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Algebraic Geometry

Classic Algebraic Geometry
k denotes an algebraically closed field
kn = An denotes n-affine space
For I ⊆ k[x1, . . . , xn] a prime ideal define

V (I) = {a ∈ An | f(a) = 0 ∀f∈I}

Examples
0. An = V (0)
1. y2 = x2 + 3
2. y2 = x2 + x3

When n = 2 V (I) is a curve.

If J ⊆ I then V (I) ⊆ V (J).

V (I)←→ k[x1, . . . , xn]/I

{Affine varieties} ←→ {finitely generated nilpotent free rings}

{Affine Schemes} ←→ {Commutative Rings}

a→ ringAtiyah

Spec(a) := {p|p ⊆ a, where p is prime}
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Let S ⊆ a

V (S) = {p ∈ Spec(a) |S ⊆ p}

This induces a topology on the ring a which is called the Zariski Topol-
ogy.
Example Let a = k. Then Spec(k) = {∗}.

Example Let a = Z, then for p 6= 0 we have V (p) = {p}. However
V (0) = Spec(Z). In this case 0 is called a generic point.

a[x1, . . . , xn] = S

Spec(S) = An

(X, a)

(X = Spec(a), θx) where θx is a sheaf.

Pn projective space, gluing affine space

R1 = Spec(k[x2/x1]) ∪ Spec(k[x1/x2])

(X1, θx)

U ⊆ X is a subvariety

U ⊆ X open, θx(U) ⊇ U1U = V (p)

p ⊆ θx(U) is prime

X
� //___ H(X)

We associate to a geometric object X an algebraic object H(X).

Two very important objects attached to X are
1 Vector Bundles (K-Theory)
2 Colletion of Subvarieties (Motive Cohomology)

K-Theory
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UB(X) = {isomorphism classes of vector bundles on X of finite rank}
It has semigroup structure

h0(x) = {[ε] | such that

0→ ε′ → ε→ ε′′ → 0

[ε] = [ε′] + [ε′′]

}

G0(X)

X 7→ CH ′′(X)
We want CH ′′(X) to be a graded ring.

Topological Picture

Let X be a projective variety over C.
(•) H∗(X, Z) = ⊗p(X, Z)
(•) H∗(X, Z)
(•) ∃ cup products Hp ⊗Hq → Hp+q so H∗ is a ring
(•) ∃ a cup product making H∗ and aH∗ module.

∀r : Y → X ∃a ring homomorphism r∗ : H∗(X)→ H∗(Y )

∀F : Y
proper→ X, ∃ a group morphism F∗ : H∗(Y )→ H∗(X)

X is non-singular, projective and has dimension n

Hp(X)
∼=→ H2n−p(X)

∃Churn Classes
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k is a fixed field
X is a nonsingular projective variety
dim(X) = n
Def Z = ⊕

p
Zp(X) where

Zp(X) is the free abelian group on subvarieties of X of dimension p

∑
ni[vi], ni ∈ Z, vi ⊆ X( subvariety)

Z∗(X) = ⊕Zq(X) where Zq(X) = Zn−q(X).

X 7→ CH ′(X) = HM
0

Z∗
rat = {D ∈ Z∗(X) | D =

∑
ord ri[vi]}

w ⊆ X subvariety where dim (W ) = q + 1

R(w) = (θw(w))group = Field
F = a

b where a, b look like polynomials

mi = dim( θXw
a )− dim( θXw

b )
div(F ) ∈ Zq(X)

CH∗(X) = ⊕CHq(X)

CHq(X) =
Zq(X)
Zq

rat(X)

Examples
1 Z∗(Spec(k)) = Z.
2 X dim X = n, Z∗

n(X) = Z.

Z ′(X) = divisors of X

Let C ⊆ P2 be a curve.

Class C = number of tangent lives to C through a general point
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Theorem (Bezart) Given two plane curves in P2 given by polynomials F
and G, the number of points of V (F ) ∩ V (G) is at most deg(F ) deg(G).

#V (F ) ∩ V (G) ≤ deg(F ) deg(G)

C = V (F ) F (x, y, z) Q ∈ P2 where Q = (a : b : c).

FQ = aFx + bFy + cFz

deg FQ = n− 1 CQ = V (FQ)

C∩CQ = {p ∈ C | the tangent line of C at Ppasses through the point Q} = n(n−1)

C ⊆ P2 non-singular

L ⊆ P2 a line

|LnC| = deg(C) gives divisor DL

So we have a family of divisor paramets by all lines in P2

CH∗(X) is an intersection Ring on Projective non-singular varieties W ⊆
subvariety.

1 X 7→ CH∗(X) ab grp
2 We have X × Y in the intersection ring for any F : Y → X.
3 We have a pairing CHp(X)⊗Hp(X)→ CHp+q(X) such that

•∀F : Y
prop→ X ∃F∗ : CH(Y )→ CH(X) taking Z 7→ F (Z)

•F∗(Z) =
{

0 if dim(Z) = dim(F (Z))
mi[F (Z)] otherwise

Definition F : Y → X
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γ(Y ) = ΓF = graph ofF

∀F : Y → X

F ∗ : CH∗(X)→ CH∗(Y ), Z 7→ pi∗(Γ · p−1(Z)

Extra Properties
• Reduction to the diagonal as sets

Z ∩ Y = (Z × Y ) ∩∆

Z · Y = ∆∗(Z × Y )

• P : X × Am → X
p∗is an isomorphism

CH∗(Am) = CH0(Am)⊕ . . .⊕ CHm(Am)

Am

��
∗

•
Y

� � i // X subvariety

u = X − Y
� � j // X open inclusion

CHp(Y ) i∗ // CHp(X)
j∗ // CHr

��
0
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Ex

Y ′ � � j //

q

��

X

p

��
Y

� � i // X We have an exact sequence

(X ′ − Y ′) ∼= (X − Y )

CH(Y ′)→ CHp(X ′)⊕ CHp(Y )→ CHp(X)→ 0

εx

��

p∗ε //

��

ε

��

εx

��

vector bundle of rank r

[v] R(ε) p
// X X

p−1(X) = [V ]

p−1(X) = P(εx)

Lv
ε = line bundle with fiber εx

ξδ = S∗S∗1P(ε) ∈ CH ′((P (ε))

Proposition CH(P(ε)) is a CH∗(X) free-module with basis 1, δ, . . . , δr−1.
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