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Cobordism with focus on Formal Group Law (FGL)

1 History Sketch

Started with R. Thom.

Let X,Y, M be oriented manifolds. Then X, Y are corbodent if M such
that OM = X []Y.
X ~ Y iff 3M such that OM = X [[Y

Q, = Abelian group generated by the corbordism classes
addition [z"] + [y"] := [z" [ y"]

negation —[z"] := [z"] with negation of orientation
o=,
n>0

has a ring structure, the multiplication is define by the cartesian product.
Quillen: generalization to maps
Suppose that X is a manifold. We say

Z1
:
Zo L>)(

are cordordant if 3
w LN X xR

]

Wo —2% X x {0}



such that bg = fy and b; = fi.
Identify X with X x {0}, X x 1

Definition.
[Wo — X] = [W1 — X]
fo=bo f1=b1

Group Structure

Addition: [Z1 &5 X]+ (2 B X] = (211 2 "B X
Negation —[Z ER X =[Z ER X with negation of orientation.
Product Q*(X) = &,Q"
we need a ring structure here
external product [Z; — X1] x [Zy — Xo] :=[Z] X Zy — X1 x X3]
OF(X x X) 2 Q5(X)
X—-XxX
X — (X, X)
algebraic corbordism (Levine and Morel) X € Schy,
0*(X) = abelian group generated by [Y — X]

Line Bundles

L;
Y
Key Axiom
[Sect] X is a smooth scheme.
—
—Y
sH0) = Z — X] = er(L) = 2" Z.([X))
Z* = ()7}

[\



LF[s71(0) — X] = Z*Z.(X) cobordant relation
Quillen [Wy — X| = [W7 — X]

Formal Group Law

Let R be a commutative ring with unity: (Fg, R) = (F, R).

Fr(u,v) € R[[u,v]]

where R[[u,v]] is the ring of formal power series such that

F(u,0) = F(0,u) = u
F(u,F(v,w)) = F(F(u,v),w)
F(u,v) = F(v,u)

We will abbreviate F'(u,v) by u * v. In this language

ux0=0xu = wu
ux(vxw) = (u*xv)*w
uxv = vxu

Fact
The exists a universal (F]1,LL) where
L =Zlaij | i,j=0,1,2,...]/ ~
Universal V(F, R) 3¢ : L — R such that

P Fp
A : Schy, — Ab, (Functor)
X — A(X)
L
C(L) : Au(X) — Av_1(X)
X



X has 1y such that Cy(L) = C(L)(1x).

First Chrin Class

Cl (L ® M) how do they relate? Cl (L)&Cl (M)
L
\ /
X
T
L®M

It turns out that ” A” admits a Formal Group Law F'4 such that
Cl(L &® M) = FA(C1(L), Cl(W))

Ci(L® M) ~ C(L)&C (M)

Examples

3.1 QFr=Q.QL7%Z
3.2 QO = Q. L Z[B, 57

3.3 GolB,87"] = Go @z Z[B, 5]
3.4 CH
3.5 CH®Q[B,5 ']

Example 3.1 Qf =Q, ®1 Z
(F1, L)

¢, L7

Zlaj)

- Lif (4,7) = (0,1) v (4,7) = (1,0)
dij 7= { 0 otherwise

¢, takes Fi, =Y a;juv’ to Fz(u,v) = v+ u.



Then

Of (k) = k) ez

(Fact: Q. (k)= L)
)=u

(3.1) Fo+(u,v +v

Example 3.2 Q; = Q, @1 Z[3, 6]
¢ :L—Z[6,57"]

ag — 1
ayp — 1
aj; — —f
aj; — 0 otherwise

¢, takes Fi, — Fy3 g-17 where (u,v) = u +v + ajjuv = u+ v — Buv so

Fox =u+v— puw (multiplicative)

Example 3.3 Gy[3, 37| .= Gy ®z Z[3, 37!
G| is the Grothendieck group.
Ci(L® M)~ Cy(L),C1 (M)

Then

Ci(LeM) = (1- [(L®M)”]) !



Ci(L® M) Ci(L) + C1(M)

1= [L)s~ + 1= [M])p~

[N

Ci(LoM) = Ci(L)+Ci(M)—BCi(L)C1(M)
= A-[L)H+ (1= [MDs =B~ [L)(1 — [M*)s~"
= A= L] +1 = [MY] = (1= [L%] = [M"] + [I*][M"])
= 71— [LY][M"]

Ci(L® M) = Cy(L) + Cy (M) — BCy(L)Cy (M)

Fopp-1) =u+v— Buv (multiplicative)
Given A to compute Fq =7
Cr:A(X) — Au1(X)

Natural Q :C1(L® M) ~ Cy(L),Cy (M)

then ” A” admits a Formal Group Law F4 sense of

Fa(Cy(L),C1(M)) = C1(L® M)

Example 3.4 CH,(X)

L

X

Ci(L® M) =Cy(L) + Ci(M)

LD®LD/:D+D/
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Feg=u+v

A=CH® Q8,87

1 —eiﬂcl(L)
cML) = ———
(L) 3

| _ e—BlCi e ()
B
1 Ba_—fb
= B(l—e e )

CMLe M) =

= (l—ePrp(1—eP)—p1—eP)1—-e )
= C{(L) +C{ (M) - BCHL)CT (M)
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CHéd):u—}—v—Buv



