SINGULAR LOCI OF BRUHAT HIBI TORIC
VARIETIES

PRESENTATION BY JUSTIN BROWN

In this talk I will discuss the proof to the following conjecture.

Conjecture . For L a minuscule lattice,

Sing X (L) = U Zo 85
(,8)

where (o, 3) is a skew pair of join-meet irreducibles in L, and Zn g =

{PeX(L)|Pp=0,V0 € 1,5}, where I, 3= [a A [,aV ]

This conjecture began with £ the lattice /;,. In 1996, Lakshmibai
and Gonciulea made the conjecture, and proved the D inclusion. In
2000, V. Batyrev et. al. proved the C inclusion. Our goal was to give
a proof for £ any minuscule lattice, using the conversion to convex
polyhedral cones.

1. GRID LATTICES
Give N x N the lattice structure

(a1, a2) A (Br, B2) = (01,02), (a1, c2) V (B, B2) = (71,72),
where §; = min{ay, 3;}, v = max{w;, 5;}.

Definition 1.1. Let J be a finite, distributive sublattice of N x N, such
that if « covers 3 in J, then « covers § in N x N as well. Then we say
J is a grid lattice.

For the rest of this section, let J be a grid lattice, and let £ be the
poset of ideals of J. (Show transparency)

Let «, 3 be two non-comparable join-meet irreducibles in £. Thus
a, (3 are meet irreducibles in J, this follows from the fact that the meet
of two join irreducibles is a join irreducible (when J is a distributive
lattice), and in fact is the same element in both £ and J. Let aAS = p,
and thus p € J.

For a pair of skew join-meet irreducible elements o, 3 € L, let I, 3 =
[aAB,aVp]C L. Let Log= L\ I.p
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Proposition 1.2. £, 3 is an embedded sublattice.

Definition 1.3. A face 7 of ¢ is a singular (resp. non-singular) face
if P, is a singular (resp. non-singular) point of X,. (Note that P, is a
singular point of X, if X, is a singular variety.)

W ={e.,z€ M(J(L)), ey — ey, (y,9) € Z(J (L))}

Definition 1.4. Let us denote by W the set of generators for o as
described above. Define

W(r)={veW] fia (v)=0,Yae D,}.
Then W (1) gives a set of generators for any face 7 of o.

Let o be the cone associated to X (£). Let 7, 3 be the face of o such
that DTQ,B = Ea,ﬁ.
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Theorem 1.5. Following the notation from above, W (1) = {e, —
€A, €, —€B, €4 — €C, €EB — €c}~

Remark 1.6. For 7 = (e, —ea, €, —ep, €4 —ec, ep—ec) X, =
SpecK|a,b,c,d]/ (ad — bd).

Thus X (L,3) C SingX (£). In the framework of Hibi toric vari-
eties, if 7 is generated by a linearly independent set, then X, is non-
singular.

Theorem 1.7. Let 7 be a face of o such that D, is not contained in
any Lo g, for all non-comparable pairs of join-meet irreducibles (o, 3);
in other words T does not contain any 7. 3. Then T is nonsingular.



sketch of proof. Let 0 € D, N 1, p.
0FA 0F*B = e,—ea e,—eggW(r)
0>A 0% B = es—ec,e,—ep EW(T)
02A 0>B = e,—eas, eg—ec & W(T)
0>A,0>B = es—ec,ep—ec & W(T)
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Remark 1.8. The conjecture holds true for any lattice £ such that
J (L) is a grid lattice.

2. MINUSCULE LATTICES

Let G be semi-simple, simply connected algebraic group. Let P be a
maximal parabolic subgroup, then P is associated to some fundamental
weight.

Definition 2.1. A fundamental weight w is said to be minuscule if
(w,B) <1 for all § € R"; the maximal parabolic subgroup associated
to w is a minuscule parabolic subgroup.

Remark 2.2 (cf [?]). Let P be a maximal parabolic subgroup; if P is
minuscule then W/Wp is a distributive lattice.

Definition 2.3. For P a minuscule parabolic subgroup, we call £ =
W/Wp a minuscule lattice and X (L) a Bruhat-Hibi toric variety, or a
B-H toric variety for short.

Type A, : Every fundamental weight is minuscule
Type B, : w,

Type C, : wi

Type Dn oW, Wn—1,Wn

Type E¢ : wi,ws

Type Er : wy.

Corollary 2.4. If L is a minuscule lattice, then J (L) is a grid lattice.

Thus, for £ any minuscule lattice, let
® = {(a, B) | @, B non-comparable join-meet irreducibles in L}.

We have completed the proof of the following conjecture from [?].

Theorem 2.5. For the B-H toric variety X (L),
Sing X (L) = U Or, ;-

(a,8)EP



In other words, X (L) is smooth at P, (T being a face of o) if and only
if for each pair (o, B) € ®, there exists at least one v € 1, 5 such that
P.(v) is non-zero.

3. MULTIPLICITY RESULTS FOR /g4,
Corollary 3.1. The multiplicity of Xs, at P, is equal to the Catalan

number | ) A
Catn_g = ( ne >

n—1\n—-—2

Theorem 3.2. If 7 (a face of 0) is a “J-block” of k + 1 0;1’s, then
the multiplicity of X, at P, is equal to

1 (2% +4
Cat’“”:k—w(lwrz)'

Theorem 3.3. If 7 = 71 Umy, where 7y and 1o are two non-intersecting
(and non-consecutive) J-blocks; then

multpTXgm = (multpTngm) . (multhXQW) .
Theorem 3.4. The multiplicity of Xq,, at P, is equal to
(d(n—d))!
mn—1)n-2)2...(n—=d)4n—d—-1)7...(d)¥d—1)41...(2)2(1)

Conjecture 1. There exists a multiplicative formula in X, for a face
that is the union of two disjoint (and non-consecutive) faces.
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