of T.
Then Wn W’ is again a union of (torsion-) translated subgroups of T.

The next two corollaries give a comparison between thesetdions of various trans-
lates of two fixed algebraic subgroupsTafBoth of these results will be useful in another

paper [L0].

Corollary 5.9. Let T; and T, be two algebraic subgroups in T. Suppasg,n are
elements in T, such thafl; N Ty # @ andST, NyTo # 0. Then

(32) dim @T1 N nT2) = dim (BT1 N nTy).

Proof. Seté = €(T1) + €(T2). From Theorenb.3, we find that bothaT; N T, and
BT1 N nT, have dimension equal to the corank£ofThis ends the proof. ]

Corollary 5.10. Let T; and T, be two algebraic subgroups in T. Suppaeseanda; are
torsion elements in T, of coprime order. Then

(33) TiNaTo=0 = a1T1NaxTr =0.

Proof. SetH = T, & = €(T;), and¢ = & + &. By Theorem5.3, the condition that
T1NaTy = O impliesy(1, a) ¢ im(5), whereo: &1x&> —» £is the sum homomorphism,
andy: & x & — H x H is the inclusion map.

SupposeriT1 N aT2 # 0. Then, from Theorend.3again, we know thag(a1, az) €
im(&); thus, §(a1, a2))" € im(5), for any integem. From our hypothesis, the orders of
a1 anda» are coprime; thus, there exist integgrandq such thatpord(a1) + gord(ez) =
1. Hence,

(1L, az) = #(@POV, o 990D = (3(ay, a2))POED € im(),

a contradiction. O

5.4. Abelian covers. In [10], we use Corollarie®.9 and5.10to study the homological
finiteness properties of abelian covers. Let us briefly noertine of the results we obtain
as a consequence.

Let X be a connected CW-complex with finite 1-skeleton. Het H1(X, Z) the first
homology group. Since the spaiehas only finitely many 1-cells is a finitely gen-
erated abelian group. The characteristic varietieX afe certain Zariski closed subsets
V' (X) inside the character torus = Hom(H, C*). The question we study in.[] is the
following: Given a regular, free abelian covil' — X, with dimg H;i(X”,Q) < oo for
alli <k, which regular, finite abelian covers ®f have the same homological finiteness
property?

Proposition 5.11([10]). Let A be a finite abelian group, of order e. Suppose the char-
acteristic variety’V'(X) decomposes dg ipjTj, with each T an algebraic subgroup of

H, and eactp; an element irH such thaip; € H/T; satisfiesgcd(ordp;), €) = 1. Then,
given any regular, free abelian cover” Xvith finite Betti numbers up to some degree
k > 1, the regular A-covers of Xhave the same finiteness property.
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6. EXPONENTIAL INTERPRETATION

In this section, we explore the relationship between theespondencél ~ T = H
from §2 and the exponential map LiE] — T.

6.1. The exponential map. Let T be a complex abelian reductive group. Denote by
Lie(T) the Lie algebra off. The exponential map exp: Li€[ — T is an analytic map,
whose image i3, the identity component oF.

As usual, seH = 'F, and consider the latticg/ = HY = H/ TorsH). We then can
identify To = Hom(#",C*) and Lie(T) = Hom(#", C). Under these identifications, the
corestriction to the image of the exponential map can beewis

(34) exp= Hom(-, €'%): Hom(H",C) —» Hom(H",C"),

whereC — C*, z — €* is the usual complex exponential. Finally, upon identifyin
Hom(H", C) with H ® C, we see thalp = exp(H ® C).

The correspondenct ~» H = (T)" sends an algebraic subgrowpinsideT to the
sublatticey = (W)Y insideH. Clearly,y = Lie(W)NH is a primitive lattice; furthermore,
exply ® C) = Wp.

Now let y1 and y» be two sublattices ir{. Since the exponential map is a group
homomorphism, we have the following equality:

(35) exp(k1 + x2) ® C) = exply1 ® C) - expfy2 ® C).

On the other hand, the intersection of the two algebraic sulpg expf: ® C) and
expl2 ® C) need not be connected, so it cannot be expressed solelynirs t&f the
exponential map. Nevertheless, we will give a precise féanfior this intersection in
Theorem6.3 below.

6.2. Exponential map and Pontrjagin duality. First, we need to study the relationship
between the exponential map and the correspondence frapos$tion2.1.

Lemma 6.1. Let T be a complex abelian reductive group, andAét (T)V. Lety < H
be a sublattice. We then have an equality of connected agebubgroups,

(36) V((H/x)") = expfy ® C),
inside Ty = exp(H ® C).
Proof. Letn: H — H/y be the canonical projection, and kt= coker(r"). Asin (14),

we have an exact sequence-0K — y¥ — y/x — 0. Applying the functor Hom{, C*)
to this sequence, we obtain a new short exact sequence,

(37) 0 —— Hom(y/y, C*) —— Hom(y", C*) —— Hom(K,C*) ——= 0.
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From the way the functov was defined ing), we have that Honi{, C*) = V((H /x)").
Composing with the map exgz — C*, we obtain the following commutative diagram:

(38) Hom(y",C) — >~ Hom(",C*)

; |

Home, C) —22- Hom(K, C*) = V((H/x)")

Hom@H",C) — > Hom(H", C*)

Identify now expg ® C) with the image of Homy", C) in Hom(H", C*). Clearly, this
image coincides with the image &((#/x)") in To = Hom(H",C*), and so we are
done. o

Corollary 6.2. Let H be afinitely generated abelian group, anddet H be a subgroup.
Consider the sublatticg = (H/£)" insideH = HY. Then

(39) V(€) = exp ® C).
Proof. Note thaté = (H/x)", as subgroups dfl/ TorsH) = H". The desired equality
follows at once from Lemma&. L m|

6.3. Exponentials and determinant groups. We are now in a position to state and
prove the main result of this section (Theor&nfrom the Introduction).

Theorem 6.3. Let T be a complex abelian reductive group, andydetand y, be two
sublattices ofH = T".

(1) Seté = (H/x1)" + (H/x2)" < HY andy = (HY/¢)Y < H. Then
exply1 ® C) N explyz ® C) = /¢ - exply ® C),

as algebraic subgroups ofgI Moreover, the identity component of both these

groups is (¢) = exp(y ® C).
(2) Now supposg1 andy are primitive sublattices of{, with y1 N y» = 0. We then
have an isomorphism of finite abelian groups,

exply1 ® C) Nexplo ® C) = y1 + x2/x1 + x2-
Proof. To prove part {), note that
expl1 ® C) N expl2 ® C) = V((H/x1)") N V((H/x2)") by Lemma6.1
= V((H/x1)" + (H/x2)") by LemmaZ.6

= E/Af V(@) by Lemma3.1.

Finally, note that/y)" = &; thus,V(¢) = exp(y ® C), again by Lemma. 1.

To prove part), note that = ", since we are assumingNy» = 0. HenceV(¢) =
{1}. Since we are also assuming that the lattigeandy, are primitive, Propositior3.5
applies, giving that/& = y1 + x2/x1 + x2. Using now part{) finishes the proof. o

The next corollary follows at once from Theoreh8.
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Corollary 6.4. Let H be a finitely generated abelian group, anddeandé; be two sub-
groups. LetH = HY be the dual lattice, anglj = (H/&)" the corresponding sublattices.

(1) Seté = & + &. Then:

exply1 ® C) N exply2 @ C) = £/¢ - V().
(2) Now supposeank; + &) = rank{H). Then
exply1 ® C) N explo ® C) = y1 + x2/x1 + x2 = &/&.

6.4. Some applications.Let us now consider the case wh&n= (C*)". In this case,
H = 7", and the exponential maf4) can be written in coordinates as exp". — (C*)",
(z1,...,z) — (e¥'2,. .. &%) Applying Theorem6.3to this situation, we recover
Theorem 1.1 from4].

Corollary 6.5 (Nazir [5]). Suppos&1 andy are primitive lattices irfZ", andy1Ny2 = 0.
Thenexp(y1 ® C) N exply2 ® C) is isomorphic tor1 + x2/x1 + x2-

As another application, let us show that intersections ttaiican be at least as
complicated as arbitrary finite abelian groups.

Corollary 6.6. For any integer = 0, and any finite abelian group A, there exist subtori
T, and T, in some complex algebraic tor§*)" such that TN T, = (C*)" x A.

Proof. Write A = Zg, ® --- & Zg,. Let y1 andy, be the lattices iz spanned by the
columns of the matricelss ) and( ), whereD = diag(. . ... dk). Clearly, bothy; and
X2 are primitive, andy1 N y2 = 0, yet the latticey = y1 + x2 is not primitive if the group
A = x/x is non-trivial.

Now consider the subtoR; = exp(y; ® C) in (C*)%, fori = 1,2. By Corollary6.5, we
have thatP; N P, = A, Finally, consider the subtofii = (C*)" x P; in (C*)™2X. Clearly,
TN T, = (C*)"x A and we are done. o

In particular, ifAis a finite cyclic group, there exist 1-dimensional subtdfiandT,,
in (C*)? such thaiT; N To = A,

7. INTERSECTIONS OF TORSION-TRANSLATED SUBTORI

In this section, we revisit Theore®m 3 from the exponential point of view. In the
case when the translation factors have finite order, thermit from that theorem can
be refined, to take into account certain arithmetic inforamaaibout the translated tori in
question.

7.1. Virtual belonging. We start with a definition.

Definition 7.1. Let y be a primitive lattice inZ". Given a vectorl € Q", we sayAd
virtually belongs toy ifd - 1 € Z', where d= |det[y | yo]l andyo = QAN Z".

Here, [y | xo] is the matrix obtained by concatenating basis vectorshiersublattices
x andyg of Z". Note thatyq is a (cyclic) primitive lattice, generated by an elementhaf t
form 1o = m1 € Z', for somem € N.

In the next lemma, we record several properties of the nativoduced above.
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Lemma 7.2. With notation as above,

(1) A virtually belongs tgy if and only if d1 € yo.

(2) d=0ifand only ifA € y ® Q, which in turn implies thafl virtually belongs toy.

(3) Ifd > 0, then d equals the order of the determinant grqup xo/x + xo.

(4) Ifd = 1, thena virtually belongs tgy if and only ifA € Z', which happens if and
only if A € yo.

Next, we give a procedure for deciding when a torsion elermeatcomplex algebraic
torus belongs to a subtorus.

Lemma 7.3. Let Pc (C*)" be a subtorus, and let € (C*)" be an element of finite order.
Write P = exp(y ® C), wherey is a primitive lattice inZ". Thenn € P if and only if
n = exp(2ri A), for somel € Q" which virtually belongs tg.

Proof. Setn = ranky, and writen = exp(2ri 1), for somed = (11,...,4;) € Q". LetAg
be a generator gfg = Q1 N Z", and writed = glo. Finally, setd = |det [y | xo]l.

First suppose = 0. Then, by Lemma&.2(2), A virtually belongs tgy. Sincel € y®Q,
we also havey € P, and the claim is established in this case.

Now supposel # 0. As in the proof of Propositio.5, we can choose a basis faf
so that the inclusion of + yo into y + yo has matrix of the formi(5), with D = d. In this
basis, the latticg is the span of the first coordinates, angl lies in the span of the first
n+ 1 coordinates. Also in these coordinatég,1 = g, and say,.1 = € 9; furthermore,
Nni2 = --- = gy = 1. On the other han® = {z€ (C*)" | zyy1 = - -+ = z = 1}. Therefore,
n € Pif and only ifdgis an integer, which is equivalent ¢Q € yo. O

7.2. Torsion-translated tori. We are now ready to state and prove the main results of
this section (Theorer@ from the Introduction).

Theorem 7.4. Leté; and &, be two sublattices iZ'. Sete = & N &, and Writezf/'\a =
{exp(Zriu)ly_,- Also letn, andn, be two torsion elements iC*)", and writen; =
exp(zri 4;). The following are equivalent:

(1) The variety Q= n1V(£1) N2V (£2) is non-empty.
(2) One of the vectord; — A, — uk virtually belongs to the lattic€Z" /)" .

If either condition is satisfied, then © pV(&1 + &), for somep € Q.

Proof. Follows from Corollary5.4and Lemma/.3. m|

This theorem provides arfiient algorithm for checking whether two torsion-trans-
lated tori intersect. We conclude with an example illugtigathis algorithm.

Example 7.5. Fix the standard basks, e, e; for Z3, and consider the primitive sublat-
ticeséy = spané;, &) andé, = spané, e3). Thene = spanéy) is also primitive, and
sos = 1 andu; = 0. For selected values qf, 7, € (C*)3, let us decide whether the set
Q = V(&) NV (&2) is empty or not, using the above theorem.

First taken, = (1,1,1) andn, = (1,€*"'/3,1), and pickl; = 0 andd, = (1, 1,0). One

easily sees that = det(§ g 2) = -3, andd(1; — 1> — 1) = (3,1,0) € Z3. Thus,Q # 0.
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Next, take the samgy and .y, but taken, = (€¥'/2,1,1) andA, = (3,0,1). In this
cased = det(§ g §) = -3 andd(1; — 22 — u1) = (%, 0,3) ¢ Z3. Thus,Q = 0.
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