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THE BIERI-NEUMANN-STREBEL-RENZ INVARIANTS

THE BIERI-NEUMANN-STREBEL-RENZ INVARIANTS

Let G be a finitely generated group. Set S(G) = (Hom(G,R) \ {0})/R™.

DEFINITION (BIERI, NEUMANN, STREBEL 1987)
Y(G) = {x € S(G) | C,(G) is connected}. ’

Here, C(G) is the Cayley graph, and C, (G) the induced subgraph on
vertex set G, = {g € G| x(g9) > 0}.

¥'(G) is an open set, independent of choice of generating set for G.

DEFINITION (BIERI, RENZ 1988)
YK(G,Z) = {x € S(G) | the monoid G, is of type FP}. J

Here, G is of type FPy if there is a projective ZG-resolution P, — Z,
with P; finitely generated for all i < k.

Similar definition for ©*(G, k), with k a field.
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THE BIERI-NEUMANN-STREBEL-RENZ INVARIANTS

o The X-invariants form a descending chain of open subsets,

o ¥1(G,Z) = Z1(G).

o YX(G,Z) # 0 = Gis of type FP.

©

Note that a non-zero x: G — R has image Z', for some r > 1.

o The X-invariants control the finiteness properties of normal
subgroups N < G for which G/N is free abelian:

N is of type FPy < S(G, N) C ¥X(G,7)
where S(G, N) = {x € S(G) | x(N) = 0}.

o In particular: ker(y: G - Z) is f.g. <= {£x} € Z'(G).
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THE BIERI-NEUMANN-STREBEL-RENZ INVARIANTS

Let X be a connected CW-complex with finite k-skeleton, for some
k > 1. Let G =m(X, Xp). For each y € S(X) = S(G), set

ZE‘X = {/\ € 7% | {g e supp | x(g) < c} is finite, Vc € }R}
This is a ring, which contains Z G as a subring; hence, a ZG-module.

DEFINITION (FARBER, GEOGHEGAN, SCHUTZ 2010) |

T9(X,Z) = {x € S(X) | Hi(X,ZG_,) =0, Vi < g}

Bieri: If G is of type FPy, then X9(G,Z) = X9 K(G,1),Z), ¥q < k.

The sphere S(X) parametrizes all regular, free abelian covers of X.
The X-invariants of X keep track of the geometric finiteness properties
of these covers.
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THE DWYER-FRIED INVARIANTS

THE DWYER-FRIED INVARIANTS

o Another tack was taken by Dwyer and Fried, also in 1987. Instead
of looking at all regular, free abelian covers of X at once, they fix
the rank, say r, of the deck-transformation group.

o Any epimorphism v: 71(X, xo) — Z" gives rise to such a cover, by
pulling back the universal cover of the r-torus,

XV . Rr

o
where f;: (X, x0) — m1(T", %) realizes v. Moreover, all regular
Z"-covers of X arise in this manner.

o Thus, such covers are parameterized by the Grassmannian
Gr.(H'(X,Q)), via the correspondence
{regular Z'-covers of X} «— {r-planes in H'(X,Q)}
X' = X +— P,:=im(v*: Q" — H'(X,Q))
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THE DWYER-FRIED INVARIANTS

Moving about the rational Grassmannian, and recording how the Betti
numbers of the corresponding covers vary leads to:

DEFINITION
The Dwyer—Fried invariants of X are the subsets

QI(X) = {P, € Gr(H'(X,Q)) | bj(X") < oo for j < i},

defined for all i > 0 and all r > 0, with the convention that Q/(X) = ( if
r > by (X)

For a fixed r > 0, we get a descending filtration of the Grassmanian of
r-planes in Q", where n = by(X):

G (Q") = 29(X) 2 QLX) 2 2¥(X) 2 - --
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THE DWYER-FRIED INVARIANTS

o The Q-sets are homotopy-type invariants:

Suppose X ~ Y. For each r > 0, there is an isomorphism
Gr(H'(Y.Q)) = Gr,(H'(X,Q)) sending each subset Q}(Y)
bijectively onto Q}(X).

o Hence, if G is f.g, we may define QL(G) = QL(K(G, 1)).
o Q) (X) is always open, but Q/(X) may be non-open for r > 1.

o If r = n, where n = by(X) > 0, then Grp(H'(X,Q)) = {pt}.
This single point corresponds to the maximal free abelian cover,
X — X, where a: G — Ggp/ Tors(Ggp) = Z".

EXAMPLE

Let X = S" v S, for some k > 1. Then X* ~\/,_; Sf. Thus,
QL(X) = {pt} if i < k and is empty if i > k
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CHARACTERISTIC VARIETIES

CHARACTERISTIC VARIETIES
Let G = Hom(G,C*) = H'(X,C*) be the character group of G = 7(X).

DEFINITION
The characteristic varieties of X are the sets
Vi(X)={pe G| H(X,C,) # 0, for some j < i}

o Get a filtration {1} = VO(X) C V!(X) C --- C G.

o If X has finite k-skeleton, then V/(X) is a Zariski closed subset of
the algebraic group @, foreach i < k.

o The varieties V/(X) are homotopy-type invariants of X.

o Let X3 — X be the maximal abelian cover. View H,(X? C) as a
module over C[Ggp]. Then V/(X) = V/(ann (P, H;(X®,C))).

EXAMPLE

Let L = (Lq,...,L,) be alinkin S, with complement X, and
Alexander poly A;. Then V!(X) = {z € (C¥)" | A (z) =0} u {1}.
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CHARACTERISTIC VARIETIES

o Letexp: H'(X,C) — H'(X,C*) be the coefficient homomorphism
induced by C — C*, z — €°.

o Given a Zariski closed subset W c H'(X,C*), set

(W) ={ze H'(X,C) | exp(\z) € W, VA e C}
o 71(W) is a finite union of rationally defined linear subspaces.
o 71(W) is non-empty iff 1 € W.

o (W) =Ty(W)=C"if W= (C*)"is an algebraic subtorus of
H'(X,C*).

©

Set 72(W) = = (W) n H'(X,Q) and R(W) = (W) N H'(X, R).
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AN UPPER BOUND FOR THE X-INVARIANTS

AN UPPER BOUND FOR THE 2-INVARIANTS

o Let X be a CW-complex with finite k-skeleton, and let y € S(X).

o Letl =im(x) = Z". A Laurent polynomial p =  n,y € Zl'is
x-monic if the greatest element in x(supp(p)) is 0, and ng = 1.

o Let RI', be the localization of ZI" at the multiplicative subset of all
x-monic polynomials; it'’s both a ZG-module and a PID.

o Foreach / < k, set bi(X, x) = rankgr, Hi(X,Rly).

THEOREM (PAPADIMA-S. 2010)

@ —x € IKX,Z) = bi(X,x)=0,Vi<k.
@ x ¢ TR(VK(X)) <= bi(X,x) = 0, Vi < k.

Hence:

Y/(X,Z) C S(X)\ S(r}F(V/(X)))

Thus, Y/(X,7Z) is contained in the complement of a finite union of
rationally defined great subspheres.
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A FORMULA AND A BOUND FOR THE Q-INVARIANTS

A FORMULA AND A BOUND FOR THE 2-INVARIANTS
THEOREM (DWYER-FRIED 1987, PAPADIMA-S. 2010)

For an epimorphism v : w1(X) — Z', the following are equivalent:
@ The vector space @, Hi(X*,C) is finite-dimensional.

@ The algebraic torus T, = im (- Zr < 7:(7)) intersects the
variety V¥(X) in only finitely many points.

Note that exp(P, ® C) = T,. Thus:
COROLLARY
QLX) = {P € Gr/(H'(X,Q)) | dim (exp(P® C) N V(X)) =0}
COROLLARY
Set n = by(X).
@ IfV(X) is finite, then Q(X) = Gr,(Q").
@ IfV/(X) is infinite, then QI(X) = 0, for all g > i.
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A FORMULA AND A BOUND FOR THE Q-INVARIANTS

o Let V be a homogeneous variety in k”. The set
or(V)={PeGr(k")| PNV # {0}} is Zariski closed.

o If L C k" is a linear subspace, o,(L) is the special Schubert variety
defined by L. If codim L = d, then codimo,(L) =d —r 4+ 1.

THEOREM

Qi(X) C Grr(H'(X,Q) \ or (F2(W'(X)))

o Thus, each set Q}(X) is contained in the complement of a finite
union of special Schubert varieties.

o If r =1, the inclusion always holds as an equality. In general,
though, the inclusion is strict.

EXAMPLE

Let G = (x1, X2, X3 | [X2, Xa], [X1, Xa], X1[xe, Xa]x; ' [x2, X3]). Then
VI(G) = {1 u{te (C)P®|t=-1}.
Thus, Q(G) is a single point in Gro(H' (G, Q)) = QIP?, hence not open.
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COMPARING THE BOUNDS ON THE - AND Q-INVARIANTS

COMPARING THE - AND {2-BOUNDS

THEOREM
Suppose that T'(X,Z) = S(X) \ S(F(V/(X))).
Then Qi(X) = Gr(H'(X,Q)) \ or(r2(V(X))), forall r > 1.

COROLLARY

Suppose there is an integer r > 2 such that QL(X) is not Zariski open.
Then ©/(X,Z) # S(r{(W'(X)))E.

In general, the implication from the theorem cannot be reversed.
EXAMPLE

Let G = (x1, X% | X;xox; | = x3). Then V1(G) = {1,2} c C*.

Thus, Q1(G) = {pt}, and so Q1(G) = o1 (T2(V'(X)))".

On the other hand, ¥'(G) = {1}, whereas S(TP(]ﬂ (X))t = {£1}.
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TORIC COMPLEXES AND RIGHT-ANGLED ARTIN GROUPS

TORIC COMPLEXES AND RAAGS

o L simplicial complex on n vertices ~~ toric complex T,
(subcomplex of T" obtained by deleting the cells corresponding to
the missing simplices of L).

o m1(Ty) is the right-angled Artin group associated to graph I = L(1):

Gr=(ve V()| vw=wvif {v,w} e E(T)).

o K(Gr,1) = T, where Ar is the flag complex of I'.

o H*(T.,k) is the exterior Stanley-Reisner ring of L, with generators
the duals v*, and relations the monomials corresponding to the
missing simplices of L.

EXAMPLE
olfr=K,= Gr=F, o r=r"1Ir"= Gr=Gr *Grr
oI':K,,:>Gr:Z” Or:r/*r”:>Gr:Gr/XGru
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TORIC COMPLEXES AND RIGHT-ANGLED ARTIN GROUPS

o ldentify Gr = H'(T.,C*) with the algebraic torus (C*)¥ = (C*)".
o Each subset W C V yields an algebraic subtorus (C*)W ¢ (C*).

o Denote by Ly the subcomplex induced by L on W, and by Ikx (o)
the link of a simplex o € L in a subcomplex K C L.

THEOREM (PAPADIMA-S. 2009)
Foreachi > 1,

V(1) =J@)W and n(V(T))=]C"
W W

where the union is taken over all\W C V for which there is a simplex
(S LV\W and an index j < i such that I_Ij—1—|a|(|kLW(0')> C) # 0.

In particular:

VY(Gr) = U @)
wCV
I'w disconnected
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TORIC COMPLEXES AND RIGHT-ANGLED ARTIN GROUPS

COROLLARY

Foreachi>0andr > 1,

Q(T1) = Gre(Q") \ or(r2(V/(TL)).

Using now the computation of the ~-invariants of RAAGs by Meier,
Meinert, VanWyk (1998), we get:

COROLLARY
Foreachi > 0,
@ Y(GL,R) = S(rR(V(GL))".

@ /(G Z) = S(T}*(V(GL))*, provided that, for every o € A, and
every W C V witho N W = 0, the groups H;(Ika, (), Z) are
torsion-free, for all j < i — dim(o) — 2.
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TORIC COMPLEXES AND RIGHT-ANGLED ARTIN GROUPS

FURTHER REFERENCES

[4 S. Papadima and A. Suciu, Toric complexes and Artin kernels, Advances
in Math. 220 (2009), no. 2, 441-477.

[4 S. Papadima and A. Suciu, Bieri-Neumann—Strebel-Renz invariants and
homology jumping loci, Proc. London Math. Soc. 100 (2010), no. 3,
795-834.

[4 A. Suciu, Resonance varieties and Dwyer—Fried invariants, to appear in
Advanced Studies Pure Math., Kinokuniya, Tokyo, 2012; arxiv:1111.4534

[4 A. Suciu, Characteristic varieties and Betti numbers of free abelian
covers, arxiv:1111.5803

4 A.Suciu, Y. Yang, and G. Zhao, Homological finiteness of abelian covers,
preprint 2011.

ALEX SUCIU (NORTHEASTERN) GEOMETRIC AND HOMOLOGICAL FINITENESS ~ BOSTON, JANUARY 7, 2012 18 /18


http://arxiv.org/abs/1111.4534
http://arxiv.org/abs/1111.5803

	The Bieri–Neumann–Strebel–Renz invariants
	The Dwyer–Fried invariants
	Characteristic varieties
	An upper bound for the -invariants
	A formula and a bound for the -invariants
	Comparing the bounds on the - and -invariants
	Toric complexes and right-angled Artin groups

