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ABSTRACT. We elucidate the key role played by formality in the theory of char-
acteristic and resonance varieties. We show that the I-adic completion of the
Alexander invariant of a 1-formal group G is determined solely by the cup-product
map in low degrees. It follows that the germs at the origin of the characteristic
and resonance varieties of G are analytically isomorphic; in particular, the tangent
cone to Vk(G) at 1 equals Rik(G). This provides new obstructions to 1-formality. A
detailed analysis of the irreducible components of the tangent cone at 1 to the first
characteristic variety yields powerful obstructions to realizing a finitely presented
group as the fundamental group of a smooth, complex quasi-projective algebraic
variety. This sheds new light on a classical problem of J.-P. Serre. Applications
to arrangements, configuration spaces, coproducts of groups, and Artin groups are
given.
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1. INTRODUCTION

A recurring theme in algebraic topology and geometry is the extent to which the
cohomology of a space reflects the underlying topological or geometric properties of
that space. In this paper, we focus on the degree-one cohomology jumping loci of the
fundamental group G of a connected, finite-type CW-complex M: the characteristic
varieties Vi (G), and the resonance varieties R (G). Our goal is to relate these two
sets of varieties, and to better understand their structural properties, under certain
naturally defined conditions on M. In turn, this analysis yields new and powerful
obstructions for a finitely presented group G to be 1-formal, or realizable as the
fundamental group of a smooth, complex quasi-projective variety.

1.1. Cohomology jumping loci. Let Tg = Hom(G, CY be the character variety
of G = m(M). The characteristic varieties of M are the jumping loci for the
cohomology of M, with coe [ciehts in rank 1 local systems:

(1.1) V(M) = {p € T | dim H'(M, ,C) > k}.

These varieties emerged from the work of S. Novikov [56] on Morse theory for
closed 1-forms on manifolds. Foundational results on the structure of the cohomology
support loci for local systems on quasi-projective algebraic varieties were obtained
by Beauville [3, 4], Green and Lazarsfeld [31], Simpson [66, 67], Arapura [2], and
Campana [8].

Let H°(M, C) be the cohomology algebra of M. Right-multiplication by an ele-
ment z € H'(M, C) yields a cochain complex (H"(M,C), ;). The resonance vari-
eties of M are the jumping loci for the homology of this complex:

(1.2) RL(M) = {z € HY(M,C) | dim H'(H"(M, C), uiz) > k}.

These homogeneous algebraic subvarieties of H'(M,C) = Hom(G, C) were first
defined by Falk [28] in the case when M is the complement of a complex hyperplane
arrangement; in this setting, a purely combinatorial description of R/ (M) was given
by Falk [28], Libgober—Yuzvinsky [45], and Falk—=Yuzvinsky [29].

We consider here only the cohomology jumping loci in degree « = 1. These loci
depend exclusively on G = 7r; (M), so we write Vi (G) = V(M) and Ry (G) = R (M).
The higher degree jumping loci will be treated in a forthcoming paper.

1.2. The tangent cone theorem. The key topological property that allows us to
relate the characteristic and resonance varieties of a space M is formality, in the sense
of D. Sullivan [68]. Since we deal solely with the fundamental group G = 7, (M),
we only need G to be 1-formal. This property requires that Eg, the Malcev Lie
algebra of GG (over C), be isomorphic, as a filtered Lie algebra, to the holonomy
Lie algebra $H(G) = L/(imds), completed with respect to bracket length filtration.
Here L denotes the free Lie algebra on H,(G, C), while Og denotes the dual of the
cup-product map Ug: A” H'(G,C) — H*(G, C).
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A group G is 1-formal if and only if Eg can be presented with quadratic relations
only; see Section 2 for details. Many interesting groups fall in this class: knot groups
([68]), certain pure braid groups of Riemann surfaces (Bezrukavnikov [6], Hain [33]),
fundamental groups of compact Kahler manifolds (Deligne, Gri [thd, Morgan, and
Sullivan [18]), fundamental groups of complements of hypersurfaces in CP" (Kohno
[39]), and finite-type Artin groups (Kapovich-Millson [38]) are all 1-formal.

Theorem A. Let G be a 1-formal group. For each 0 < k < by(G), the exponential
map exp: Hom(G, C) — Hom(G, CY restricts to an isomorphism of analytic germs,

exp: (Ri(G), 0) = OA(G), 1).
In particular, the tangent cone at 1 to Vk(G) equals R (G):
TC(V(G)) = Re(G)

Essential ingredients in the proof are two modules associated to a finitely presented
group G: the Alezander invariant, B = GYG" viewed as a module over the group
ring ZG.,y, and its “infinitesimal” version, By ) = coker(ds+0ds), viewed as a module
over the polynomial ring C[X] = Sym(G., ® C), where 9; denotes the j-th Koszul
di Lerkntial. The varieties defined by the Fitting ideals of these two modules coincide,
away from the origin, with V(G) and Ry (G), respectively.

Under our 1-formality assumption on (G, we deduce Theorem A from the fact that
the exponential map induces a filtered isomorphism between the 7-adic completion of
Bg ® C and the (X)-adic completion of Bgg). We establish this isomorphism using
Malcev Lie algebra tools. Related techniques have been used previously in low-
dimensional topology [33, 58], algebraic geometry [55, 1], and group theory [48, 60].

Theorem A sharpens and extends several results from [27, 64, 14], which only
apply to the case when G is the fundamental group of the complement of a complex
hyperplane arrangement. The point is that only a topological property (1-formality)
is needed for the conclusion to hold. Further information in the case of hypersurface
arrangements can be found in [43, 21].

For an arbitrary finitely presented group G, the tangent cone to Vi (G) at the
origin is contained in Ry (&), see Libgober [44]. Yet the inclusion may well be strict.
In fact, as noted in Example 5.11 and Remark 9.3, the tangent cone formula from
Theorem A fails even for fundamental groups of smooth, quasi-projective varieties.

Theorem A provides a new, and quite powerful obstruction to 1-formality of
groups—and thus, to formality of spaces. As illustrated in Example 8.2, this ob-
struction complements, and in some cases strengthens, classical obstructions to (1-)
formality, due to Sullivan, such as the existence of an isomorphism gr(G)®C = H(G).

1.3. Serre’s question. As is well-known, every finitely presented group G is the
fundamental group of a smooth, compact, connected 4-dimensional manifold M.
Requiring a complex structure on M is no more restrictive, as long as one is willing
to go up in dimension; see Taubes [69]. Requiring that M be a compact Kahler
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manifold, though, puts extremely strong restrictions on what G = (M) can be.
We refer to [1] for a comprehensive survey of Kahler groups.

J.-P. Serre asked the following question: which finitely presented groups can be
realized as fundamental groups of smooth, connected, quasi-projective, complex al-
gebraic varieties? Following Catanese [10], we shall call a group G arising in this
fashion a quasi-projective group.

In this context, one may also consider the larger class of quasi-compact Kahler
manifolds, of the form A/ = M \ D, where M is compact Kahler and D is a normal
crossing divisor. If G = m (M) with M as above, we say G is a quasi-Kdhler group.

The first obstruction to quasi-projectivity was given by J. Morgan: If G is a quasi-
projective group, then Eg = L/J, where L is a free Lie algebra with generators in
degrees 1 and 2, and J is a closed Lie ideal, generated in degrees 2, 3 and 4; see [55,
Corollary 10.3]. By refining Morgan’s techniques, Kapovich and Millson obtained
analogous quasi-homogeneity restrictions, on certain singularities of representation
varieties of GG into reductive algebraic Lie groups; see [38, Theorem 1.13]. Another
obstruction is due to Arapura: If G is quasi-K@hler, then the characteristic variety
V1(G) is a union of (possibly translated) subtori of Tg; see [2, p. 564].

If the group G is 1-formal, then Fg = E/J, with L generated in degree 1 and
J generated in degree 2; thus, GG verifies Morgan’s test. It is therefore natural to
explore the relationship between 1-formality and quasi-projectivity. (In contrast with
the Kdhler case, it is known from [55, 38] that these two properties are independent.)
Another motivation for our investigation comes from the study of fundamental groups
of complements of plane algebraic curves. This class of 1-formal, quasi-projective
groups contains, among others, the celebrated Stallings group; see [62].

1.4. Position and resonance obstructions. Our main contribution to Serre’s
problem is Theorem B below, which provides a new type of restriction on fundamental
groups of smooth, quasi-projective complex algebraic varieties. In the presence of
1-formality, this restriction is expressed entirely in terms of a classical invariant,
namely the cup-product map Us: A> H*(G,C) — H2(G,C).

Theorem B. Let M be a connected, quasi-compact Kdihler manifold. Set G = my(M)
and let {V®} be the irreducible components of Vi(G) containing 1. Denote by T the
tangent space at 1 of V*. Then the following hold.
(1) Every positive-dimensional tangent space TS is a p-isotropic linear subspace
of H'(G,C), of dimension at least 2p + 2, for some p = p(a) € {0,1}.
(2) If a # 3, then T* (TP = {0}.
Assume further that G is 1-formal. Let {R®} be the irreducible components of R1(G).
Then the following hold.
(3) The collection {T°} coincides with the collection {R®}.
(4) For1l <k < bi(G), we have R(G) = {0} U U, RY, where the union is over
all components R® such that dimR* > k + p(«).
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(5) The group G has a free quotient of rank at least 2 if and only if R1(G) strictly
contains {0}.

Here, we say that a non-zero subspace V' C H(G,C) is 0- (respectively, 1-)
isotropic if the restriction of the cup-product map, Ug: A>V — Us(A” V), is equiv-
alent to Uc: /\2 HY(C,C) — H?*(C,C), where C is a non-compact (respectively,
compact) smooth, connected complex curve. See 5.6 for a more precise definition.

In this paper, we consider only components of V;(G) containing 1. For a detailed
analysis of translated components, we refer to [20] and [24].

The proof of Theorem B is given in Section 6, and relies on results of Arapura [2]
on quasi-Kdhler groups. Part (1) is an easy consequence of [2, Proposition V.1.7].
Part (2) is a new viewpoint, developed in [24] to obtain a completely new type of
obstruction. Part (3) follows from our tangent cone formula.

For an arrangement complement M, Parts (2) and (4) of the above theorem were
proved by Libgober and Yuzvinsky in [45], using completely diLerent methods.

The “position” obstructions (1) and (2) in Theorem B can be viewed as a much
strengthened form of Arapura’s theorem: they give information on how the com-
ponents of V;(G) passing through the origin intersect at that point, and how their
tangent spaces at 1 are situated with respect to the cup-product map Ug.

We may also view conditions (1)-(5) as a set of “resonance” obstructions for a
1-formal group to be quasi-Kahler, or for a quasi-Ka@hler group to be 1-formal. Since
the class of homotopy types of compact Kahler manifolds is strictly larger than the
class of homotopy types of smooth projective varieties (see Voisin [72]), one may
wonder whether the class of quasi-Kahler groups is also strictly larger than the class
of quasi-projective groups.

1.5. Applications. In the last four sections, we illustrate the e [ciehcy of our ob-
structions to 1-formality and quasi-Kahlerianity with several classes of examples.

We start in Section 7 with wedges and products of spaces. Our analysis of res-
onance varieties of wedges, together with Theorem B, shows that 1-formality and
quasi-Kahlerianity behave quite dilerkntly with respect to the coproduct operation
for groups. Indeed, if G; and G, are 1-formal, then G, x G5 is also 1-formal; but, if
in addition both factors are non-trivial, presented by commutator relators only, and
one of them is non-free, then G x G5 is not quasi-Kahler. As a consequence of the
position obstruction from Theorem B(1), we also show that the quasi-Kahlerianity
of G; * G, where the groups Gj are assumed only finitely presented with infinite
abelianization, implies the vanishing of Ug, and Ug,.

When it comes to resonance varieties, real subspace arrangements oler a stark
contrast to complex hyperplane arrangements, cf. [51, 52]. If M is the complement
of an arrangement of transverse planes through the origin of R?*, then G = =, (M)
passes Sullivan’s gr-test. Yet, as we note in Section 8, the group G may fail the
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tangent cone formula from Theorem A, and thus be non-1-formal; or, G may be
1-formal, but fail tests (1), (2), (4) from Theorem B, and thus be non-quasi-Kdhler.

In Section 9, we apply our techniques to the configuration spaces M, of n ordered
points on a closed Riemann surface of genus g. Clearly, the surface pure braid
groups Fyn = m1(Mgy,n) are quasi-projective. On the other hand, if n > 3, the variety
R1(P1n) isirreducible and non-linear. Theorem B(3) shows that P, ,, is not 1-formal,
thereby verifying a statement of Bezrukavnikov [6].

We conclude in Section 10 with a study of Artin groups associated to finite, labeled
graphs, from the perspective of their cohomology jumping loci. As shown in [38], all
Artin groups are 1-formal; thus, they satisfy Morgan’s homogeneity test. Moreover,
as we show in Proposition 10.5 (building on work from [61]), the first characteristic
varieties of right-angled Artin groups are unions of coordinate subtori; thus, all such
groups pass Arapura’s V), -test.

In [38, Theorem 1.1], Kapovich and Millson establish, by a fairly involved ar-
gument, the existence of infinitely many Artin groups that are not realizable by
smooth, quasi-projective varieties. Using the isotropicity obstruction from Theorem
B, we show that a right-angled Artin group Gr is quasi-Kdhler if and only if " is
a complete, multi-partite graph, in which case Gr is actually quasi-projective. This
result provides a complete—and quite satisfying—answer to Serre’s problem within
this class of groups. In the process, we take a first step towards solving the problem
for all Artin groups, by answering it at the level of associated Malcev Lie algebras.
We also determine precisely which right-angled Artin groups are Kahler.

The approach to Serre’s problem taken in this paper—based on the obstructions
from Theorem B—has led to complete answers for several other classes of groups:

e In [22], we classify the quasi-Kdhler groups within the class of groups intro-
duced by Bestvina and Brady in [5].

e In [24], we determine precisely which fundamental groups of boundary man-
ifolds of line arrangements in CP? are quasi-projective groups.

e In [25], we decide which 3-manifold groups are Kahler groups, thus answering
a question raised by S. Donaldson and W. Goldman in 1989.

e In [59], we show that the fundamental groups of a certain natural class of
graph links in Z-homology spheres are quasi-projective if and only if the
corresponding links are Seifert links.

The obstructions from Theorem B are complemented by new methods of construct-
ing interesting (quasi-)projective groups. These methods, developed in [22] and [23],
lead to a negative answer to the following question posed by J. Kollar in [40]: Is
every projective group commensurable (up to finite kernels) with a group admitting
a quasi-projective variety as classifying space?
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2. HoLoNOMY LIE ALGEBRA, MALCEV COMPLETION, AND 1-FORMALITY

Given a (finitely presented) group G, there are several Lie algebras attached to
it: the associated graded Lie algebra gr'((7), the holonomy Lie algebra $(G), and
the Malcev Lie algebra Eg. In this section, we review the constructions of these Lie
algebras, and the related notion of 1-formality, which will be crucial in what follows.

2.1. Holonomy Lie algebras. We start by recalling the definition of the holonomy
Lie algebra, due to K.-T. Chen [12].

Let M be a connected CW-complex with finite 2-skeleton. Let k be a field of
characteristic 0. Denote by L¢H,M) the free Lie algebra on H,M = H,(M,K),
graded by bracket length, and use the Lie bracket to identify H M A H{M with
L2(H,M). Set

(2.1) H(M) = LH M) /(im0 = HoM — L*(HM))),

where dy is the dual of the cup-product map Uy : HY(M,K)AH (M, K) — H*(M,K)
and ((-)) denotes the Lie ideal spanned by (-). Note that $(M) is a quadratic Lie
algebra, in that it has a presentation with generators in degree 1 and relations in
degree 2 only. We call $H(M) the holonomy Lie algebra of M (over the field k).

Now let G be a group admitting a finite presentation. Choose an Eilenberg-
MacLane space K (G, 1) with finite 2-skeleton, and define

(2.2) 9(G) = H(K(G,1)).

If M is a CW-complex as above, with G = m (M), and if f: M — K(G,1) is a
classifying map, then f induces an isomorphism on H; and an epimorphism on H,.
This implies that

(2.3) 9(G) = H(M).

2.2. Malcev Lie algebras. Next, we recall some useful facts about the functorial
Malcev completion of a group, following Quillen [63, Appendix A].

A Malcev Lie algebra is a k-Lie algebra F, endowed with a decreasing, complete
filtration

E=RED>---DFEDFL,ED>- -,
by k-vector subspaces satisfying [F\E, FiFE] C Fy sE for all r;s > 1, and with the
property that the associated graded Lie algebra, gr=(E) = @q21 FE/FynE, is
generated by grt(E). By completeness of the filtration, the Campbell-Hausdor [1
formula

(2.4) e-f=e+f+le f1+ e le, N+ [foel) + -

endows the underlying set of £ with a group structure, to be denoted by exp(F).
For a group G, denote by ?)(G) the completion of the holonomy Lie algebra with

respect to the degree filtration. It is readily checked that ﬁ(G), together with the
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canonical filtration of the completion, is a Malcev Lie algebra with ngs%(G)) =
H'G).

In [63], Quillen associates to G, in a functorial way, a Malcev Lie algebra Eg
and a group homomorphism kg: G — exp(Eg). The key property of the Malcev
completion (Eg, kg) Is that kg induces an isomorphism of graded k-Lie algebras

(2.5) gr'the): r'G) @ k - G Eo).

Here, gr'(G) = @2, M4G/Mq1G is the graded Lie algebra associated to the lower
central series, G =T,G D --- D (G D g G D - -+, defined inductively by setting
M4+1G = (G, T4G), where (A, B) denotes the subgroup generated by all commutators
(9, h) = ghg~'h~! with g € A and h € B, and with the Lie bracket on gr&) induced
by the commutator map (, ): G x G — G.

2.3. Formal spaces and 1-formal groups. The important notion of formality of a
space was introduced by D. Sullivan in [68]. Let M be a connected CW-complex with
finitely many cells in each dimension. Roughly speaking, M is formal if the rational
cohomology algebra of M determines the homotopy type of M modulo torsion. Many
interesting spaces are formal: compact Kahler manifolds [18], homogeneous spaces of
compact connected Lie groups with equal ranks [68]; products and wedges of formal
spaces are again formal.

Definition 2.4. A finitely presented group G is 1-formal if its Malcev Lie algebra,
Eg, is isomorphic to the completion of its holonomy Lie algebra, $H(G), as filtered
Lie algebras.

A fundamental result of Sullivan [68] states that = (M) is 1-formal whenever M is
formal. The converse is not true in general, though it holds under certain additional
assumptions, see [61]. Here are some motivating examples.

Example 2.5. If M is obtained from a smooth, complex projective variety M by
deleting a subvariety D C M with codimD > 2, then 7 (M) = m(M). Hence,
w1 (M) is 1-formal, by [18].

Example 2.6. Let W {(H™(M, C)) be the Deligne weight filtration [17] on the co-
homology with complex coe [ciehts of a connected smooth quasi-projective variety
M. It follows from a basic result of J. Morgan [55, Corollary 10.3] that = (M) is 1-
formal if W, (H' (M, C)) = 0. By [17, Corollary 3.2.17], this vanishing property holds
whenever M admits a non-singular compactification with trivial first Betti number.
As noted in [39], these two facts together establish the 1-formality of fundamental
groups of complements of projective hypersurfaces.

Example 2.7. If b:(G) = 0, it follows from [63] that Eg = 5%(G) = 0, therefore G
is 1-formal. If G is finite, Serre showed in [65] that G is the fundamental group of a
smooth complex projective variety.
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2.8. On the Malcev completion of a 1-formal group. The following test for
1-formality is well-known, and will be useful in the sequel. For the benefit of the
reader, we include a proof.

Lemma 2.9. A finitely presented group G is 1-formal if and only if the Malcev Lie
algebra Eg is isomorphic, as a filtered Lie algebra, to the completion with respect to
degree of a quadratic Lie algebra.

Proof. Write Eg = C, with C'™4 graded Lie algebra presented as C'™%= LX) /(Y),
with Y C L?(X) a k-vector subspace. It is enough to prove that C' = §(G), as
graded Lie algebras.

From [68], we know that that the image of dz = Ok (s,1) equals the kernel of the
Lie bracket map A’gr'(G) ® k — gr3(G) @ k. From (2.5), we get a graded Lie
algebra isomorphism grtG) ® k = C'*7'Via this isomorphism, 4, (G, k) = gr'(G) ® k
is identified to X and im(9g) to Y. Thus, C*& §G). 1

It is convenient to normalize the Malcev completion of a 1-formal group in the
following way. Recall that, for a group G with holonomy Lie algebra $(G), we have

gr=tn (@) = 9KG).

Lemma 2.10. If G is a 1-formal group, then there is a Malcev completion homo-
morphism

ki G — exp(H(Q).
inducing the identity on gr'(G) @ k = grt (S?J(G)) = 91(G).

Proof. Set § = $(G), X = Gy, @ k and Y = im(dg). Let kg: G — exp(H) be a
Malcev completion, and set ¢ = gri(xg): X — X. It follows from (2.5) that ¢ is
an isomorphism. Moreover, L2(¢): /\2X — /\2X is also an isomorphism, sending
K =ker([,]: \>°X — gr2(G) @ k) onto K, :=ker([, ]: \°X — $?).

As noted in the proof of Lemma 2.9, K; = Y’; on the other hand, Y = K5, by
(2.1). Hence, ¢ extends to a graded Lie algebra automorph|sm ¢ $H — $H. Upon
completion, we obtain a group automorphlsm ¢ exp(ﬁ) — exp(ﬁ) The desired
normalized Malcev completion is k = ¢~ o k. 1

3. ALEXANDER INVARIANTS OF 1-FORMAL GROUPS

Our goal in this section is to derive a relation between the Alexander invariant
and the holonomy Lie algebra of a finitely presented, 1-formal group.

3.1. Alexander invariants. Let G be a group. Consider the exact sequence

(3.1) 0—cYa" 2. g/am P . g, ——0,
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where G°= (G, G), G™= (GYGY and G,;, = G/G" Conjugation in G/G™naturally
makes GY/G™into a module over the group ring ZG.;,. We call this module,

the Alexander invariant of G. If G = 7w (M), where M is a connected CW-complex,
one has the following useful topological interpretation for the Alexander invariant.
Let M” — M be the Galois cover corresponding to G C G. Then Bg ® k =
H,(M5Kk), and the action of G, corresponds to the action in homology of the group
of covering transformations. See [30, 16, 49] as classical references, and [13, 21] for
a detailed treatment in the case of complements of hyperplane arrangements and
hypersurfaces, respectively.

Now assume the group G is finitely presented. Then Bg ® Kk is a finitely generated
module over the Noetherian ring kKG,;,,. Denote by I C kG4, the augmentation ideal
and set X := G,, ® k. The I-adic completion Bslkzk-is-afifktely generated module
over kd—=K[X]], the formal power series ring on X. Note that k[[X]] is also the
(X)-adic completion of the polynomial ring K[X].

Another invariant associated to a finitely presented group G is the infinitesimal
Alezander invariant, Bgg). By definition, this is the finitely generated module over
k[X] with presentation matrix

3.2) V= 6, +id ®0s K[X]© (/\3 X @ Y) —Kx1o A X,

where Y = Hy(G,k) and 3(z Ay Az) =2 Q@yAz—yRxAz+z@x Ay; see [60,
Theorem 6.2], and also [14, 51] for related definitions. As the notation indicates, the
module Bg ) depends only on the holonomy Lie algebra of G.

3.2. The exponential base change. Set $ = $(G) and denote by H"(resp. $5
the first (resp. the second) derived Lie subalgebras. Consider the exact sequence of
graded Lie algebras

(3.3) 0— 679" "= 6/90 "= g, 0,

where 9., = 9/9"= X. Note that the adjoint representation of §/$™induces a
natural graded module structure on 7™ over the universal enveloping algebra
UHa) =KIX].

Let k: G — exp($) be a normalized Malcev completion as in Lemma 2.10. The-
orem 3.5 from [60] guarantees the factorization of x through Malcev completion
homomorphisms = G/G®— exp(HM5D-and—+® G, — exp(H.,). From the def-
initions, x”o p = 7 o k™ Furthermore, the completion of the exact sequence (3.3)
with respect to degree filtrations is still exact. Therefore, there is an induced group
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morphism xq: G/ G%— exp(ﬁ%&s into the following commuting diagram

Gyee—t . gigm—2 . q. 0

0— exp(6 5T ——&p(5 JoD ——Hp(H.) — 0

Note that )= $!, = X has the structure of an abelian Lie algebra. There-
fore, by the Campbell-Hausdor [Cfbrmula (2.4), the exponential group structure on
exp(ﬁ) = X coincides with the underlying abelian group structure of the k-vector
space X. Moreover, by the normalization property, x"coincides with the canonical
map G., — X, a — a ® 1. Note also that the Lie algebra 7 $™is abelian, hence

exp(H3D-is-theBunderlying abelian group structure of the k-vector space HMsm—1
again by (2.4).
Now consider the morphism of k-algebras

(3.5) exp: KGa, — K[[X]],

(3.4) 0

given by exp(a) = e2™for a € G,,. By the universality property of completions,
there is an isomorphism of filtered k-algebras, exp: kda,——KI[X]], such that the

morphism exp decomposes as kG, — kd——Kk[[X]], where the first arrow is
the natural map to the 7-adic completion. Note that the completion 5%‘
canonical module structure over the (X)-adic completion k[')é]%—k[b'(]].

Lemma 3.3. The map ko @ K: (GHYGH @ k — Y)mnean that 1s,
(ko @ K)(a - B) = exp(a) - (ko @ K)(5)
for a € KG,y, and 3 € (GHYGYH @ k.

Proof. It is enough to show that x™a - j(b) - a™') = L@ LT{5(p)) for a € G/GT
and b € GYG™ To check this equality, recall the well-known conjugation formula in
exponential groups (see Lazard [41]), which in our situation says

zyz " = exp(ady)(y).

for z,y € exp(HIHD—Hen®e Ko - j(b) - o) = @ (xT;(b))), which equals
eP@ T LT (1)), since 7 o k%a) = ko p(a) = pa) ® 1. 1

3.4. Completion of the Alexander invariant. Recall that Bg ® k is a module

over kG, and $H5Misa-mBdule over klcl=kfik7). Shift the canonical degree
filtration on s Tby-setthg £ 0 Asm:=r Aol Tforeadh ¢ > 0.
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Lemma 3.5. The k-linear map ko @ K: Bg @ kK — 5% a filtered €Xp-
linear isomorphism between Bo¥k—endoMed with the filtration coming from the
I-adic completion, and Y)%d with the shifted degree filtration F"

Proof. We start by proving that

(3.6) ko @ K(I"Bg @ k) ¢ FlpHam—1
for all ¢ > 0. First note that $MsT=r, MM since ;U consists of elements of

degree at least 2. Next, recall that exp(I) C (X). Finally, note that (X)"F; $AgTe—1

Fr+sﬁm, s > 0. These observations, together with the exp-equivariance
property from Lemma 3.3, establish the claim.

In view of (3.6), ko ® k induces a filtered, exp-linear map from Bk tooMhm 1
We are left with checking this map is a filtered isomorphism. For that, it is enough
to show

(3.7) gri(ko ® K): gri(Bs @ k) — (5795

is an isomorphism, for each ¢ > 0.
Recall from (3.4) that ™ j =70 k(. By a result of W. Massey [49, pp. 400-401],
the map j: GYG™— G/G™induces isomorphisms

(3.8) gri(j) ® k: gri(Bs ® k) — grit?(G/GY @ k

for all ¢ > 0. Since x™is a Malcev completion, it induces isomorphisms

(3.9) gr'(+"): gri(G/GY ok — (/9"

for all ¢ > 1. Finally (and evidently), the inclusion map ¢: $7$5™— § /9 induces
isomorphisms gri(:), and thus gri(z), for all ¢ > 2. This finishes the proof. L1

Lemma 3.6. The K[[X]]-module Bmd isomorphic to the module ﬁ#@ﬁtl

endowed with the shifted filtration F"

Proof. Assign degree ¢ to A\’ X and degree 2 to Y in (3.2). Then $7$™ viewed as a
graded k[X]-module via the exact sequence (3.3), is graded isomorphic to the K[X]-
module coker(V), see [60, Theorem 6.2]. Taking (X)-adic completions, the claim
follows. 1

Putting Lemmas 3.5 and 3.6 together, we obtain the main result of this section.

Theorem 3.7. Let G be a 1-formal group. Then the I-adic completion of the Alexan-
der invariant, Bslak—is—4sehorphic to the (X)-adic completion of the infinitesimal
Alexander invariant, Bm(zr@d eXp-linear isomorphism.
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3.8. Fitting ideals. We now recall some basic material from [26, §20.2]. Let R be
a commutative Noetherian ring, and let NV be a finitely generated R-module. Then
N admits a presentation of the form

(3.10) R —="ps N 0.

Define the k-th Fitting ideal of N as follows: Fi(N) is the ideal generated by the
(s—k)-minors of V, if 0 < s—k < min{r, s}, F«(N) = Rif s—k <0, and F(N) =0,
otherwise. The Fitting ideals form an ascending chain, independent of the choice of
presentation for N. Their construction commutes with base change.

If R = C[A] is the coordinate ring of an a [nelvariety, we may consider the
decreasing filtration of A by the Fitting loci of N,

(3.11) Wk(N) = Z(Fv-1(N)) C A.

These loci (which depend only on the coherent sheaf N) define a decreasing filtration
of A by closed reduced subvarieties.
The next (elementary) lemma will be useful in the sequel.

Lemma 3.9. Let A be an affine variety, with coordinate ring R. For a pointt € A,

denote by my C R the corresponding mazimal ideal. Let N be a finitely generated
R-module. Then
t € Wk(N) <= dimc(N/m¢N) > k.

Proof. First note that N/miN = R/m; ®g N. Assuming 0 < s — &k + 1 < min{r, s}
in presentation (3.10), we may translate definition (3.11) to

(3.12) t € Wk(N) <= rankc(R/m;®r V) < s — k.
We also have
(3.13) rankc(R/my @r V) < s — k < dimc¢(R/m¢ g N) > k.

These two equivalences yield the claim in this case. If s—k+1 > r, then Wi (V) = A
by definition. In this situation, we also have dim¢(R/mi ®r N) > s —r > k. The
remaining cases are similar. 1

3.10. Fitting loci and 1-formality. Let G be a finitely presented group, with
Alexander invariant Bg and infinitesimal Alexander invariant Bg). Use the iso-

morphism exp: Cd,——CRX]] to identify CL,the Aadic completion of the group
algebra CG.,,, with C[[X]], the (X)-adic completion of the polynomial ring C[X].

Lemma 3.11. If G is 1-formal, then
eXp: Fi(Bs ® C) Cl[X]] — Fi(Be)) CIIXT],
for all k > 0.
Proof. This is a direct consequence of Theorem 3.7, by base change. 1
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Let 73T = Hom(G, C) be the tangent space at the origin 1 to the complex analytic
torus Tg = Hom(G,CYH! Then T;Tg is the Lie algebra of Tg, and the exponential
map C — C5la — €2, induces a local analytic isomorphism

(3.14) exp: (T1Te,0) = (Te,1).

Proposition 3.12. If G is 1-formal, then the exponential map induces an isomor-
phism of analytic germs

exp: Wi(Bs(e)), 0) — Wi(Be © C), 1),
for all k > 0.

Proof. In geometric terms, the /-adic completion map can be written as the com-
posite CG., — C{X} — C[[X]], where the first arrow takes global regular functions
on T¢ to their analytic germs at 1, and the second arrow is Taylor expansion. One
has a similar decomposition for the (X)-adic completion, C[X] — C{X} — C[[X]],
obtained by taking germs (respectively, Taylor expansions) at 0.

With these identifications, the map exp: CG., — C[[X]] from (3.5) can be viewed
as the composite CG,, — C{X} — C{X} — C[[X]], where the middle arrow is the
map induced by (3.14) on local coordinate rings.

Since C[[X1] is faithfully flat over C{X}, see [71, p. 36], we obtain from Lemma
3.11 an exponential identification

exp: Fi(Be © C) C{X} = Fi(Bo(e)) C{X}
for all £ > 0. The claim follows by taking the corresponding germs of zero sets. [ 1

4. GERMS OF COHOMOLOGY SUPPORT LOCI

In this section, we study the cohomology support loci of a finitely presented group
G: the resonance varieties Ry (G) and the characteristic varieties Vi (G). Under
a 1-formality assumption on G, we show that the exponential map restricts to an
isomorphism of analytic germs between (Rx(G),0) and (Vk(G),1). We work over the
field k = C, unless otherwise specified.

4.1. Resonance varieties. Let H' and H? be two finite-dimensional complex vec-
tor spaces and let x: H' A H' — H? be a linear map. Set H° = C. For an element
z € H', denote by -z right-multiplication by = in the exterior algebra \"H", and by

1, the composite H' -5 H* A H* Y, H2. We then have a cochain complex
(41) (H.7/’LZ): O HO ’ Hl H2 0 )

with cohomology denoted by H“¢(H*, 1i,). For each k > 0, the k-th resonance variety
of . is defined by

(4.2) R(p) := {z € H | dim HY(H", 11,) > kY .

Mz
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Clearly, the jumping loci {Rk(u)}k form a decreasing filtration of H' by closed
homogeneous subvarieties, starting from Ro(u) = H*.

For a CW-complex M as above, take H' = H'(M, C), take 1 to be the cup-product
map Uy, and define the corresponding resonance varieties Rx(M) = Rk(Um). Sim-
ilarly, for a finitely presented group G, define

(4.3) Rk(G) := R(K(G,1)).

Obviously, the resonance varieties (4.2) depend only on the corestriction of x to
its image. By applying this remark to the classifying map f: M — K(m(M),1),
which induces an isomorphism on H! and a monomorphism on H?, we see that

(4.4) Ri(M) = Ri(m1(M))
for all £ > 0.

Lemma 4.2. Let G be a finitely presented group. Then the equality

Wi(Bse)) \ {0} = R(G) \ {0}
holds for all k > 0.

Proof. Pick any z € H'(G,C) \ {0}. By applying Lemma 3.9 to Bgg), we infer
that z € Wk(Bg(e)) if and only if dime coker(V(z)) > k. Note that H'(G, C) equals
the dual vector space "X of X. Consider the cochain complex (A" =X, )\;), where ),
denotes left multiplication by z. Since z # 0, this complex is obviously exact. Let
(A" X, B\,) be the dual chain complex, which is again exact. It is straightforward to
check that the restriction of 2\, to /\3X equals d3(z), with d3 as in the presentation
(3.2) of BQ(G).

Denoting by d,(z) the restriction of 2\, to /\2 X, use the exactness of the complex
(A" X, 21,) to obtain the following isomorphism:

(4.5) coker(V(2)) = im(32(2))/ im(3s(2) o dg).

By exactness again, dimgim(d2(2)) = n — 1. Hence z € Wi(Bgg)) if and only if
rank(d2(z) o dg) < n —1— k. Using (2.1)-(2.2) and (4.1)-(4.3), we see that the
linear map dual to d5(z) o Jg is —p,. Consequently, = € Wi(Bgc)) if and only if
rank(uz) <n —1—k, thatis, if and only if z € Rg(G), see (4.2)-(4.3). 1

4.3. Characteristic varieties. Let M be a connected CW-complex with finite 2-
skeleton. Set G’ = (M) and consider the character torus Tg = Hom(G,C5Y This
is an algebraic group of the form (CH" x F, where n = b,(M) and F is a finite
abelian group. ldentifying the point p € T¢ with a rank one local system ,C on M
(that is, a left one-dimensional C-representation of 7;(A/)), one may define the &-th
characteristic variety for all £k > 0 by

(4.6) V(M) = {p € T | dim H'(M, ,C) > k}.
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Here H"(M, ,C) denotes twisted cohomology, see e.g. [73, Chapter VI]. Viewing p
as a right representation, it follows by duality that we may replace H'(M, ,C) by
twisted homology, H, (1, ,C), in definition (4.6).

Plainly, {W (M)}« is a decreasing filtration of the torus T by closed algebraic
subvarieties, starting from V(M) = Tg. Describing this filtration is equivalent to
understanding the degree one (co)homology of M with coe [ciehts in an arbitrary
rank one local system, a very di Ccullt task in general.

For a finitely presented group G, define

4.7) Vi(G) == W (K(G,1)).

If M is a C'WW-complex as above, with G = 7 (M), then an Eilenberg-MacLane space
K(G,1) can be obtained from M by attaching cells of dimension > 3; hence

(4.8) V(M) = Vi(m1 (M),

for all £ > 0.

Let G = (z1,...,2zs | wy,...,wy) be a finite presentation for G. The 2-complex M
associated to this presentation has s one-cells, corresponding to the generators z;,
and r two-cells, attached according to the defining relations wj. Denote by

(4.9) C. = C.(M): 0— (ZG) %> (zay 2 sz -Ys 7

the augmented G-equivariant cellular chain complex of the universal cover M.

Remark 4.4. If we tensor the chain complex (4.9) (where the last term Z is replaced
by 0) with C, via the ring extension ZG — CGyy, 2, C associated to a character P

we obtain a complex of finite-dimensional C-vector spaces, namely

d2(p) o dilp)

0 cr C C 0.

Here the dilerkntials dx(p) are represented by matrices whose entries are regular
functions in p € Tg. It follows that the function

dim H,(G, ,C) = dimker d,(p) — rank ds(p) = s — rank d;(p) — rank d»(p)
is lower semi-continuous with respect to p, i.e.,
dim H,(G, ,C) < dim H,(G, ,,C)
for p in a neighborhood of a fixed character p,.

Let ZG — C@,, be the base change associated to the abelianization morphism.
As mentioned in §3, there is a natural CG,,-module identification

(4.10) Bg ® C = H{(CGlap @726 C.).
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Let ZG — CG,y, > C be the change of rings corresponding to a character p € Tg.
As follows from (4.8),

(4.11) p € V(@) <= dimg Hy(,C @6 C.) > k.
By applying Lemma 3.9 to N = Bg ® C and using (4.10), we infer that
(4.12) p € Wk(Bs ® C) +— dimc(,C ®cg,, H1K.) >k,

where K. denotes the CG,,-chain complex CG,y, ®7c C..
With these preliminaries, we may state the following analogue of Lemma 4.2.

Lemma 4.5. Let G be a finitely presented group. Then the equality
Wi(Be ® C) \ {1} = V(G) \ {1}
holds for all k > 0.

Proof. Let R = CG,y,. By (4.11) and (4.12), it is enough to show H;(,C ®r K.) =
oC ®r H1K., for p € Tg \ {1}. An analysis of the spectral sequence associated to
the free, finite chain complex K. over the ring R, and the base change p: R — C,

Eg,t = TOF?(pC, H{K.) = Hs1(,C ®r K.),

see [46, Theorem XI1.12.1], shows we only need to check Tor¢,C, ) = 0, where
€. R — C is the augmentation map.

Denote by F' C G, the torsion subgroup, and by G,,/F = Z" the torsion-free
part of G,,. Since R = CZ" @ CF, it follows from the Kuinneth formula that

TorR¢,C, (€) = Torts" (, C, (€) ® Tors (nC, (€),

where p = (p5p" € Tz x Te. It is well-known that Tort5"(,C, (€) = 0, if p"'# 1,
see e.g. [35, pp. 215-216]. Thus, it is enough to show Tort, 0C, (€) =0, if p#£ 1,
for any finite cyclic group F. This can be easily checked, using the standard periodic
resolution of [© over CF, see e.g. [46, IV.7]. 1

4.6. Matching analytic germs. The next theorem proves the first part of Theorem
A from the Introduction. It implies, in particular, that the twisted (degree one)
cohomology with rank one local systems is computable, near the trivial character 1
and under a formality assumption, only in terms of the cup-product map on H*!.

Theorem 4.7. Let G be a 1-formal group. Then the exponential map from (T1Tg,0)
to (Tg, 1) restricts for each k > 0 to an isomorphism of analytic germs,

exp: (Rx(G),0) E(VK(G), 1).

Proof. \We need to do two things: replace in Proposition 3.12 the germ Wk (Bg(c)). 0)
by (Rk(G),0), and the germ Wk(Bs ® C), 1) by (Vk(G),1).

Set n = b;(G). Then plainly 0 € Re(G) and 1 € Vi (G) for k£ < n. It is also clear
that (R«(G),0) is the germ of the empty set for £ > n. To see that the same holds



18 A. DIMCA, S. PAPADIMA, AND A. I. SUCIU

for the germ (Vk(G), 1), note that dim¢ H'(G, ,C) < dim¢ H'(G,,1C) = n for any p
near 1, by semi-continuity, see Remark 4.4. Therefore it is enough to make the two
aforementioned replacements only away from 0 (resp. 1). This can be done using
Lemmas 4.2 and 4.5. 1

Remark 4.8. Suppose M is the complement of a hyperplane arrangement in C™,

with fundamental group G = m;(M). In this case, Theorem 4.7 can be deduced from

results of Esnault-Schechtman-Viehweg [27] and Schechtman-Terao-Varchenko [64].

In fact, one can show that there is a combinatorially defined open neighborhood U of

0in H'(M, C) with the property that H(M, ,C) = H'CH*(M, C), i), for all z € U,

where p = exp(z). A similar approach works as soon as W;(H'(M,C)) = 0, in

particular, for complements of arrangements of hypersurfaces in projective or a [nel
space. For details, see [21, Corollary 4.6].

The local statement from Theorem 4.7 is the best one can hope for, as shown by
the following classical example.

Example 4.9. Let M be the complement in S of a tame knot K. Since M is a
homology circle, it follows easily that M is a formal space; therefore, its fundamental
group, G = m (M), is a 1-formal group. Let A(t) € Z[t,t"!] be the Alexander
polynomial of K. It is readily seen that V,(G) = {1} [ Zero(A) and R(G) = {0}.
Thus, if A(t) # 1, then exp(R1(G)) # Vi(G).

Even though the germ of V; (G) at 1 provides no information in this case, the global
structure of V,(G) is quite meaningful. For example, if K is an algebraic knot, then
A(t) must be product of cyclotomic polynomials, as follows from work of Brauner
and Zariski from the 1920s, see [54].

Remark 4.10. Let M be the complement in C? of an algebraic curve, with funda-
mental group G = 7 (M), and let A(t) € Z[t,t~'] be the Alexander polynomial of
the total linking cover, as defined by Libgober; see [42] for details and references. It
was shown in [42] that all the roots of A(¢) are roots of unity. This gives restrictions
on which finitely presented groups can be realized as fundamental groups of plane
curve complements.

Let A® ¢ Z[t, ..., tF'] be the multivariable Alexander polynomial of an arbitrary
quasi-projective group. Starting from Theorem B(2), we prove in [24] that A® must
have a single essential variable, if n # 2. Examples from [59] show that this new
obstruction e [ciehtly detects non-quasi-projectivity of (local) algebraic link groups.
Note that all roots of the one-variable (local) Alexander polynomial A(t) of algebraic
links are roots of unity; see [54].

4.11. Initial ideals and tangent cones. Let (X,0) be a reduced analytic space
germ at the origin of C" and let 7 = I(X,0) C O, be the ideal of analytic function
germs at the origin of C" vanishing on (XX, 0). Any non-zero f € O, can be uniquely
written as a sum

J=fm* fm+-,
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where each fi is a homogeneous polynomial of degree &, and f,, # 0. We call f, the
initial form of the germ f and denote it by in(f).

The initial ideal of I, denoted in(7), is the polynomial ideal spanned by all initial
forms of non-zero elements of /. The tangent cone of the germ (X,0), denoted
TCy(X), is the a [nelcone in C" given by the zero-set of the initial ideal in(7). If
X is an algebraic subvariety in C" and p € X is any point, then the tangent cone
TCp(X) is defined in the obvious way, i.e., by translating the germ (X, p) to the
origin. For more geometric details on this definition see Whitney [74, pp. 210-228];
for relations to Grobner bases, see Cox-Little-O’Shea [15].

Tangent cones enjoy the following functoriality property. Let (X,0) c (C",0) and
(Y,0) C (CP,0) be two reduced analytic space germs, and let f/: (C",0) — (CP,0) be
an analytic map germ such that f(X,0) C (Y,0). Then the dilerential dyf: ToC" —
T,CP satisfies do f(T'Cy(X)) C TCo(Y). In particular, if f is a local analytic isomor-
phism, then its di Lerential induces a linear isomorphism, dyf: TCy(X) ETCO(Y).

4.12. The tangent cone formula. Using Theorem 4.7 and the above discussion,
we obtain the following tangent cone formula, which generalizes results from [14, 43],
and finishes the proof of Theorem A from the Introduction.

Theorem 4.13. If the group G is 1-formal, then TCi(Vk(G)) = Rk(G), for all
0 <k <bi(G).

Remark 4.14. In general, it is di [cult to verify the 1-formality of a finitely pre-
sented group G directly from Definition 2.4. The above tangent cone formula pro-
vides a new, computable obstruction to 1-formality. Indeed, recall the equivariant
chain complex C. from (4.9). It follows from (4.11) that the characteristic varieties
Vk(G) may be computed from the Fitting ideals of the CG,,-module presented by
the Alezander matriz associated to CG,y, ®zc ds.

It is a classical fact that the Alexander matrix is computable directly from a finite
presentation for GG, by means of the Fox calculus, see [30]. The passage from the
variety Vik(G) to the tangent cone 7'C, (Vk(G)) is achieved by e [edtive commutative
algebra methods, as described in [15]; for details, see e.g. [13, 14].

It is even simpler to determine the resonance varieties Rx(G): compute the cup-
product map Ug and the holonomy Lie algebra $(G) directly from the group pre-
sentation, by Fox calculus (or, equivalently, by Magnus expansion), and then use
Fitting ideals to compute Ry (G) as in Lemma 4.2; for details, see e.g. [51].

5. REGULAR MAPS ONTO CURVES

In this section, we discuss the relationship between the cohomology jumping loci of
a quasi-compact Kahler manifold A, holomorphic maps from M to complex curves,
and isotropic subspaces in 4 (M, C). The basic tool is a result of Arapura [2], which
we start by recalling.
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5.1. Arapura’s theorem. First, we establish some terminology. By a curve we
mean a smooth, connected, complex algebraic variety of dimension 1. A curve C
admits a canonical compactification C, obtained by adding a finite number of points.

Following [2, p. 590], we say a map f: M — C from a connected, quasi-compact
Kahler manifold M to a curve C'is admissible if f is holomorphic and surjective, and
has a holomorphic, surjective extension with connected fibers, f: M — C, where M
iIs a smooth compactification, obtained by adding divisors with normal crossings.

With these preliminaries, we can state Arapura’s result [2, Proposition V.1.7], in
a slightly modified form, suitable for our purposes.

Theorem 5.2. Let M be a connected, quasi-compact Kdhler manifold. Denote by
{V%}q the set of irreducible components of Vi (w1 (M)) containing 1. If dimV® > 0,
then the following hold.

(1) There is an admissible map, fo: M — Cq, where Cy is a smooth curve with
x(Cq) < 0, such that

V&= fiTmco

and (fo)oa (M) — m1(Cq) is surjective.
(2) There is an isomorphism

Hl(My fg;pC) = Hl(con pC)7
for all except finitely many local systems p € T (c.)-

Proof. Part (1). Proposition V.1.7 from [2] guarantees the existence of an admissible
map fo: M — Cq to a curve Cy with x(Cy) < 0 such that V* = faEP‘nl(ca). The
surjectivity of (fo)—is implicit in Arapura’s proof. It follows from two standard
facts. First, the generic fibers of fy are connected, as soon as this happens for
fq and second, there is a Zariski open subset Uy, C Cy with the property that
fa: f5'(Uq) — Uq is a locally trivial fibration.

Part (2). This is stated in the proof of Proposition V.1.7 from [2], with “all
except finitely many” replaced by “infinitely many,” but a careful look at Arapura’s
argument reveals that actually the finer property holds. 1

When M is compact, similar results to Arapura’s were obtained previously by
Beauville [4] and Simpson [67]. The closely related construction of regular mappings
from an algebraic variety M to a curve C starting with suitable dilerkntial forms
on M goes back to Castelnuovo—-de Franchis, see Catanese [°]. When both M and
C' are compact, the existence of a non-constant holomorphic map M — C'is closely
related to the existence of an epimorphism (M) [z {C), see Beauville [3] and
Green—Lazarsfeld [31]. In the non-compact case, this phenomenon is discussed in
Corollary V.1.9 from [2].

Corollary 5.3. Let M be a connected, quasi-compact Kdhler manifold, with fun-
damental group G = m(M). Assume that G is 1-formal, with by(G) > 0 and
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R1(G) # {0}. Then all irreducible components of V1(G) containing 1 are positive-
dimensional. Realize each irreducible component V¢ of V1(G) containing 1 by pullback
via fq: M — Cq, as in Theorem 5.2(1). Then Ty(V*) = fLH ' (Cqy, C),

(5.1) Ri(G) =, fa?l'(Ca, ©).

and this decomposition coincides with the decomposition of R1(G) into irreducible
components, R1(G) = Uy RY. In particular, dimR* = b,(Cy), for all o.

Proof. Since b;(G) > 0 and R.(G) # {0}, all irreducible components R® of the
algebraic set R = R,(G) are positive dimensional. Since G is 1-formal, the tangent
cone formula from Theorem 4.13 implies that all irreducible components V¢ of V,(G)
containing 1 are positive dimensional. Hence, Theorem 5.2(1) applies.

By Theorem 4.13, R1(G) = T'C1(V1(G)) = Uy TC1 (V). From Theorem 5.2(1), we
know that each V' is an algebraic connected subtorus of T, isomorphic to Ty, (c,) via
f&isince (fo) s onto. It follows from §4.11 that TC, (V) = T1(V®) = fHIY(Cy, C).
This establishes (5.1). That this decomposition of R,(G) coincides with the one into
irreducible components follows from the fact that connected algebraic subtori are
determined by their Lie algebras; see e.g. [37, 13.1]. 1

5.4. Isotropic subspaces. Before proceeding, we introduce some notions which will
be of considerable use in the sequel. Let u: H' A H' — H? be a C-linear map, and
Ri(r) € H! be the corresponding resonance varieties, as defined in (4.2). One way
to construct elements in these varieties is as follows.

Lemma 5.5. Suppose V. C H' is a linear subspace of dimension k. Set i =
dimim(u: VAV — H?). Ifi<k—1, then V C Ry—i—1(1t) C R1(1).

Proof. Let x € V, and set o= {y € V' | u(z Ay) = 0}. Clearly, dimz—= k& —i. On
the other hand, z\/€ - v € HY(H", 1ux), and so0 z € Ry—i—1(1). 1

Therefore, the subspaces V' c H! for which dimim(u: V AV — H?) is small are
particularly interesting. This remark gives a preliminary motivation for the following
key definition.

Definition 5.6. Let u: A\ H' — H? be a C-linear mapping, and let V ¢ H' be a
C-linear subspace.
() V' is 0-isotropic (or simply, isotropic) with respect to p if the restriction
1w ANV — H? s trivial.
(ii) V is l-isotropic with respect to s if the restriction ;. : /\2V — H? has
1-dimensional image and is a non-degenerate skew-symmetric bilinear form.

Example 5.7. Let C be a smooth curve, and let uc: A\° H'(C,C) — H?*(C,C) be
the usual cup-product map. There are two cases of interest to us.
(i) If C is not compact, then H?(C,C) = 0 and so any subspace V c H(C,C)
is isotropic.
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(ii) If C is compact, of genus ¢ > 1, then H?(C,C) = C and H'(C,C) is 1-
isotropic.

Now let yi,: A*H! — H? and py: A\® Hi — HZ be two C-linear maps.

Definition 5.8. The maps 1 and py are equivalent (notation yuq =~ us) if there exist
linear isomorphisms ¢': Hl — H} and ¢*: im(u;) — im(us) such that ¢? o u; =
fi2 © N2

The key point of this definition is that the k-resonant varieties Ry (x1) and Ry (u2)

can be identified under ¢* when p; ~ u,. Moreover, subspaces that are either 0-
isotropic or 1-isotropic with respect to j; and p, are matched under ¢'.

5.9. Admissible maps and isotropic subspaces. We now consider in more detail
which admissible maps fy: M — Cq may occur in Theorem 5.2.

Proposition 5.10. Let M be a connected quasi-compact Kdhler manifold, and let
f: M — C be an admissible map onto the smooth curve C.
(1) If Wi (HY(M,C)) = H'(M,C), then the curve C is either compact, or it is
obtained from a compact smooth curve C by deleting a single point.
(2) If Wi (H'(M,C)) =0, then the curve C is rational. If x(C) < 0, then C is
obtained from C by deleting at least two points, and f"H*(C, C) is 0-isotropic
with respect to Uy .
(3) Assume in addition that 7 (M) is 1-formal. If the curve C is compact of genus
at least 1, then f5 H?(C,C) — H?*(M, C) is injective, and so fH*(C,C) is

1-isotropic with respect to Un .

Proof. Recall that f w1 (M) — m(C) is surjective; hence f~' H'(C,C) — H'(M,C)
is injective.

Part (1). Strictly speaking, a quasi-compact Kahler manifold M does not have a
unique mixed Hodge structure. Nevertheless, it inherits such a structure from each
good compactification M, by Deligne’s construction in the smooth quasi-projective
case, see [17].

By the admissibility condition on f: M — C, there is a good compactification M
such that f extends to a regular morphism f: M — C. Fixing such an extension, the
condition W, (H'(M, C)) = H'(M, C) simply means that j;*CH' (M, C)) = H'(M, C),
where j: M — M is the inclusion. Since regular maps f which extend to good
compactifications of source and target obviously preserve weight filtrations, the mixed
Hodge structure on H'(C, C) must be pure of weight 1, see [17]. If we write C' = C'\ A,
for some finite set A, then there is an exact Gysin sequence

0— HY(C,C)— H'(C,C)— H°(A,C)(-1) — H?*(C,C) = H*(C,C) =0,

see for instance [19, p. 246]. But H°(A, C)(—1) is pure of weight 2, and so H!(C, C)
is pure of weight 1 if and only if |A| < 1.
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Part (2). By the same argument as before, we infer in this case that H!(C,C)
should be pure of weight 2. The above Gysin sequence shows that H!(C, C) is pure
of weight 2 if and only if ¢(C) =0, i.e., C = PL. Finally, x(C) < 0 implies |A| > 3.

Part (3). Set G := m (M), Tw = Tg and T := Ty, (c). Note that dimT > 0.
Furthermore, the character torus T is embedded in T\, and its Lie algebra 77(T) is
embedded in 77(Ty), via the natural maps induced by f. By Theorem 5.2(2),

dim H'(M, ¢-,C) = dim H'(C, ,C),

for p € T near 1 and dilerknt from 1, since both the surjectivity of fin Part (1),
and the property from Part (2) do not require the assumption x(C) < 0.

Applying Theorem 4.7 to both G (using our 1-formality hypothesis), and m(C)
(using Example 2.5), we obtain from the above equality that

dim HI(H.(Mu C)7 :uf*Z) = dim HI(H.(C7 C)7 MZ)?

for all = € H*(C, C) near 0 and di Lerent from 0. Moreover, for any such z, a standard
calculation shows dim H(H*(C,C), u;) = 2g — 2, where g = g(C).

Now suppose f-! H%(C,C) — H?(M,C) were not injective. Then fSA'(C,C)
would be a 0-isotropic subspace of H'(M, C), containing ). In turn, this would
imply dim HY(H° (M, C), us-,) > 2g — 1, a contradiction. 1

We close this section by pointing out the subtlety of the injectivity property from
Proposition 5.10(3).

Example 5.11. Let Ly be the complex algebraic line bundle associated to the divisor
given by a point on a projective smooth complex curve Cy of genus g > 1. Denote
by M, the total space of the C*=bundle associated to L,. Clearly, M, is a smooth,
quasi-projective manifold. (For g = 1, this example was examined by Morgan in
[55, p. 203].) Denote by fy: My — Cqy the natural projection. This map is a locally
trivial fibration, which is admissible in the sense of Arapura [2]. Since the Chern class
c1(Lg) € H*(Cy,Z) equals the fundamental class, it follows that f;=' H*(Cy,C) —
H?(Mjg,C) is the zero map. Set Gy = m;(My).

A straightforward analysis of the Serre spectral sequence associated to fy, with
arbitrary untwisted field coe Lciehts, shows that (fq) s H1(My,Z) — Hi(Cy,Z) is
an isomorphism, which identifies the respective character tori, to be denoted in the
sequel by T4. This also implies that 17 (H' (Mg, C)) = H'(Mg, C), since this property
holds for the compact variety Cj.

We claim f; induces an isomorphism

(5.2) HY(Cy,pC) 5 H' (Mg, :5C),

for all p € Ty. If p =1, this is clear. If p # 1, then Homgy, c,)(Z,,C) = 0, since
the monodromy action of m;(Cy) on Z = H;(C52) is trivial. The claim follows from
the 5-term exact sequence for twisted cohomology associated to the group extension
1—-27Z— Gy — m(Cy) — 1, see [36, VI.8(8.2)].
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It follows that

Ty, for0<k<2¢-2

(5.3) Vi(Go) = {{1}, for 2g — 1 < k < 2g.

On the other hand, Ug, = 0, since ng": 0 on H?. Therefore

Ti(Ty), for0 <k <2¢-—-1,

4 Ric(Go) = {{0}, for k = 2g.

By inspecting (5.3) and (5.4), we see that the tangent cone formula fails for £ =
2g — 1. Consequently, the (quasi-projective) group Gy cannot be 1-formal. We thus
see that the 1-formality hypothesis from Proposition 5.10(3) is essential for obtaining
the injectivity property of f-bn H2.

Remark 5.12. It is easy to show that f=' H?(C,C) — H?*(M, C) is injective when
M is compact. On the other hand, consider the following genus zero example, kindly
provided to us by Morihiko Saito. Take C' = P! and M = P! x P1\ (C, U (,), where
C; = {oo} x Pt and C, is the diagonal in P! x P'. The projection of M on the first
factor has as image C = P!\ {cc} and a [nellines as fibers; thus, M is contractible.
If we take f: M — P! to be the map induced by the second projection, we get an
admissible map such that f~'H2%(C,C) — H?(M, C) is not injective.

6. POSITION AND RESONANCE OBSTRUCTIONS

In this section, we give our obstructions to realizing a finitely presented group G
as the fundamental group of a connected, quasi-compact Kahler manifold M. We
start with a definition.

Definition 6.1. Let u: H' A H' — H? be a C-linear map, with dim H* > 0. Let
Ri(n) C H' be the corresponding resonance varieties, and let Rq(x) = ([J,R™ be
the decomposition of R;(u) into irreducible components. We say p satisfies the
resonance obstructions if the following conditions hold.

1. Linearity: Each component R is a linear subspace of H!.

2. Isotropicity: If R # {0}, then R® is a p-isotropic subspace of dimension
at least 2p + 2, for some p = p(a) € {0, 1}.

3. Genericity: If a # 3, then R*RP = {0}.
4. Filtration by dimension: For 1 < k < dim H!,
— a
Re(w) =, R,

where the union is taken over all components R® such that dim R > k+p(a).
By convention, the union equals {0} if the set of such components is empty.
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Let 7 = [J, 7° be the irreducible decomposition of a homogeneous variety 7 C H*.
We say 7 satisfies the position obstructions with respect to y if conditions 1-3 above
hold, with 7 replacing R, ().

Note that the above resonance conditions depend only on the equivalence class
of u, in the sense of Definition 5.8. Note also that R,(1) = 0, if H' = 0, while
0 € Ri(w), if dim H! > 0. If u = Ug, where G = 7 (M), we will examine the above
position conditions for 7 = T'C;(V:(G)). Note that, again, 7 = (), if H* = 0, while
0cT,if H' #0.

The next three lemmas will be used in establishing the position obstruction from
Theorem B(2).

Lemma 6.2. Let X be a connected quasi-compact Kdahler manifold, C' a smooth
curve and f: X — C a non-constant holomorphic mapping. Assume that f admits

a holomorphic extension f: X — C, where X (resp. C) is a smooth compactification
of X (resp. C'). Then the induced homomorphism in homology, fraHi(X,Z) —
H(C,Z), has finite cokernel.

Proof. Let Y = Slng(f) be the set of singular points of f i.e., the set of all points
z € X such that dxf = 0. Then Y is a closed analytic subset of X. Using Remmert S
Theorem, we find that 7 = f(Y) is a closed analytic subset of C, and f(X)
By Sard’s Theorem, Z # C, hence 7 is a finite set. R

Let B=(C\C)uZ;set C"=C\ B, and X"= X \ f~1(B) = f~1(CY. Then the
restriction fEf XY= CUis a locally trivial fibration; its fiber is a compact manifold,
and thus has only finitely many connected components. Using the tail end of the ho-
motopy exact sequence of this fibration, we deduce that the induced homomorphism,
FE (XY — m(CY, has image of finite index.

Now note that io f'ok = foj, wherei: C°— C, j: X\ f7Y(B) — X, and k: X \
f‘l(B) — XUare the inclusion maps. From the above, it follows that f H,(X,Z) —
H,(C,Z) has image of finite index. L1

Let V™ and VP be two distinct, positive-dimensional, irreducible components of
V1 (m(M)) containing 1. Realize them by pull-back, via admissible maps, fq: M —
Cq and fg: M — Cpg, as in Theorem 5.2(1). We know that generically (that is, for
t € Cy \ Bq, Where By is finite) the fiber f'(¢) is smooth and irreducible.

Lemma 6.3. In the above setting, there exists t € Cq \ B such that the restriction
of fa to f5'(t) is non-constant.

Proof. Assume fg has constant value, i(t), on the fiber f3*(¢), for t € Cq \ Bo. We
first claim that this implies the existence of a continuous extension, h: Cy — Cg,
with the property that 2o fo = fp.

Indeed, let us pick an arbitrary special value, t, € Bg, together with a sequence
of generic values, t, € Cy \ Bq, converging to t,. For any x € f5'(ty), note that the
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order at x of the holomorphic function fy is finite. Hence, we may find a sequence,
xn — x, such that fq(xzn) = tn. By our assumption, fg(z) = limi(t,), independently
of z, which proves the claim.

At the level of character tori, the fact that h o fq = fp implies VP = fBEP‘nl(CB) C
faTm(c.) = V%, a contradiction.

Lemma 6.4. Let V* and VP be two distinct irreducible components of Vy(mi(M))
containing 1. Then V* N VP is finite.

Proof. We may suppose that both components are positive-dimensional. Lemma 6.3
guarantees the existence of a generic fiber of f,, say Fy, with the property that the
restriction of fg to Fy, call it g: Fq — Cg, is non-constant. By Lemma 6.2, there
exists a positive integer m with the property that

(6.1) m - Hy(Cp, Z) C im(goh.

We will finish the proof by showing that p™ = 1, for any p € VN VP,

To this end, write p = pg o (fg)mWith pg € Ty, (c,). For an arbitrary element
a € Hi(M,Z), we have p"(a) = pg(m - (fg)ra). From (6.1), it follows that m -
(fe)ra = (fp)lja) by for some b € Hy(Fy,Z), Where jq: Fy — M is the inclusion.
On the other hand, we may also write p = pq o (fo) mWith pg € Ty c.). Hence,

P (a) = pa((fo) o) ) = pa(0) =1, as claimed. 1
The next result establishes Parts (1)—(4) of Theorem B from the Introduction.

Theorem 6.5. Let M be a connected, quasi-compact Kdhler manifold. Set G =
m (M) and assume bi(G) > 0. Let {V} be the irreducible components of Vi(G)
containing 1. Then the following hold.

(1) The tangent spaces T® = Ti (V) are the irreducible components of T =
TC,(N(G)).

(2) If G is 1-formal, {T°} is the family of irreducible components of R1(G).

(3) The variety T satisfies the position obstructions 1-3 from Definition 6.1, with
respect to Ug: H'(G,C) A HY(G,C) — H?*(G,C).

(4) If G is 1-formal, Ug verifies the resonance conditions 1-4 from 6.1.

Proof. Part (1). As noticed before, 7 = |J,7%. By [37, 13.1], 7 = |J, 7 is the
decomposition of 7 into irreducible components.

Part (2). If R,(G) =0, then 7 = 0, and there is nothing to prove. If R,(G) # 0,
the statement follows from Corollary 5.3.

Part (3). Property 1 is clear. As for property 2, we have V* = [, c.), Where
fo is admissible and x(Cq) < 0; see Theorem 5.2(1). Therefore, 7% = [ (Cq, C).
If the curve Cy is non-compact, the subspace 7 is clearly isotropic, and dim 7% =
b1(Co) > 2. If Cy is compact and fiis zero on H?*(Cy, C), we obtain the same
conclusion as before. Finally, if Cy is compact and fi-is non-zero on H?*(Cy, C),
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then plainly 72 is 1-isotropic and dim7“ = b;(Cy) > 4. The isotropicity property
is thus established.

By [37, Theorem 12.5], property 3 is equivalent to the fact that V* N VP is finite.
Thus, the genericity property follows from Lemma 6.4.

Part (4). By Parts (1)—(3), the resonance conditions 1-3 are verified by Ug.
Property 4 may be checked as follows. We may assume R, (G) # {0}, since otherwise
the property holds trivially. We may also assume k < b;(G), since otherwise Ry (G) =
{0}, and there is nothing to prove.

To prove the desired equality, we have to check first that any non-zero element
u € Rk(G) belongs to some R® with dimR® > k. Definition (4.2) guarantees
the existence of elements vy,..., v € H'(G,C) with v Uu = 0, and such that
u,vq,...,v¢ are linearly independent. Since the subspaces (u,vj) spanned by the
pairs {u,v;} are clearly contained in R, (G), it follows that (u, v;) C R%. Necessarily
ap = -+ = g = «, since otherwise property 3 would be violated. This proves
u € RY, with dimR® > k.

Now, if p(a) = 1, then dimR® > k + 1. For otherwise, we would have R® = u\:)
which would violate the non-degeneracy property from Definition 5.6(ii). Finally,
that dim R > k + p(«) implies R® C Rk(G) follows at once from Lemma 5.5. [1

We now relate the dimensions of the cohomology groups H'(H"(M,C), u,) and
H'(M, ,C) corresponding to z € Hom(G, C)\{0} and p = exp(z) € Hom(G, CH\ {1},
to the dimension and isotropicity of the resonance component R to which z belongs.

Proposition 6.6. Let M be a connected quasi-compact Kdhler manifold, with fun-
damental group G, and first resonance variety Ri(G) = Uy R®. If G is 1-formal,
then the following hold.
(1) If z € R® and z # 0, then dim H'(H*(M, C), ;) = dimR® — p(a) — 1.
(2) If p € exp(R®) and p # 1, then dim H'(M, ,C) > dimR® — p(a) — 1, with
equality for all except finitely many local systems p.

Proof. Part (1). Recall that R® = f #'(Cy, C). Exactly as in the proof of Proposi-
tion 5.10(3), we infer that

(6.2) dim #'(M, ,C) = dim H'(H" (M, C), yi;) = dim H'(H (Cyq, C), 1z),
where z = fié and p = exp(z), for all z € R near 0 and di [erent from 0. Clearly
(6.3) dim H'(H"(Cq, C), j1z) = dimR* — p(a) — 1,

if ¢ # 0. Since plainly dim H'(H*(M,C), ;) = dim H'(H"(M,C), u»,), for all
A\ € CHlequations (6.2) and (6.3) finish the proof of (1).

Part (2). Starting from the standard presentation of the group m;(Cy), a Fox
calculus computation shows that dim H'(Cy, yC) = dimR® — p(a) — 1, provided
pP# 1. By Theorem 5.2(2), the equality dim H'(M, ,C) = dimR® — p(«) — 1 holds
for all but finitely many local systems p € exp(R®). By semi-continuity (see Remark
4.4), the inequality dim H*(M, ,C) > dim R®—p(«)—1 holds for all p € exp(R®). [
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Using Proposition 5.10, we obtain the following corollary to Theorem 6.5.

Corollary 6.7. Let M be a connected quasi-compact Kahler manifold, with funda-
mental group G, and first resonance variety Ri(G) = U4 R®. Assume bi(G) > 0
and R1(G) # {0}.
(1) If M is compact then G is 1-formal, and Ug satisfies the resonance obstruc-
tions. Moreover, each component R® is l-isotropic, with dimR* = 2gq > 4.
(2) If Wi(HY(M,C)) = 0 then G is 1-formal, and Ug satisfies the resonance
obstructions. Moreover, each component R® is 0-isotropic, with dimR* > 2.
(3) If Wi (HY(M,C)) = HY(M,C) and G is 1-formal, then dimR* = 2gq > 2,
for all .

Next, we sharpen a result of Arapura [2, Corollary V.1.9], under a 1-formality
assumption, thereby extending known characterizations of ‘fibered’” Kahler groups
(see [1, §2.3] for a survey).

Corollary 6.8. Let M be a connected quasi-compact Kahler manifold. Suppose the
group G = w1 (M) is 1-formal. The following are then equivalent.

() There is an admissible map, f: M — C, onto a smooth complex curve C' with
x(C) < 0.
(i) There is an epimorphism, p: G L_xdC), onto the fundamental group of a
smooth complex curve C' with x(C) < 0.
(iii) There is an epimorphism, p: G L_Eg) onto a free group of rank r > 2.
(iv) The resonance variety R1(G) strictly contains {0}.

Proof. The equivalence of the first three properties is proved in [2, Corollary V.1.9],
without our additional 1-formality hypothesis. The implication (iii) = (iv) also
holds in general; this may be seen by using the Ug-isotropic subspace o"“#I'(F,,C) C
HY(G,C). Finally, assuming G is 1-formal, the implication (iv) = (i) follows from
Corollary 5.3. 1

The equivalence (iii) < (iv) above finishes the proof of Theorem B from the In-
troduction.

We close this section with a pair of examples showing that both the quasi-Ka@hler
and the 1-formality assumptions are needed in order for this equivalence to hold.

Example 6.9. Consider the smooth, quasi-projective variety M; from Example 5.11
(the complex version of the Heisenberg manifold). As mentioned previously, the
group G = w1 (M,) is not 1-formal. On the other hand, it is well-known that G, is
a nilpotent group. Therefore, property (iii) fails for G;. Nevertheless, R(G,) = C?,
by virtue of (5.4), and so property (iv) holds for G;.

Example 6.10. Let N, be the non-orientable surface of genus h > 1, that is, the
connected sum of A real projective planes. It is readily seen that N, has the rational
homotopy type of a wedge of »—1 circles. Hence Ny, is a formal space, and so 71 (/Vy)
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is a 1-formal group. Moreover, R, (71 (Nn)) = R1(Fn-1), and so R, (7 (Ny)) = CM1,
provided h > 3. Thus, property (iv) holds for all groups 7 (/V,) with A > 3.

Now suppose there is an epimorphism ¢: m(Ny) L[CEdwith » > 2, as in (iii).
Then the subspace "H'(F,,Z,) C H'(m(Ny),Z;) has dimension at least 2, and
is isotropic with respect to Up,n,). Hence, h > 4, by Poincaré duality with Z,
coe [ciehts.

Focussing on the case h = 3, we see that the group m;(/Ns3) is 1-formal, yet the
implication (iv) = (iii) from Corollary 6.8 fails for this group. It follows that m; (/N3)
cannot be realized as the fundamental group of a quasi-compact Kahler manifold.
Note that this assertion is not a consequence of Theorem 6.5(4); indeed, Un,n,) =
Ur, , (over C), while Fn—; = m (P \ {& points}), for all » > 1.

7. WEDGES AND PRODUCTS

In this section, we analyze products and coproducts of groups, together with their
counterparts at the level of first resonance varieties. Using our obstructions, we
obtain conditions for realizability of free products of groups by quasi-compact Kahler
manifolds.

7.1. Products, coproducts, and 1-formality. Let F(X) be the free group on a
finite set X, and let L'(X) be the free Lie algebra on X, over a field k of characteristic
0. Denote by E(X) the Malcev Lie algebra obtained from LX) by completion
with respect to the degree filtration. Define the group homomorphism kx : F(X) —
exp(E(X)) by kx(x) =z for x € X. Standard commutator calculus [41] shows that

(7.1) grithx): grieF(X)) @ k = gri(L(X))

is an isomorphism. It follows from [63, Appendix A] that «x is a Malcev completion.
Now let G be a finitely presented group, with presentation G = (xy,..., 2 |

wy, ..., wy), or, for short, G = F(X)/(w). Denote by ((w)) the closed Lie ideal of

E(X) generated by xx(w1), ..., kx(wy), and consider the group morphism induced

by rx,

(7.2) ket G — exp(L(X)/{(w)).

It follows from [57] that xg is a Malcev completion for G. (For the purposes of that

paper, it was assumed that G, had no torsion, see [57, Example 2.1]. Actually, the

proof of the Malcev completion property applies verbatim to the general case, see
[57, Theorem 2.2].)

Proposition 7.2. If G1 and Go are 1-formal groups, then their coproduct Gy * G
and their product Gy X Gy are again 1-formal groups.

Proof. First consider two arbitrary finitely presented groups, with presentations G; =
F(X)/(u) and G, = F(Y)/(v). Then G, x G, = F(X UY)/(u,Vv). It follows from
(7.2) that Eg, g, = Eg, || Es,, the coproduct Malcev Lie algebra.
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On the other hand, G; x Go = F(X UY)/(u,v,(z,y);x € X,y € Y), and so,
by the same reasoning, Eg,xc, = L(X U Y)/{(x(U), ky (V), (z,y);z € X,y € Y)).
Using the Campbell-Hausdor Cférmula, we may replace each CH-group commutator
(z,y) with the corresponding Lie bracket, [z, y]; see [58, Lemma 2.5] for details. We
conclude that Eg,xc, = Eg, [ Ea,, the product Malcev Lie algebra.

Now assume G; and G, are 1-formal. In view of Lemma 2.9, we may write Eg, =
L(X5/(uS) and Eg, = L(Y3/(v5), where the defining relations u”and v~ are
quadratic. Hence

EGl G — E(XEU Y%/«UD,V%,
Eo,xc, = LXUYH/(uIvi 5y T 2% xTy e Y1)

Since the relations in these presentations are clearly quadratic, the 1-formality of
both G, * G, and G; x G5 follows from Lemma 2.9. 1

7.3. Products, coproducts, and resonance. Let U', V' (: = 1,2) be complex
vector spaces. Given two C-linear maps, uy: U' AU — U? and py : VAV — V2,
set W' =U'@ V', and define py * py : W AW — W2 as follows:

pu ok v oty = pus fu ok v vined = pv, o po ok py juioes = 0.

When py = Ug, and py = Ug,, then clearly py * v = Ug, q,, Since K (G Gy, 1) =
K(G1,1) Vv K(G»,1).

Lemma 7.4. Suppose Ut # 0, V1 # 0, and uy * uy satisfies the second resonance
obstruction from Definition 6.1. Then puy = uy = 0.

Proof. Set p = uy * v . We know R, (p) = W, by [61, Lemma 5.2]. If u # 0, then
1 is 1-isotropic, with 1-dimensional image. It follows that either puy =0 or puy = 0.

In either case, ;. fails to be non-degenerate, a contradiction. Thus, x = 0, and so
Hu = vy = 0. 1
Next, given py and uy as above, set Z! = U@ Viand 22 = U V2a (Ul e V?),

and define py x pyv 1 Z' A ZY — Z? as follows. As before, the restrictions of gy x v
to U AU and V! A V! are given by uy and gy, respectively. On the other hand,
py X py (wAv) =u®w, foru e Ut and v € VL. Finally, if uy = Ug, and uy = Ug,,

then Hu Xy = UgyxGo» since K(Gl X GQ, 1) = K(Gl, 1) X K(GQ, 1)

Lemma 7.5. With notation as above, Rq(uy X pv) = Ri(uu) X {0} U{0} X Ry (uv).

Proof. Set . = py X py. The inclusion Ry(1) D Ri(uy) x {0} U {0} x Ri(uy) is
obvious. To prove the other inclusion, assume R(x) # 0 (otherwise, there is nothing
to prove), and pick 0 # a + b € Ry (i), with « € U! and b € V!, By definition of
Ri(w), there is z +y € U @ V! such that (a + b) A (x +%) # 0 and

(7.3) plla+0) AN (@ +y)=pulanz)+puy(bAy)+a®@y—z@b=0.

In particular, « ® y = x ® b. There are several cases to consider.
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If @ # 0 and b # 0, we must have z = Aa and y = \b, for some A € C, and so
(a+b)A(x+y)=(a+0b) A Xa+b) =0, a contradiction.

Ifb =0, then a # 0 and (7.3) forces y = 0 and uy (aAz) = 0. Since (a+b)A(x+y) =
aNx # 0, it follows that a € R,(uy), as needed. The other case, a = 0, leads by the
same reasoning to b € R (uv ). 1

If G; and G, are finitely presented groups, Lemma 7.5 implies that R, (G, x G3) =
R1(G1) x {0} U {0} x Ry(G2). An analogous formula holds for the characteristic
varieties: V(G x Gs) = V1(G1) x {1} U {1} x V1(G2), see [14, Theorem 3.2].

7.6. Quasi-projectivity of coproducts. Here is an application of Theorem B. It
is inspired by a result of M. Gromov, who proved in [32] that no non-trivial free
product of groups can be realized as the fundamental group of a compact Kahler
manifold. We need two lemmas.

Lemma 7.7. Let G be a finitely presented, commutator relators group (that is, G =
F(X)/(w), with X and W finite, and W C 3F(X)). Suppose G is 1-formal, and
Us = 0. Then G is a free group.

Proof. Pick a presentation G = F(X)/(w), with all relators w; words in the com-
mutators (g, h), where g, h € F(X). We have Eg = 5(G), by the 1-formality of G,
and $H(G) = L(X), by the vanishing of Us. Hence, Eg = E(X). On the other hand,
(J.Z) implies Eg = E(X)/((w». We thus obtain a filtered Lie algebra isomorphism,
L) —= L)/ (w).

Taking quotients relative to the respective Malcev filtrations and comparing vector
space dimensions, we see that rkx (wi) € (=, FkE(X) = 0, for all i. A well-known
result of Magnus (see [47]) says that gr(F(X)) is a torsion-free graded abelian group.
We infer from (7.1) that w; € (=, TkF(X), for all <. Another well-known result of
Magnus (see [47]) insures that F(X) is residually nilpotent, i.e., o, NkF(X) = 1.
Hence, w; = 1, for all ¢, and so G = F(X). 1

Lemma 7.8. Let Gy and Gs be finitely presented groups with non-zero first Betti
number. Then V(G * G2) = Tg,q,-

Proof. Let G = (xy,...,xs | wy,...,wy) be an arbitrary finitely presented group,
and let p € Tg be an arbitrary character. Recall from Remarks 4.4 and 4.14 that
p € Vi(G) if and only if b,(G, p) > 0, where b,(G, p) := dimker d;(p) — rank ds(p).
Moreover, the linear map d;(p): C° — C sends the basis element corresponding to
the generator z;j to p(zi) — 1, while the linear map d,(p): C" — C® is given by the
evaluation at p of the matrix of free derivatives of the relators, (%—V)Zj(p)); see Fox [30].
For G = G, * Go, write p = (p1, p2), With p;j € Tg,. We then have dj(p) =
dj(p1) + dj(p2), for j =1,2. Hence, bi(G, p) = b1(G1, p1) + bi(Ga, p2) + 1, if both p
and p, are dilerent from 1, and otherwise b,(G, p) = b1(G1, p1) + b1(Ga, p2). Since
b1(Gi, 1) = b1(Gj) > 0, the claim follows. 1
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Theorem 7.9. Let G and Gy be finitely presented groups with non-zero first Betti
number.
(1) If the coproduct Gy x Gy is quasi-Kdhler, then Ug, = Ug, = 0.
(2) Assume moreover that G and G5 are 1-formal, presented by commutator
relators only. Then Gy x Gy is a quasi-Kdahler group if and only if both G,
and Gy are free.

Proof. Part (1). Set G = G * G,. From Lemma 7.8, we know that there is just
one irreducible component of V,(G) containing 1, namely V = T%, the component
of the identity in the character torus. Hence, 77(V) = H'(G,C). Libgober’s result
from [44] implies then that R,(G) = HY(G,C). If G is quasi-K&hler, Theorem B(1)
may be invoked to infer that Ug satisfies the isotropicity resonance obstruction from
Definition 6.1. The conclusion follows from Lemma 7.4.

Part (2). If G; and G, are free, then GG; x GG, is also free (of finite rank), thus
quasi-projective. For the converse, use Part (1) to deduce that Us, = Ug, = 0, and
then apply Lemma 7.7. 1

Let C be the class of fundamental groups of complex projective curves of non-zero
genus. Each G € C is a 1-formal group, admitting a presentation with a single
commutator relator, and is not free (for instance, since Ug # 0). Proposition 7.2 and
Theorem 7.9 yield the following corollary.

Corollary 7.10. If G1,G5 € C, then Gy x Gy is a 1-formal group, yet G * Go is not
realizable as the fundamental group of a smooth, quasi-projective variety M.

This shows that 1-formality and quasi-projectivity may exhibit contrasting behav-
ior with respect to the coproduct operation for groups.

8. ARRANGEMENTS OF REAL PLANES

Let A = {H,,...,H,} be an arrangement of planes in R*, meeting transversely
at the origin. By intersecting .4 with a 3-sphere about 0, we obtain a link L of n
great circles in S3. It is readily seen that the complement A of the arrangement
deform-retracts onto the complement of the link. Moreover, the fundamental group
G = m (M) has the structure of a semidirect product of free groups, G = F—, [Z]
and M is a K(G,1). For details, see [75], [50].

Example 8.1. Let A = A(2134) be the arrangement defined in complex coordinates
on R* = C2 by the half-holomorphic function Q(z,w) = zw(z — w)(z — 2w); see
Ziegler [75, Example 2.2]. Using a computation from [50, Example 5.10], we obtain
the following presentation for the fundamental group of the complement

G = <l'1, Lo, T3, T4 | (xlv l'gl';l), (x27 l'4), (l'g, x4)>

It can be seen that Eg = L(x1, 22, 23, 24)/{(2[a1, 23] + [21, 24]. [22, 24], [23, 24])); thus,
G is 1-formal. The resonance variety R,(G) C C* has two components, R = {z
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vy = 0} and RP = {z | 24, + 223 = 0}, and the tangent cone formula holds for G.
Though both components of R (G) are linear, the other three resonance obstructions
are violated:

e The subspaces R® and RP are neither 0-isotropic, nor 1-isotropic.
e RENRP = {z | 23 = 2, = 0}, which is not equal to {0}.
e Ro(G) ={x |21 =23 =24 =0} U{x | xo = x3 = x4 = 0}, and neither of
these components equals R® or RE.
Thus, G is not the fundamental group of any smooth quasi-projective variety.

Let A be an arrangement of transverse planes in R*, with complement A/. From
the point of view of two classical invariants—the associated graded Lie algebra, and
the Chen Lie algebra—the group G = 71 (M) behaves like a 1-formal group. Indeed,
the associated link L has all linking numbers equal to +1, in particular, the linking
graph of L is connected. Thus, gr'G) ® Q = Hs and gr'G/GY @ Q = Hs/HT, as
graded Lie algebras, by [48, Corollary 6.2] and [60, Theorem 10.4(f)], respectively.
Nevertheless, our methods can detect non-formality, even in this delicate setting.

Example 8.2. Consider the arrangement A = 4(31425) defined in complex coordi-
nates by the function Q(z, w) = z(z — w)(z — 2w)(2z + 3w — 5w)(2z — w — 5w); see
[51, Example 6.5]. A computation shows that T'C(V,(G)) has 9 irreducible compo-
nents, while R,(G) has 10 irreducible components; see [52, Example 10.2], and [51,
Example 6.5], respectively. By Theorem 4.13, the group G is not 1-formal. Thus, the
complement M cannot be a formal space, despite a claim to the contrary by Ziegler
[75, p. 10].

9. CONFIGURATION SPACES

Denote by S™" the n-fold cartesian product of a connected space S. Consider the
configuration space of n distinct labeled points in S,

F(S,n) = an \ UAij,
1<j
where Aj; is the diagonal {s € S™" | si = sj}. The topology of configuration
spaces has attracted considerable attention over the years. For S a smooth, complex
projective variety, the cohomology algebra HF(S,n),C) has been described by
Totaro [70], solely in terms of n and the cohomology algebra H (S, C).

Let Cy be a smooth compact complex curve of genus g (¢ > 1). The fundamental
group of the configuration space Mgy, := F(Cy,n) may be identified with £, the
pure braid group on n strings of the underlying Riemann surface. Starting from
Totaro’s description, it is straightforward to check that the low-degrees cup-product
map of P, is equivalent, in the sense of Definition 5.8, to the composite

I;;Ln x x
9.1)  pgn: A HYCEM,C)—= HX(Cy", C) —= H*(Cy™, C)/ span{[Ajl}i; .
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where [Ajj] € HQ(ng”,C) denotes the dual class of the diagonal Ajj;, and the
second arrow is the canonical projection. It follows that the connected smooth
quasi-projective complex variety Mg, has the property that W;(H'(Mgyn,C)) =
H'(Mjgn,C), for all g,n > 1.

The Malcev Lie algebra of Fy, has been computed by Bezrukavnikov in [6], for
all g,n > 1. It turns out that the groups Fy, are 1-formal, for ¢ > 1 and n > 1,
or g=1and n < 2; see [6, p. 130]. On the other hand, Bezrukavnikov also states
in [6, Proposition 4.1(a)] that P, is not 1-formal for n > 3, without giving a full
argument. With our methods, this can be easily proved.

Example 9.1. Let {a,b} be the standard basis of H'(C;,C) = C2. Note that the
cohomology algebra HXC[™", C) is isomorphic to /\'%'al,bl, ...,an,bn). Denote by
(z1,v1,-..,2n,yn) the coordinates of = € H'(P, »,C). Using (9.1), it is readily seen
that

ziyj —zjyi =0, for 1 <i<j<n

Suppose n > 3. Then R,(P, ) is a rational normal scroll in C2("=1) see [34], [26].
In particular, R,(P; ) is an irreducible, non-linear variety. From Theorem 6.5, we
conclude that P, ,, is indeed non-1-formal. This indicates that Theorem 1.3 from [33]
cannot hold in the stated generality.

This family of examples also shows that both the R,—version of Arapura’s result
on V; from Theorem 5.2(1) and the resonance obstruction test from our Theorem
6.5(4) may fail, for an arbitrary smooth quasi-projective variety M.

For n < 2, things are even simpler.

Example 9.2. It follows from (9.1) that ., equals the canonical projection

2 2
12 /\ (a1, b1, az, by) m(ala b1, a2,02)/C - (a1 — az)(b1 — b2).

It follows that R, (P, 2) is a 2-dimensional, O-isotropic linear subspace of H!(P, 5, C).

Consider now the smooth variety MgD:: M, 5 x Cy, with g > 2. By Proposition
7.2, this variety has 1-formal fundamental group. It also has the property that
Wi(H'(My,C)) = H'(My!C). We infer from Lemma 7.5 that

Ri(mi(Mg)) = Ri(Pr2) x {0} U {0} x H'(Cy,C),

where the component R;(P; ) is 0-isotropic and the component H'(Cqy, C) is 1-
isotropic. We thus see that both cases listed in Proposition 5.10(1) may actually
occur.

Remark 9.3. Recall from Example 5.11 that the tangent cone formula may fail
for quasi-projective groups, at least in the case when 1 is an isolated point of the
characteristic variety. The following statement can be extracted from [44, p. 161]:
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“If M is a quasi-projective variety and 1 is not an isolated point of V; (7 (M)), then
TC,(Vi(m1(M))) = Ri(m1(M)).” Taking M to be one of the configuration spaces
M; n, with n > 3, shows that this statement does not hold, even when M is smooth.

Indeed, since P, is 1-formal, we obtain from Theorem A that V,(P;.) is 2-
dimensional at 1. As is well-known, the natural surjection, P, [P, embeds
Vi(P1 o) into Vi(Pyn), for n > 2. Thus, V(P n) IS positive-dimensional at 1, for
n > 2. On the other hand, it follows from Example 9.1 that 7C, (V1 (P.,n)) is strictly
contained in Ry(Py ), for n > 3.

10. ARTIN GROUPS

In this section, we analyze the class of finite-type Artin groups. Using the reso-
nance obstructions from Theorem B, we give a complete answer to Serre’s question
for right-angled Artin groups, and we give a Malcev Lie algebra version of the answer
for arbitrary Artin groups.

10.1. Labeled graphs and Artin groups. Let ' = (V,E, /) be a labeled finite
simplicial graph, with vertex set V, edge set E C (%), and labeling function ¢: E —
N=,. Finite simplicial graphs are identified in the sequel with labeled finite simplicial
graphs with ¢(e) = 2, for each e € E.

Definition 10.2. The Artin group associated to the labeled graph I is the group
Gr generated by the vertices v € V and with a defining relation

'ijv DR p— w’Uw DR
——— N——
(@) (@)

for each edge e = {v,w} in E. If [ is unlabeled, then Gr is called a right-angled
Artin group, and is defined by commutation relations vw = wwv, one for each edge
{v,w} € E.

Example 10.3. Let ' = (V, E, /¢) and M= (VY EY /Y be two labeled graphs. Denote
by ™| | MPtheir disjoint union, and by I x Mtheir join, with vertex set V| | VY edge
set E| |EY J{{v,vS | v € V,v"e VI, and label 2 on each edge {v,v5. Then

GFl_lF’ :GF*GF/ and GF[[{ :GF X GF/.
In particular, if I is a discrete graph, i.e., E = (, then Gr = F,, whereas if I is
an (unlabeled) complete graph, i.e., E = (), then Gr = Z", where n = |V|. More

generally, if " is a complete multipartite graph (i.e., a finite join of discrete graphs),
then G is a finite direct product of finitely generated free groups.

Given a graph I' = (V, E) and a subset of vertices W C V, we denote by I'(W) the
full subgraph of I', with vertex set W and edge set EN (%).

Let (S')V be the compact n-torus, where n = |V|, endowed with the standard cell
structure. Denote by Kr the subcomplex of (S')V having a k-cell for each subset
W C V of size k for which I'(W) is a complete graph. As shown by Charney-Davis
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[L1] and Meier-VanWyk [53], Kr = K(Gr,1). In particular, the cup-product map
Ug,: HY(Gr,C) A H'(Gr,C) — H*(Gr,C) may be identified with the linear map
Up: CY A CY — CE defined by

+{v,w}, if{v,w} €E,
0, otherwise,

(10.2) vUrw = {

with signs determined by fixing an orientation of the edges of I'.

10.4. Jumping loci for right-angled Artin groups. The resonance varieties of
right-angled Artin groups were described explicitly in Theorem 5.5 from [61]. If
I = (V,E) is a graph, then

(10.2) Ri(Gr) =",
w

where the union is taken over all subsets W C V such that I'(W) is disconnected, and
maximal with respect to this property. Moreover, the decomposition (10.2) coincides
with the decomposition into irreducible components of R,(Gr).

Before proceeding to the Serre problem, we describe the characteristic variety of
Gr. For W C V, define the subtorus Tw C Tg, = (CHY by

Tw = {(t\)vom€ (CHY | t, = 1 for v ¢ W}.
The map exp: Ty Tg, — Tg, is the componentwise exponential map exp¥: CV —
(CHY; its restriction to the subspace spanned by W is exp”: CW — (CHW = Ty.
Proposition 10.5. Let Gt be the right-angled Artin group associated to the graph
= (V,E). Then
Vi(Gr) = UTW,
W

where the union is over all subsets W C V such that T (W) is mazimally disconnected.
Moreover, this decomposition coincides with the decomposition into irreducible com-

ponents of V1(Gr).

Proof. The realization of K(Gr,1) as a subcomplex K of the torus (S')V yields a
well-known resolution of the trivial ZGr-module Z by finitely generated, free ZGr-
modules, as the augmented, Gr-equivariant chain complex of the universal cover of
Kr,

5-([?;): ”'_>ZGF®CKLZGF®CK—1—>"'ﬂ>ZGF£>Z—>O.

Here C\x denotes the free abelian group generated by the k-cells of K, and the
boundary maps are given by

k
(103)  dilew, X xe,) =D (DT Wi D) @ey, X X B, X X ey,
i=1
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where, for each v € V, the symbol e, denotes the 1-cell corresponding to the v-th
factor of (S')V.

Now let p = (t)von € (CHY be an arbitrary character. Denoting by {v5,
the basis of H'(Gr, C) dual to the canonical basis of H,(Gr, C), define an element
z€CY=HYGr,C)by z =Y, {tv — L)v='Using (10.3), it is not di Ccult to check
the following equality of cochain complexes

(10.4) Homze, (C-(Kr), oC) = (H"(Gr, C), ).

It follows then, directly from the definitions (4.6) and (4.2), and using (10.4), that
p € Vi(Gr) if and only if z € R,(Gr). Hence, the claimed decomposition of V,(Gr)
is a direct consequence of the decomposition (10.2). 1

10.6. Serre’s problem for right-angled Artin groups. As shown by Kapovich
and Millson in [38, Theorem 16.10], all Artin groups are 1-formal. This opens the
way for approaching Serre’s problem for Artin groups via resonance varieties, which,
as noted above, were described explicitly in [61]. Using these tools, we find out
precisely which right-angled Artin groups can be realized as fundamental groups of
quasi-compact Kahler manifolds.

Theorem 10.7. Let ' = (V,E) be a finite simplicial graph, with associated right-
angled Artin group Gr. The following are equivalent.
(1) The group Gr is quasi-Kdhler.
(it) The isotropicity property from Definition 6.1 is satisfied by Ug, .
(iii) The graph T is complete multipartite graph.
(iv) The group Gr is a product of finitely generated free groups.

Proof. For the implication (i) = (ii), use the 1-formality of G and Theorem B.

The implication (ii) = (iii) is proved by induction on n = |V|. If I" is complete,
then I is the join of n graphs with one vertex. Otherwise, there is a subset W C V
such that '(W) is disconnected, and maximal with respect to this property. Write
W = WH W™ with both W"and W™non-empty and with no edge connecting W"
to W Then r(W) = r(WH (W%, and so Grwy = Gruw * Grown. Hence,
wUrw) w= 0, for any w”e W"and w™e W™ We infer from [61, Lemma 5.2] that
Rl(GF(W)) =CcW.

On the other hand, we know from (10.2) that C% is a positive-dimensional irre-
ducible component of R,(Gr). Our hypothesis implies that CW is either 0-isotropic
or 1-isotropic with respect to Urw). By Lemma 7.4, Urwy = Upw») = 0. The
cup-product formula (10.1) implies that '(W) is a discrete graph.

If W =V, we are done. Otherwise, V = W | |W,, with |W;| < n. Since (W) is
maximally disconnected, this forces {w,w;} € E, for all w € W and w; € W;. In
other words, I" is the join (W) (W,); thus, G = Grw) X Grw,). By Lemma 7.5,
Urwy) inherits from Ur the isotropicity property. This completes the induction.

The implication (iii) = (iv) follows from the discussion in Example 10.3.
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Finally, the implication (iv) = (i) follows by taking products and realizing free
groups by the complex line with a number of points deleted. 1

As is well-known, two right-angled Artin groups are isomorphic if and only if the
corresponding graphs are isomorphic. Evidently, there are infinitely many graphs
which are not joins of discrete graphs. Thus, implication (i) = (iii) from Theorem
10.7 allows us to recover, in sharper form, a result of Kapovich and Millson (Theorem
14.7 from [38]).

Corollary 10.8. Among right-angled Artin groups Gr, there are infinitely many
mutually non-isomorphic groups which are not isomorphic to fundamental groups of
smooth, quasi-projective complex varieties.

10.9. A Malcev Lie algebra version of Serre’s question. Next, we describe
a construction that associates to a labeled graph I' = (V, E, ¢) an ordinary graph,

r = (V E) which we call the odd contraction of I". First define ',qq to be the
unlabeled graph with vertex set V and edge set {e € E | {(e) is odd}. Then define
V to be the set of connected components of IN,qq, With two distinct components
determining an edge {c,c%} € E if and only if there exist vertices v € ¢ and v"€ "
which are connected by an edge in E.

Example 10.10. Let I" be the complete graph on vertices {1,2,...,n — 1}, with
labels ¢({i,j}) =2 if |i — j| > 1 and ¢({i,j}) = 3 if |i — j| = 1. The corresponding
Artin group is the classical braid group on n strings, By. Since in this case [Noqq IS
connected, the odd contraction I is the discrete graph with a single vertex.

Lemma 10.11. Let I = (V,E, ¢) be a labeled graph, with odd contraction r= (\7, E)
Then the Malcev Lie algebra of Gr is filtered Lie isomorphic to the Malcev Lie algebra
Of Gf.

Proof. The Malcev Lie algebra of G was computed in [38, Theorem 16.10]. It is the
quotient of the free Malcev Lie algebra on V, E(V), by the closed Lie ideal generated
by the dilerknces u — v, for odd-labeled edges {u, v} € E, and by the brackets [u, v],
for even-labeled edges {u,v} € E. Plainly, this quotient is filtered Lie isomorphic
to the quotient of E(\~/) by the closed Lie ideal generated by the brackets [c, ¢, for
{c, 3 € E, which is just the Malcev Lie algebra of Gr. 1

The Coxeter group associated to a labeled graph I = (V,E, ¢) is the quotient of
the Artin group Gr by the normal subgroup generated by {v? | v € V}. If the
Coxeter group Wr is finite, then Gr is quasi-projective. The proof of this assertion,
due to Brieskorn [7], involves the following steps: Wt acts as a group of reflections in
some C"; the action is free on the complement M of the arrangement of reflecting
hyperplanes of Wr, and Gr = m(Mr/Wr); finally, the quotient manifold My /Wr is
a complex smooth quasi-projective variety.
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It would be interesting to know exactly which (non-right-angled) Artin groups can
be realized by smooth, quasi-projective complex varieties. We give an answer to this
question, albeit only at the level of Malcev Lie algebras of the respective groups.

Corollary 10.12. Let T be a labeled graph, with associated Artin group Gr and odd
contraction the unlabeled graph I'. The following are equivalent.

(i) The Malcev Lie algebra of Gr is filtered Lie isomorphic to the Malcev Lie
algebra of a quasi-Kahler group.
(it) The isotropicity property from Definition 6.1 is satisfied by Ug,.
(iii) The graph [ is a complete multipartite graph.
(iv) The Malcev Lie algebra of Gr is filtered Lie isomorphic to the Malcev Lie
algebra of a product of finitely generated free groups.

Proof. By Lemma 10.11, the Malcev Lie algebras of G and Gy are filtered isomor-
phic. Hence, the graded Lie algebras gr'(Gr) @ C and gr'(G;) @ C are isomorphic.
From [68], we know that the kernel of the Lie bracket, \* gr'(G)®C — gr3(G)®C,
is equal to im(0dg), for any finitely presented group G. It follows that the cup-product
maps Us, and Ug. are equivalent, in the sense of Definition 5.8. Consequently, Ug,
satisfies the second resonance obstruction if and only if Use does so.
With these remarks, the Corollary follows at once from Theorems 10.7 and 6.5. [

10.13. Kadhler right-angled Artin groups. With our methods, we may easily
decide which right-angled Artin groups are Kahler groups.

Corollary 10.14. For a right-angled Artin group Gr, the following are equivalent.
() The group Gr is Kdihler.
(i) The graph T is a complete graph on an even number of vertices.
(iii) The group Gr is a free abelian group of even rank.

Proof. Implications (ii) = (iii) = (i) are clear. So suppose Gr is a Kahler group.
By Theorem 10.7, I is a complete multi-partite graph K, * --- x K, , and G =
Fn, X ---xFn,. By Lemma 7.5, and abusing notation slightly, R,(Gr) = |J; R1(Fn,)-
Now, if there were an index ¢ for which n; > 1, then R,(F,,) = C" would be
a positive-dimensional, 0-isotropic, irreducible component of R,(Gr), contradicting
Corollary 6.7(1). Thus, we must have ny = --- =n, =1, and ' = K,. Moreover,
since Gr = Z" is a Kdhler group, » must be even. 1
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